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A characteristic feature of the six-parameter theories of bars is the coupled form of the con-
stitutive equations; in particular the equations linking transverse forces with transverse shear
deformations cannot be, in general, decoupled while keeping a separate form of the remain-
ing constitutive equations. The mentioned feature of the constitutive equations implies that,
within the six-parameter theories of straight elastic prismatic bars, there do not exist, in gen-
eral, plane states of bending/shearing deformations. Thus, any vertical load causes lateral
deflections, the only exception being the pure bending problem. The present paper delivers
analytical solutions: closed-form formulae for shape functions, i.e., deformation states associ-
ated with kinematic loads at the ends, and solutions to selected static problems corresponding
to transverse span load. Although elementary, the presented solutions seem to be derived for
the first time. In particular, the hitherto published shape functions concerned the theories of
moderately thick bars in which all the constitutive equations are decoupled.
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1. INTRODUCTION

Among the theories of linearly elastic straight prismatic bars the most impor-
tant are: the theory by VLAsov [1] for bars with thin-walled and open profiles
and the six-parameter theories of moderately thick bars attributed to Timo-
shenko, see BAZOUNE et al. [2], or to Saint-Venant, see PETROLO and CAS-
CIARO [3]. A peculiar feature of the Vlasov theory is the decoupling of the
constitutive equations: the axial force is linked to the axial strain, the bend-
ing moments are proportional to the corresponding bending strains, the torsional
moment is linked to the measure of torsion and the bimoment is proportional to
the measure of warping due to torsion. This decoupling is possible by applying
special measures:
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— assuming the principal axes y and z of the cross-section A,
— an appropriate choice of the starting point of the sectorial coordinate,
— an appropriate choice of the position of the pole.

The formalism of the Vlasov theory can be extended to the case of straight
prismatic bars with arbitrary cross-sections, see LEWINSKI and CZARNECKI
[4, Sec. 9], still preserving the mentioned decoupling of the constitutive equa-
tions by making appropriate measures concerning the position of the axes to
which the internal forces are referred.

The theory of Vlasov neglects the transverse shear deformations thus re-
moving the transverse forces from the set of internal forces of the theory. How-
ever, including transverse shear effects is possible since the Saint-Venant theory
provides analytical expressions for the functions modeling warping due to shear,
see LOVE [5] and IESAN [6]. Such a bar theory has been proposed by LIBRESCU
and SONG [7]. By neglecting in this theory the contribution of warping due to
torsion to the elastic energy one arrives at a six-parameter theory. Its form in
the 3D setting is not unique. In a standard approach, all the internal forces
are referred to the neutral axis, i.e., the axis linking the centroids of the cross-
sections, see, e.g., PETROLO and CASCIARO [3]. In this model, the axial force
is proportional to the axial strain, the bending moments are linked to the cor-
responding measures of bending while the triple (7},,7., M) or the transverse
forces and the torsional moment are linked with the triple: (vy, 72, p), where 7,
and ~, stand for the measures of transverse shear and p is the measure of tor-
sional deformation. The 3 x 3 matrix linking these quantities is fully populated,
see PETROLO and CASCIARO [3, Eq. (40)].

The papers discussing more complicated models of bars, such as DIKAROS
et al. [8], El Fatmi [9, 10], show that, as in the Vlasov theory, it is expedient
to shift the transverse forces to the axis x(,) linking the shear centers S. By
an appropriate choice of functions modeling warping due to torsion and shear
one can derive a bar model in which the torsional moment is only linked to
the strain p, and the pair (7, 7%) is linked to the pair (7y,,~.), the latter 2 x 2
matrix being, in general, fully filled up, i.e., the off-diagonal components are in
general non-zero. If we decouple the latter 2 x 2 system by a certain rotation
of the axes y and z, we introduce coupling in the constitutive equations for the
bending moments. Indeed, there is no reason to change the parametrization y
and z referred to the principal axes of the cross-section. We conclude: coupling of
the constitutive equations linking (7}, T,) with the pair (v,,7;) is an immanent
feature of the six-parameter theory of bars in all its versions.

The six-parameter model is the simplest theory of deformation of bars in
space in which the kinematic unknowns are: u, v, w, 6, ¢, 8 or, subsequently, the
axial displacement, displacements of the shear center in the y- and z-directions,
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the angle of torsion, and the angles of rotations around the axes (—z) and .
The internal forces of this theory are: N, T}, T\, M, M,,, M or, respectively, the
axial force, the transverse forces, torsional moment, and the bending moments in
the y- and z-directions. The internal forces are linked to the measures of deforma-
tion: €, vy, vz, P, Ky, Kz, or, respectively, the measures of axial strain, transverse
shear strains, the measure of torsion, and measures of bending. The main feature
of this theory is equality between the number of internal forces (always equal
to the number of strains) and the number of kinematic fields. Thanks to this
equality there exists a family of statically determinate problems, which paves
the way for the force method, a helpful tool of structural mechanics.

If the cross-section of the bar is monosymmetric (or bisymmetric, in par-
ticular) then the problem of bending/transverse shearing in 3D decouples into
two planar problems in the x — ¢y and z — z planes. If the shape of the do-
main A of the cross-section is arbitrary then there do not exist plane states of
bending/transverse shearing deformation. In particular, a load in the z-direction
causes bending in two directions: z and y. It is precisely this problem that is
studied in the present paper. The aim is to deliver explicit formulae for the de-
formation states of a bar subjected to kinematic loads and to selected transverse
span loads.

The present paper draws upon the six-parameter theory of straight prismatic
bars made of an isotropic and homogeneous material developed in [4, Sec. 10],
called there the Timoshenko-like theory. A prerequisite of the theory is the con-
struction of solutions to the three auxiliary elliptic problems posed on the do-
main A [4, Secs. 2-4]. Upon solving these problems one can fix the position of the
shear center S with coordinates yg, zg referred to the principal axes and then de-
termine all the required characteristics and stiffnesses of the bar. This algorithm
will not be repeated in the present paper.

One of the aims of the present paper is to provide explicit formulae for the
so-called shape functions or the deformation forms of a bar subjected to ar-
bitrary kinematic loads. These functions are given in the compact Eq. (4.14).
Interestingly, these formulae are not available in the literature. There is only
one paper, namely the paper by SCHRAMM et al. [11] in which this prob-
lem is considered at a similar level of accuracy, but the explicit form of the
solution (4.14) has not been published there. Other papers, such as [12-14],
present solutions corresponding to the special case when the coupling of the
constitutive equations is absent. This means that either these papers refer to
monosymmetric cross-sections or the authors assume, usually tacitly, that the
constitutive equations can be accepted in their decoupled form. This assumption
paves the way for planar forms of the shape functions, which are incorrect in
general or refer to the special case of the cross-section being mono- or bisym-
metric.
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Moreover, another aim of the present paper is to derive the specific shapes
of deformation caused by span loads. In particular, the paper shows that the
point loads generate rather unexpected lateral deflections in the form of zigzag
lines.

2. EQUATIONS OF THE THEORY

Consider a straight prismatic bar with the cross-section A, for which we
construct the principal axes y and z, the centroid being its center. The axis x
is orthogonal to the domain .A; this axis links the centroids of all cross-sections.
They are z-independent, which means that the bar is prismatic. The domain
of the bar is filled with a homogeneous and isotropic elastic material with
Young’s modulus E and shear modulus G. The shear center S has the coor-
dinates (ys, zg); their construction is explained in [4, Sec. 2]. According to the
underlying theory this center coincides with the center of torsion; in more com-
plicated formulations these centers do not coincide, see comments in [4]. By link-
ing points S we form the straight line z(,). Having solved the elliptic problems
set up [4, Secs. 2-4] one can compute: the area A of A, the principal moments
of inertia Jy, J, and the shear correction factors ky, ky. = k., k. forming the
matrix k; its inverse is denoted by o

(2.1) k= [ky kyz], o=k, o= [ay ayz].
kzy k. Ay Qp

Both the matrices k and « are positive definite. One can compute also the
torsional constant J and the torsional stiffness GJ.

The state of deformation of the bar is determined by the kinematic fields
u(x), v(x), w(z), O(x), p(x), B(x) given along the bar, see Fig. 1a. The field u is
an average of the displacements uy(z,y, z) over A, while 6 is the angle of ro-
tation of A around the axis x, the functions v and w represent the displace-

F1c. 1. Sign conventions concerning the kinematic unknowns (a) and the static unknowns (b)
at the cross-section x = const.
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ments of the point S along the y- and z-axes, respectively, ¢ and 3 are defined
by the averages:

(2.2) Bx) = Jl/zum dA, p(x) = }/yuw dA.

Y z

Their signs are chosen such that they cause positive displacements u,(z,y, z) if
y>0and z > 0.

The loads acting along the bar are reduced to: the axial load of intensity p(z),
the transverse loads g, (z), ¢.(7) acting along the axes y(,), 2(s), and the distrib-
uted moments m(r) acting along the axis xy).

The following internal forces (or stress and couple resultants) appear in the bar:
the axial force N (z), the transverse forces T (), T, () acting along the y(y), and
z(s) directions, the bending moments My (x), M, (x) acting along the axes y and z,
and M(z) or the torsional moment acting along the axis z(,), see Fig. 1b.

The following strains are defined within the theory:

€= dx’ 'Yy - d.%' 907 ’YZ - d.%' )
23 d d do
ﬁyzjv K'z:_i7 P ==
dx dz dz

where € represents the relative elongation of the bar, vy, 7. are the measures of
transverse shear strains in the planes: x —y and x — z, respectively; k., k, are the
measures of bending in the planes x—y and x—z, and p is the measure of torsion.

By virtue of special measures, i.e., specific interpretations of the internal
forces, strains, and kinematic fields, the problem of statics of a bar decomposes
into three independent problems:

(P1) The tension/compression problem:
find N(x), e(z), u(z) such that

dN du
2.4 —+p=0 N=FA = —
(2:4) dx p ’ © ‘Tz

while at the ends x = 0, x = [, either NV or u is given.

(P2) The torsion problem:
find M(z), p(x), 6(z) such that

dM dé
2. - 4+ m= =G —
(2:5) dx m =0, M Ip, p dz’

while at the ends x = 0, = [, either M or 6 is given
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(P3) The bending/transverse shearing problem:
ﬁnd Ty(x)v TZ(‘Q?)7 My(x)7 MZ(.’IJ), /iz(ilf), K“y(x% ’Yy(x)v 72<x)7 U($)7 w(:n),
o(z), B(x) such that

dT, B ~_dM, B
(2.6) dx t4:=0, I = dz ’ My = EJyky,
_ 458 v
T Ay =P gy
dT, dM,
7 = T, =— Mz = EJZ 2
@7 e W% T T "
do dw
T T
(2.8) T, = GA<ky7y + ky272), T, = GA(kzyyy + k).

At the ends x = 0 or x = [, the following are given: either w or T,
either 8 or My, either v or T}, and either ¢ or M..

Let us stress once again that in the standard setting the bending/shearing
problem and the torsion problem are coupled, see PETROLO and CASCIARO [3].

3. SIMPLIFICATIONS IN THE CASE OF MONO-SYMMETRIC PROFILES

If the axis y = 0 is a symmetry axis of the domain A then k., = k., = 0,
Qy, = 0y = 0, and the bending/shearing problem splits up into two problems:

— find Ty(x), M.(x), k2(x), vy(2), v(z), p(x), such that

dT, dM,
—Y 4 g, =0 T,=——2
dz Ty ’ v dz ’
(3.1) T, = k,G Ay, M, = EJ.k.,
v de
WISt T T

At the ends x = 0, x = [, either v or T}; either ¢ or M, are prescribed;
~ find T4(2), My (2), 5,(x), %), w(x), B(a), such that

dT. dM,
2 4+q¢,=0 T, = Y
dz ¢ ’ da ’
(3.2) T, =k,GA~,, M, = EJyky,
dw dg
et A s

At the ends z = 0, x = [, either w or T}; either § or M, are prescribed.
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The majority of analyses available in the literature concern the aforemen-
tioned problems.

If one assumes that, additionally, z = 0 is a symmetry axis, then the domain
A is bisymmetric and S coincides with the centroid; (ys = 0,zg = 0); the
axes r and x(,) coincide. Then, the loads ¢, g, applied along the z-axis do not
cause torsion. However, Eq. (3.1) and Eq. (3.2) do not change. Solving the static
problems of bars with a mono-symmetric cross-section is no more complicated
than in the case of bisymmetric cross-sections.

4. DEFORMATIONS CAUSED BY KINEMATIC LOADS

Assume that the cross-section A is of arbitrary shape, and the bar is clamped
at both ends: z = 0, z = [. The span load is absent. The kinematic boundary
conditions have the form:

u(0) = *u, u(l) = u*, 0(0) = *0, o(l) = 0",
(4.1) w(0) ="w, w(l) = w", B(0) =78, Bl) =B,
v(0) =", v(l) =07, ©(0) = "¢, o(l) =¢".

The solutions to problems (P;) and (P2) are elementary:

u(z) ="u- (1=¢)+u’s,
(4.2) . . T
o) ="0-1-9+0¢,  £=7
In order to solve problem (P3), let us note that the deflections satisfy the fol-
lowing uncoupled system of equations:

B dv EJ, ( d?q, d2q3>

dzt Iy — GA Y da2 + oy da?
(4.3)

d*w EJ, dzqy d?q.
Ely gt =%~ g (O‘yz a2 T dg )

provided that the span loads g, (z), ¢,(z) are smooth. In our case ¢, = 0, ¢, = 0,
hence we see that both deflections are expressed by polynomials of degree 3,
while the angles of rotation 3, ¢ are expressed by polynomials of degree 2. Let
us introduce the non-dimensional parameters:

_ 12EJ, _12EJ,

44 _ 2y - .
(4.4) T RgA T pGA
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Let (a1, a9) and (aq,@2) be solutions to the systems:

(4.5) -ky +. kys ar| |0
' ky. k., + 7y | |z _%y_’
(4.6) _kz +ory ky | _621_ _ [0 ]
' ky. ky + | _&2_ _%z_'

Let us introduce the polynomials:
a(€) =1-36"+26°, b(6) =€ -3 +26°, () =€ -2+ &,
d(€) = 66 — 662, e(€) =1 — 4€ + 3¢2,
with plots for 0 < ¢ < 1 presented in Fig. 2.

(4.7)

158 e

Fi1G. 2. Plots of the polynomials a, b, ¢, d, e.

The factorized forms of these polynomials read:
a(€) = (1-€*(1+20), (&) =E(1—-&(1—-28), (&) =¢&(1-¢)>
d(§) = 6£(1—¢), e(€) = (1—&)(1—3¢).
Let us introduce the angles of slopes in the  — z and = — y planes:

1 1

(4.9) = 7 (w* = *w), X=7 (v* = *v),
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as well as the mean values of the angles of rotation at the ends of the bar:

(e + ")

N | —

(410) fo=3 CB+B), o=

According to the Bernoulli-Euler theory (i.e., the theory of thin bars), the deflec-
tion functions and the functions representing variation of the angles of rotations
of the bar’s cross-sections are expressed as follows:

(o) = | Fa©) + alt ~ ) = *5et©) + 57l - €|

ay 9@ =T+ Fall - = eele) 4ot - )|

~

B(z) = *Be(§) + Bre(l — &) — d(E),
P(x) = "pe(§) + ¢ e(1 — &) — xd(§),

where

(412)  a(1-€) =36 -2, (1-6 =6 &, e(l-¢)=-26+3¢
Thus, the angles of rotation are linked to the deflection functions by:

4 v

(4.13) B=——nv P =

since the theory of thin bars imposes constraints on the angles of rotation of
cross-sections, this assures the zero values of the transverse shear deformations
in both the planes: x — 2z, x — y.

The deflection functions and the functions representing the variation of the
angles of rotation within the six-parameter theory of bars differ from the men-
tioned solutions by terms involving the quantities ¥ + S8,, x + o, namely:

w(z) = G(E) + L aa( + Bo) + a1 (x + ©0)] b(E),
Blx) = B(E) + [aa () + Bo) + a1 (x + po)] d(£),
(@) = B(€) + L ar (¥ + Bo) + a(x + o)) B(E),

o(x) = (&) + [ar(y + Bo) + da2(x + wo)] d(&).

(4.14)

Note that the quantities 1) + 8,, X + @, are discrete deformation measures in the
natural approach by Argyris (see comments in PETROLO and CASCIARO [3]).
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Since Ty = const and T, = const, the deformation measures v, = vy, 72 = 77
are constant and equal:

vy = a1(¥ + Bo) + a2(x + ¢o),
(4.15)
Ve = (Y + Bo) + ai(x + vo)-

The shear deformations are expressed by the functions:

wr(x) =1v7b <%>,

(4.16)

Thus, the final deformation (4.14) is also expressed as the superposition as
follows:

w(z) = B(x) + wr (),
Blx) = B(x) + Br(x),
v(z) =0(z) + vr(x),

(4.17)

p(r) = p(z) + or(z).

The shear load is skew—symmetric with respect to the plane x = /2, hence the
functions wr(z), vp(x) are skew—symmetric, while the functions fr(x), ¢r(z)
are symmetric with respect to x = [/2. The extremal values of the latter func-
tions are attained in the middle of the bar and read:

(4.18) Br (;) = g’yé’, iy (;) = g*r;’-

Let us conclude that the final deformation is a sum of the bending deformation
predicted by the thin bar theory and the shear deformation added by the six-
parameter theory.

The bar theoretical results (4.17) determine the shapes of deformation of the
bar viewed as a 3D body; in particular one can predict the transverse deforma-
tion of the cross-sections x = const; it is given by the function u,(z,y, z) which
represents the displacement along the x-axis of the point (z,y, z). According to
El-Fatmi’s kinematical hypothesis, this function has the form, see [4]:
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(4.19)  ue = u(z) +yp(z) + 28(x) + w(y, 2)p(x)

+ [y, 2) =yl (z) + [C(y, 2) — 2]7=(2),
where p is the measure of torsion, w(y, z) is the warping function due to torsion,
and 7(y, z), ((y, z) characterize warping due to transverse shear in the z —y and
x — z planes. In the problem discussed here, axial deformation and torsion are

not present (which is a justified assumption due to the decoupling phenomena
of the discussed theory). Since

[vn-waa=o.  [ac-aa-o

A A

(4.20)
/Z(ny)dAZO, /y(CZ)dAZO,
A A

Eq. (2.2) holds; consequently the last two terms in Eq. (4.19) do not affect the
angles of rotation 3, ¢ understood as the averaged quantities, see Eq. (2.2).
In Fig. 3, for simplicity, we shall not show the deformations generated by these

(a)

¥
)E]/Z X
o w(x)

p(x)

shear
deformation of
type w

B=0)

(d)

Fr shear
\ \ X deformation of
| \F type 8

(w=0)

A\

N

2020 5, grh=0
o
FiG. 3. Orthogonal net in the plane z — z (a), bending deformation according to the thin bar
theory (b), the deformation due to shear with 8 = 0 (c), the deformation due to shear with
w =0 (d).
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quantities; the deformation of the orthogonal net of lines along z- and z-axes will
be approximated by u, = yp(z) + z6(x), u, = w(z), or within the assumption
of planar cross-sections.

For the illustration of the deformation state of the bar assume that:

dw dw
d:n( ) >0, dzx

Before deformation, the net x = const, z = const is orthogonal, see Fig. 3a. The
fields w, B\ determine bending deformation preserving orthogonality, see Fig. 3b.
The transverse end forces act in a skew—symmetric manner and generate the
deflection wp(z) characterizing shear deformation: the angles of rotation of tan-
gents to the neutral line are 79 at the ends and equal to (—1/2)~? in the middle of
the bar, see Fig. 3c. Here to the angles of rotation of the transverse cross-sections
vanish. The angles of rotation generated by the shear forces are expressed by
the function Sp(z); this function vanishes at both the ends and is extremal in the
middle of the bar, see Fig. 3d; the corresponding deflection is 0.

Kinematic loads in the plane x — z generate, in general, deformation in the
plane x — y. This phenomenon will be discussed below by considering two kinds
of kinematic loads.

w(0) > 0, w(l) > w(0), (1) >0, ~ve > 0.

4.1. CAsSE 1

Consider the kinematic load:
(4.21) w=1, w' =%v=0v"=0, B=p"="p=p" =0.
The deformation of the bar is given by:
w(x) = (1 -3 +28%)—ay( — 3¢° +26°),

5(a) = 701 - a2)(6¢ — 662),

v(z) = —an (€ - 367 +26°),

pla) = —oa(66—667),  E=u/l

To be specific let us fix the domains A as Z-shape, U-shape, and RI60 rail,
denoted as A1, A2, A3, see Fig. 4. Their characteristics are set up in Table 1.
Assume that the length of the bar is | = 1m for case (a), [ = 2m for case (b);
E = 210GPa, G = 81 GPa. Their non-dimensional parameters s, s, a1, as,
a1, ag are given in Table 2.

The shape of the line x() upon deformation, determined by Eq. (4.22), is
spatial, see Fig. 5; the points (z,ys, zg) displace in two directions: z (let us call
it transverse) and y (let us call it lateral).

(4.22)
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a) Z — cross-section

(-5,15)

15|

10,

5]

b) U — cross-section ¢) RI6O0 rail cross-section
8

15
6

10
4

0,3.5) (1,3.5)
2 5
0 (00 0)
.S o 0
0 1 2 3 4 5 6 7 -5 0 5

F1G. 4. Chosen cross-sections of the bar, called Al (a), A2 (b), A3 (c).

a) for Z — cross-section b) for U — cross-section
£ 1.0 P

0.5 ’ 0.5

0.0 0.0

wo0.5 wo0.5

-1.01514x107 g -3.42894x107 g o

v

3.42894x10™*

1.01514x 10"

F1a. 5. Deflections caused by the kinematic load in case 1 for the length of the bar 1m
and the cross-sections Al (a), A2 (b).
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The term underlined in Eq. (4.22); denoted here by w,(x) represents the
deflection due to transverse shear. The extremal values of this term are attained

for . = ((3 —v/3)/6)l and = = ((3 + v/3)/6)l, and are equal to —(v/3az)/18,
(v/3a2)/18, respectively. The lateral deflection v(z) is skew-symmetric with re-

spect to = [/2. Maximal absolute values of v and w, for the analyzed bars are
given in Table 3.

4.2. CASE 2
We shall consider the state of deformation caused by the kinematic load:
(4.23) *w=0, w"'=0, *v=0v"=0, =1 =0, Tp=¢" =0

The deformation of the bar is determined by:

w(z) = —1(6 — 2624+ &%) + %aQ(g — 362 4 263),

Bl) = (1~ 46+ 36%) + Jan(66 — 662),

o(e) = poalE — 36 +269),

(4.24)

pla) = son(6E 66, E=ufl

The deformation is spatial, a lateral deflection v(x) appears, which is skew—
symmetric with respect to x =1/2, see Fig. 6.

a) for Z — cross-section b) for U — cross-section

J

0.
-0.14292 -0.147406

-0.07146 -0.0737028

0.0 0.0

0.0
-5.0757x10* 0.0  50757x10™* -1.71447x10™* 0.0 1.71447x10*

\4 v
F1a. 6. Deflections caused by the kinematic load in case 2 for the length of the bar of 1m
and cross-sections Al (a), A2 (b).
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5. DEFORMATIONS CAUSED BY SPAN LOADS

5.1. BAR CLAMPED AT BOTH ENDS, SUBJECTED TO THE TRANSVERSE LOAD
q, = const

The load g, = q = const acts along the axis z(,) linking the shear centers.
The bar is clamped at both ends, i.e.:

w(0) =0, w(l) =0, v(0) =0, v(l) =0,

(5.1)
B(0) =0, B(l) =0, ©(0) =0, e(l) = 0.

_ gt 2 ql?
sipy &0~ € Fouglael -6,
l3
52 8=~y (€36 + 26,
l2
v =ayag (-6,
p=20

Let us note that 87 =0, v =0, o =0, or = 0. The deformation is spatial, and
there appears a lateral deflection v(x) in the shape of a parabola. Its extremal
value is ay,ql%/(8GA) and occurs at z = [/2. The distribution of internal forces
is the same as in the thin bar theory and is given by:

gl
12

(5:3) T, =ql <; - £>,

M,=0, T,=0.

M, = (1 — 6¢ 4 6¢2),

5.2. BAR SIMPLY SUPPORTED IN TWO DIRECTIONS AT BOTH ENDS,
SUBJECTED TO THE TRANSVERSE LOAD ¢, = const

The load g, = q = const acts along the axis z(, linking the shear centers.
The bar is simply supported in two directions at both the ends, i.e.:

w(0)=0, w@)=0, M0 =0, M,/l)=0,
5.4
54 v(0)=0, w()=0, M.(0)=0, M. ()=0.
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The solution to problem (73) has the form:

w1 ae- ) rate-g
-~ 24EJ, “2GA ’
_ ql® a2 3
(55) B= 24EJy(l 667 + 4£7),
l2
v = 0557601 - 6),
()0:

We see that the lateral deflection is the same as in the previous example. The
distribution of internal forces is the same as in the thin bar theory:

M, = LaPE(1 - €),

(56) T, = ql (1 - 6)5
2
M,=0, T,=0.

5.3. CANTILEVER UNDER A POINT LOAD P AT ITS END
The boundary conditions read:
w(0) =0,  v(0)=0, (0) =0, 8(0) =0,
T,(1) =0, T.(l) = P, My(l) =0, M.(l) =0.

(5.7)

The solution to problem (Ps3) has the form:

PB Pl
PI?
= — 2— s
- §= 557t 9)
Pl
U:Oéyzaf,
=0

There appears a lateral deflection in the shape of a straight line; an extremal
value of this deflection is o, Pl/(GA).
The distribution of internal forces is the same as in the thin bar theory, i.e.:

(5.9) M,=—Pl(1—¢), M,=0, T.=P,  T,=0.
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5.4. PURE BENDING

Consider a bar simply supported in two directions at both ends, loaded by
two end moments in opposite directions at both ends. The boundary conditions
read:

w(0) =0, w(l) =0, v(0) =0, v(l) =0,

(5.10)
M,(0)=M, M,(I)=M, DM/(0)=0, My I)=0.

The solution to problem (7P3) has the form:

MU?
Mi
(5.11) ﬁz—QEJy(l—Qé),

v =0, =0,
M, = M, T,=0, M, =0, T, =0,

which coincides with that predicted by the thin bar theory.

6. FINAL REMARKS

The present paper discussed the predictions of the six-parameter theory of
bars of arbitrary cross-sections proposed in [4, Sec. 10]. The presence of coupling
terms in the constitutive equations linking the transverse forces to the transverse
shear measures induces asymmetry in the solutions and results in deplanation
of the deformation states. This effect is clearly seen in the shape functions cor-
responding to kinematic loads. In general, the response to the static load is
not planar. There is only one exception in which the deplanation is absent: the
problem of pure bending.

If the plane x = [/2 is the section of a symmetry plane of the static prob-
lem, a constant load applied in the z-direction along the z(,) axis generates
a parabolic deflection in the y-direction, without causing the angles of rota-
tion ¢ along the —z-axis, while the state of stress resultants remains planar,
ie., M, = 0, T, = 0. Moreover, the rotation angles 3 in y-direction coincide
with those predicted by the thin bar theory, i.e., they are not affected by trans-
verse shear.

If the static problem is asymmetric with respect to the plane x = [/2, a con-
stant load along the z-direction induces all stress resultants and the deflec-
tions along the y-direction are given by polynomials of degree 3. For instance,
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in a bar subjected to the load g, which is clamped at the left end and sim-
ply supported in both y- and z-directions at the right end there appear two
non-zero reactions in the y- and z-directions at the right end, generating the
stress resultants in both planes. Moreover, note that point loads applied to can-
tilevers in the z-direction cause lateral deflections of straight shape. Thus, the
lateral deflection v(z) of cantilever loaded in the z-direction by several point
loads will assume the shape of a zigzag. These lateral deflections are caused by
the transverse forces T, which generate the shear deformations -,.

Let us emphasize that within the standard six-parameter theory of bars,
e.g., PETROLO and CASCIARO [3], a load along the z-direction will, in general,
generate torsion. Moreover, kinematic loads will cause torsional deformation.
This shows that the six-parameter theory discussed in the presented paper makes
the static problems as simple as possible.

We conclude that, in general, none of the six-parameter theories admit pla-
nar bending/shearing states of deformation. This phenomenon is of vital impor-
tance when analyzing stability of bending states, since the standard description
of lateral buckling phenomenon assumes an ideally planar initial bending con-
figurations.

Let us stress here that this problem of occurring spatial deformation states is
not observed in the theory by Vlasov (or the Vlasov-like theory developed in [4]),
because transverse shear deformation is neglected and all constitutive equations
may be decoupled by an appropriate choice of free parameters of this theory,
such as the position of the pole. Thus, the standard theory of lateral buckling
works correctly, as the initial planar bending states are admissible. This shows
how difficult it is to extend the results concerning Vlasov thin bars to moderately
thick bars. As usually, a direct extension of the known predictions is impossible.
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This paper deals with the constitutive modeling and finite element (FE) simulations
of advanced models related to large-strain thermo-elasto-plastic behavior of aluminum alloy
AW5083, which can reproduce the material response at different temperatures from room tem-
perature up to 500 °C. Significant focus is placed on internal sources of cooling and heating
resulting from thermo-elastic and thermo-plastic couplings, respectively, and on the influence
of elevated temperature on these couplings. The formulation of the constitutive description
is based on a thermodynamic approach. Two models are presented and tested, including
temperature-dependent and temperature-independent plastic free energy function. Numeri-
cal tests of the developed models are carried out for a uniaxial tensile test. For the sake of
comparison with experimental results, a dogbone specimen examined in a tensile machine is
analyzed.
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1. INTRODUCTION

This paper presents a constitutive modeling and a numerical investigation
of aluminum alloy AW5083 using a large-strain thermo-elasto-plastic model
that incorporates internal heat sources and temperature-dependent material pa-
rameters.

Various large strain thermo-elasto-plasticity models can be found in the liter-
ature. This work is focused on thermodynamically consistent models presented,
e.g., in [1, 2], derived based on the first and second laws of thermodynamics.
Such an approach leads to a formulation that involves internal (often called
structural) sources of cooling or heating in the analyzed material. In particular,
thermo-elastic coupling related to the Gough—Joule effect, typically associated
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with entropic materials such as polymers [3], manifests itself in aluminum as
cooling in tensioned samples in the elastic regime, whereas the thermomechan-
ical coupling in plasticity results in temperature increase due to plastic dissi-
pation. The crucial quantity in these formulations is the Helmholtz free energy,
which can include a reversible part (related to elasticity and thermal expansion),
a plastic part, and a purely thermal part [2].

Constitutive modeling of an aluminum alloy undergoing large strains at ele-
vated temperatures requires the introduction of temperature-dependent material
parameters. Such models are included in some papers, e.g., in [4], presenting
a small-strain constitutive model for case-hardening steel, or in [5] related to
thermo-elasto-plasticity of metals with material properties being linear func-
tions of temperature. In this work, the material model based on [2] is enhanced
with dependencies of material properties on temperature, based on [6, 7]. More-
over, the study focuses on two distinct models of the plastic part of the free
energy: one that accounts for temperature-dependent material parameters in
the free energy formulation and another that assumes temperature-independent
hardening in plasticity.

The goal of this research is to develop and test a comprehensive constitu-
tive framework capable of accurately predicting the response of aluminum alloy
AW5083 under mechanical loads at different temperatures, ranging from 20°C
up to 500 °C. The research is a continuation of the work presented in [8], which
was restricted to room temperature. The following assumptions are taken into
account in the research. The material is initially isotropic, also regarding hard-
ening in plasticity, and associative plastic flow is applied. The model repro-
duces the quasi-static case; thus, it does not include viscous effects in elastic-
ity or in plasticity and the inertial term in the balance of linear momentum
is dropped. The thermomechanical coupling incorporates thermal expansion,
temperature-dependent parameters, internal heat sources and the influence of
geometry change on the heat flow in the material, i.e., it takes into account
Fourier’s law in the deformed configuration.

This advanced and strongly non-linear model is implemented and tested uti-
lizing symbolic-numerical packages AceGen/AceFEM of Wolfram Mathemat-
ica [9]. Simulations are performed for a uniaxial tension test and for a dogbone
specimen typically used in experimental conditions [10]. By comparing the se-
lected models, the paper aims to show the influence of temperature-hardening
coupling on the mechanical and thermal behavior of the material. The key phe-
nomena of thermo-elastic cooling and heat generation due to plastic dissipation
are analyzed in detail. Through numerical simulations of the dogbone speci-
men, the study explores the effects of temperature-dependent parameters, mesh
refinement sensitivity, and thermal boundary conditions on the specimen’s re-
sponse. The results highlight the significance of thermo-plastic coupling in the
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plastic part of the free energy in reducing self-heating and softening effects,
particularly in the temperature range from 200 °C to 300 °C. The paper also ad-
dresses different forms of localization.

The research presented in the paper can be applied to advanced numeri-
cal simulations of structures and elements made of aluminum alloy AW5083,
which is widely used in shipbuilding, railroad cars, pressure vessels, and many
other fields, under various mechanical and/or thermal loading. The development
of a formulation valid at elevated temperatures enables simulations under fire
conditions.

The paper is laid out as follows. Section 2 presents the formulation of the
thermo-elasto-plastic material model based on the laws of thermodynamics. Sec-
tion 3 contains functional dependencies of material parameters, both the me-
chanical and thermal ones, with respect to temperature. The core part of the
paper is Sec. 4 including the description and results of numerical simulations,
whereas conclusion and final remarks are provided in Sec. 5.

The notation used in the paper is as follows: round brackets introduce argu-
ments of functions, whereas square brackets specify the sequence of operations.

2. MODEL OF MATERIAL

2.1. KINEMATICS

The material description developed in the paper is based on a thermo-elasto-
plastic model presented in [2]. The model is based on the decomposition of the
deformation gradient into a reversible part F”, related to elastic deformation
and thermal expansion, and an irreversible (plastic) part F? in the following
form:

(2.1) F =F'F”.

The deformation gradient is defined in the standard form as F = 0x(X,t)/0X
with J = det(F) > 0, where X and x are vectors denoting the referential and
the current placement of a particle in the Cartesian coordinate system, respec-
tively, and the variable ¢ represents time. Based on the decomposition (2.1), the
reversible left Cauchy—Green tensor is defined as follows:

(2.2) b =F"(F")T,  J" =det(b").

The velocity gradient and its symmetric part, called the deformation rate, are
defined as usual:

el 1 T
(2.3) I=FF, d=;(1+1),
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where the dot over a quantity denotes its rate. The plastic velocity gradient is
defined as follows:

(2.4) L? = FP[F?| 7!,
and the plastic deformation rate:

(2.5) dr = % (1P + [1P]T), P = F'LP [F*] .

The Helmholtz free energy is assumed to depend on the reversible left Cauchy—
Green deformation tensor b”, the internal variable « related to hardening, and
the absolute temperature T':

(2.6) ¥ = (b, a,T).

The specific form of the Helmholtz free energy will be given in the subsequent
subsection.

2.2. (GOVERNING EQUATIONS

The first governing equation, i.e., the balance of linear momentum for the
large-strain problem, is written for the quasi-static case with mass forces ne-
glected [11]:

(2.7) div (t/J) = 0,

where the symbol div (-) denotes the spatial divergence of the quantity -, and T is
the Kirchhoff stress tensor. The quasi-static assumption results in neglecting the
inertial term in Eq. (2.7). The model can then be applied to simulate deformation
at low-strain rates. Consequently, viscous effects are also neglected.

The second governing equation is the first law of thermodynamics, i.e., the
balance of energy, which can be written using spatial quantities [2]:

(2.8) pu=7:d— Jdiv(q),

where p is the material density of the undeformed configuration which can be
temperature-dependent, v is the internal energy per unit of mass, and q is the
Kirchhoff heat flux density vector. In Eq. (2.8), an external heat source (per
unit of mass) is not taken into account.

The second law of thermodynamics, i.e., the dissipation inequality, can be
written in the following form [2]:

(2.9) pTn—pi+T:d— %q -grad (T') > 0,



Numerical Modeling of the Aluminum Alloy AW5083... 149

where 1 denotes the entropy per unit of mass and grad (+) is the spatial gradient
of quantity -. Using the Legendre transformation:

(210) w(braaaT) = U(br,aa"?—UT)7
after some manipulations, the dissipation inequality can be written as

oY oY o . J
b7 b 9o " T grad (T") > 0.

(2.11) [’r —2p } :d+ {2/} bT] :d? — p—
Because inequality (2.11) should be fulfilled for any arbitrary d, the Kirchhoff

stress tensor is equal to:

b
obr’

(2.12) T=-2

The thermodynamic force conjugated to « is defined as

_
= PBa

Now, the reduced form of the dissipation inequality is obtained:

(2.13) B

(2.14) [v: 00— i+ |~7a-grad (7)) 2.
e 7T r
Dmech
Dtherm

It is assumed that both parts of the dissipation, mechanical Dy,ec, and thermal
Dinerm, are greater than or equal to 0. In the latter case, the inequality is ful-
filled by the application of the isotropic spatial Fourier law as the constitutive
relationships for the heat flux density vector, for details see [12],

(2.15) q=—Jkgrad (7T),

where k is the conductivity coefficient, which can be temperature-dependent,
ie., k(T).

Using Eq. (2.10) and Eq. (2.11), the energy balance Eq. (2.8) can be rewrit-
ten in the so-called temperature form, which will be further implemented in
numerical simulations:

(2.16) T = Jdiv (q) + Duech + H + A,
where
0%
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Y L] p
(2.18) H = [%Tambrb] L[ —d?],
%
(2.19) A= pT e~

In Eq. (2.16), there are three internal (structural) sources of heating/cooling,
which can change the temperature of the material even if there are no external
heat sources. Dyecn is related to the heat production during a plastic process and
H to the thermo-elastic source of heating/cooling. The term A is in turn a source
related to the coupling between hardening in plasticity and temperature, which
will further be called temperature-hardening coupling. This term is active when
the plastic part of the free energy function is temperature-dependent.

Note that the internal sources depend on the adopted form of the Helmholtz
free energy which will be specified in the next subsection.

2.3. HELMHOLTZ FREE ENERGY

In this paper, the following decoupled form of the Helmholtz free energy is
adopted:

(2'20) = d’r(brv T) + ¢p(a’ T) + Q/)e(T)»

where ¢ is the free energy related to the reversible deformation due to elastic
response and thermal expansion, P is the plastic part, which can be dependent
on the hardening variable and optionally on temperature. The reversible part of
the free energy follows the neo-Hookean formulation, which is a basic approach
for elastic materials in a large deformation framework. The last term ? is the
purely thermal part. The specific form of reversible Helmholtz free energy is
as follows:

YT T —
(221) W 0T) = o

0 () S0 ) -

—3kar(T) [T - Ty In (x/JT)]

The temperature-dependence of the material parameters present in Eq. (2.21) is
now explicitly written. The symbol k denotes the bulk modulus, G — the shear
modulus, and ar — thermal expansion coefficient.

The plastic part of the free energy is related to exponential hardening which
is observed for the considered aluminum alloy, cf. [6, 10]. The form of the plastic
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part of the free energy influences also the source defined in Eq. (2.19). In this
study, two models are compared.

The first one, hereafter called Model 1, incorporates the plastic free energy
function depending on the hardening variable and temperature. The tempera-
ture dependency is achieved by the application of temperature-dependent pa-
rameters: the initial and final yield stresses 0,0 and oy, respectively, as follows:

L
p(T)

1

[0yoo(T) — 0yo0(T)] [a 4= exp(—da)] .

(2.22) (e, T) = ;

The final yield stress represents the saturated flow stress, i.e., the maximum
stress level the material can reach after a large amount of plastic deformation,
when further hardening becomes negligible. Examples of such assumption can
be found, e.g., in [5]. For Model 1, the temperature-hardening coupling is present
and in the energy balance Eq. (2.16) the term 4 in non-zero. The saturation
parameter ¢ in Eq. (2.22) is assumed in the paper as constant.

The second model, called hereafter Model 2, includes a temperature-
independent plastic part of the free energy function:

1
p(T)

and involves the values of the initial and final yield stresses at initial temperature
of the experiment Ty. The temperature-independent plastic part of the free
energy function is used, e.g., in [4].

The thermal part of the free energy is not specified here explicitly. It
is assumed that it has a form such that the heat capacity from Eq. (2.17) is
temperature-dependent in a form given, in the next section.

223) () = s ee(To) — oga(Tol] -+ § exp(-da)].

2.4. PLASTICITY
The yield function is assumed in the following form:
(2.24) F = f(t) —oy(a,T) <0,

where f(T) is a stress measure governing plasticity. Here, the Huber—Mises mea-
sure is applied:

1
(2.25) f(r) =Vt t, t=1— gtr (o)L
The yield stress oy(a,T') for Model 1 is as follows:

(226) Jy(aa T) = UyO(T) + 5(0[, T)
= 0y0(T) + [0yoo(T) — 0yo(T)] [1 — exp(—da)],
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whereas for Model 2 it is as follows:

(2.27)  oy(a,T) = oyo(T) + s(T)B()
= 0y0(T) + 5(T) [oyoo (T0) — 0y0(T0)] [1 — exp(—dar)],

where the thermal softening function s(7") is proposed in the following form to
obtain the same yield stress as in Model 1:

Oyoo (T) - UyO(T)
Tyoo(To) — yo(To)

(2.28) s(T) =

The associative flow rule is adopted in the following form:

1 oF

2.29 ——Ly(b") =4—Db"
(229) SLu(bT) =42,
where the Lie derivative of the reversible left Cauchy—Green deformation tensor
is defined as [2]:

T 9 —1yrp-T T
(2.30) L,(b") = Fa [F b"F ]F )
where 4 is the plastic multiplier, which is related to the hardening variable
through the equation a = /2/35.

The standard Kuhn—Tucker conditions complete the plasticity description:

(2.31) 4>0, F<0, AF=0.

3. TEMPERATURE-DEPENDENT PARAMETERS

The temperature-dependent parameters of aluminum alloy AW5083, related
to both the mechanical and thermal properties are taken from the literature, in
particular from [6, 7]. Paper [6] provides values of the density, Young’s modulus,
heat conductivity, heat capacity, initial yield stress and final yield stress at
selected temperatures in the range from room temperature up to 500 °C, denoted
by red dots in Fig. 1 to Fig. 6. The temperature on the horizontal axes is
given in Kelvins. The blue lines in the figures represent approximations obtained
using the least-squares method for the assumed basis functions. In particular,
polynomial of a selected degree are used for Young’s modulus, density, heat
conductivity, and heat capacity, whereas a logistic function is used for the initial
and final yield stresses.

The diagram of the thermal expansion coefficient in Fig. 7 is prepared based
on the information provided in [7].
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The specific formulas describing the temperature-dependent parameters are
given in Table 1. The proper values of the parameters are obtained for tem-
peratures given in Kelvins. The resulting units are provided in square brackets.
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TABLE 1. Material parameters depending on temperature.

Quantity Formula
Density [kg/m?) p(T) = 2724.97 — 0.219593 T' + 1.58929 x 10> T*>
Young’s modulus [Pa] | E(T) = 7.7915 x 10*° — 7.98531 x 107 T+ 273938 T2 — 358.197 T3
Thermal expansion . -5 -8
coofficient [1/K] ar(T) =225 x107° +2 x 1078 T
Heat conductivity 5 2
k(T) = 80.2766 + 0.165482 T — 8.03571 x 10° T
W/ (m - K)]
Heat capacity 5 2
c(T) = 807.914 + 0.355393 T + 5.35714 x 10° T
3/(cg - K)) @
Initial yield 8 2.51535 x 10®
T) = 2.83973 x 10° —
stress [Pa 7u0(T) % 1+ exp(13.769 — 0.0262T")

3.19238 x 108
1+ exp(13.827 — 0.027T)

Ultimate yield

J— 8 _
stress [Pa Oyoo (T') = 3.55575 x 10

It is assumed that Poisson’s ratio is constant and equal to v = 0.3. The bulk
and shear moduli present in Eq. (2.21) are calculated on the basis of Young’s
modulus and Poisson’s ratio in the standard way:

E(T)
21+ v)’

E(T)

(3.1) G(T) = T

K(T) =
The value of the saturation parameter is assumed to be equal to § = 19.618,
see [10].

4. NUMERICAL SIMULATIONS

4.1. IMPLEMENTATION

The numerical verification of the presented models of the aluminum alloy
AW5083 with the temperature-dependent parameters is performed using the
finite element method. The model is implemented within symbolic-numerical
packages of Wolfram Mathematica called AceGen/AceFEM, see, e.g., [9]. The
finite element (FE) code is developed for 3D hexahedral FEs with the linear
interpolation of temperature and displacement fields and the so-called F-bar
modification [13], preventing the volumetric locking that occurs in Huber—Mises
plasticity. The implementation of large-strain plasticity can be found in [9],
whereas the implementation of the coupled thermomechanical model is pre-
sented in [14].

Numerical tests include two elongated specimens: one cubic FE in a uniaxial
tension state and a dogbone sample which is used commonly for experiments in
laboratory, see [10]. For the former sample, the elastic stage is analyzed firstly,
followed by the plastic one occurring under greater loading.
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Attention is focused on the internal heat sources and their influence on the
sample behavior at room temperature and at elevated temperatures up to 500 °C
(i.e., 773.15K).

4.2. UNIAXIAL TENSION TEST

A simulation of a single FE in uniaxial tension is conducted. The cubic spec-
imen has dimensions L = 10mm, W = 10mm, H = 10mm. The visual repre-
sentation of the FE in 3D space can be seen in Fig. 8. Mechanical boundary con-
ditions are assumed in such a way that uniform deformation is reproduced, and
free transverse deformation is allowed. Insulation is applied as thermal boundary
conditions.

Fi1c. 8. Visual representation of a single FE in 3D.

4.2.1. ELASTIC REGIME ANALYSIS

Firstly, the sample is subjected to an enforced elongation of AL = L/180 =
0.056 mm, applied over a time t = 10s. Such elongation allows for the simulation
of the sample in the elastic range of as well as the beginning of the plastic
deformation phase.

In Fig. 9, the reaction diagrams versus the enforced displacement for different
initial temperatures Ty = (20, 100, 200, 300, 400, 500) °C, are presented. With
the increase of the initial temperature, the stiffness of the sample decreases. This
phenomenon manifests itself in the graph as a decreasing slope of the gradient.
It is shown that the material subjected to elongation enters the plastic range
of deformation at different values of AL depending on the initial temperature
Ty of the sample, which is an effect of dependence of the initial yield stress on
temperature. As the temperature rises, the yield stress decreases. Through the
numerical analysis, it is found that the elastic deformation range is the shortest
at an initial temperature Ty = 400 °C. Although the initial yield stress is lower at
temperature 500 °C, the elastic stiffness is significantly smaller and this causes
the onset of plasticity to occur later.
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F1G. 9. Sum of reactions vs. enforced displacement for different initial temperatures.

In Fig. 10, the change in the temperature of the sample vs. applied elongation
is shown, for the analyzed initial temperatures. In the elastic range of deforma-
tions, a decrease in temperature of the sample is seen, and the Gough—-Joule
effect is observed, which manifests itself as thermo-elastic cooling. An upward
tendency of the curves starts at a point at which the behavior of the sample
changes, and the material enters the plastic range of deformations. The results
of the test presented in Fig. 10 show that depending on the initial temperature
the sample enters the state of irreversible deformations at different stages of
elongation. It is noted that the biggest thermo-elastic cooling effect is observed
at an initial temperature Ty = 200 °C.

T-To K]
1 1 1 1 1 AL [mm]
0.01 0.02 0.03 0.04 0.05
-0.2
-04 — ¢

~ 100 °C

-0.6 > — 200°C
~08 \/ 300 °C

1.0 — 400 °C
-1.2

500 °C

FiG. 10. Relative temperature of the sample vs. enforced displacement
for different initial temperatures.

To investigate the influence of the thermo-elastic cooling on the material
behavior more thoroughly, Fig. 11 is prepared. It presents the relative tem-
perature at the stage of deformation AL = 0.0095mm for the analyzed ini-
tial temperatures. This loading step is the last one at which all tested samples
undergo elastic deformation. It can be observed that the strongest effect of the
thermo-elastic cooling at the analyzed stage of deformation is for the initial tem-
perature Ty = 300°C. As the initial temperature grows from Ty = 20°C up to
Th = 300°C the absolute value of the relative temperature increases gradually.
After reaching the 300 °C threshold, the absolute value of relative temperature
starts to decrease. This is a result of the value of thermo-elastic cooling source
presented in Fig. 12. The observed phenomenon can be explained as follows.
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F1G. 11. Relative temperature at AL = 0.0095 mm for tests conducted
at different initial temperatures.

# [kW/m?3]

001 0.02/ 0.03 .04 0.05
—-100

AL [mm)]

— 20°C
100°C
— 200°C
-300

I 300 °C
—-400F — 400°C
~500 500 °C

—-600

-200

FiG. 12. Elastic cooling for tests conducted at different initial temperatures.

In the analyzed model, the thermo-elastic cooling depends on temperature in
two ways, see Eq. (2.18). Firstly, with rising absolute temperature of the sam-
ple, the value of the cooling source due to thermo-elastic coupling increases.
Secondly, the cooling source also depends on the elastic parameters of the mate-
rial, especially on Young’s modulus which decreases with temperature increase,
see Fig. 1. At temperature 623.15 K = 350 °C, Young’s modulus is reduced by
almost half. From this moment on, the second effect dominates, leading to a de-
crease of the source of cooling because of the decreasing stiffness of the material.

4.2.2. PLASTIC REGIME ANALYSIS

The cubic sample is now subjected to an enforced elongation AL = L/5 =
2mm applied over 1s, resulting in plastic deformation. Figure 13 and Fig. 14
depict the relationship between the sum of reactions and the enforced displace-
ment for the sample shown in Fig. 8. Both diagrams present the influence of
the initial temperature on the mechanical response of the material, but they
differ in the type of constitutive model used for testing of the samples. Results
obtained for Model 1 are presented in Fig. 13, and for Model 2 in Fig. 14. The
graphs capture the transition from elastic to plastic deformation, where the sum
of reactions exhibits nonlinear behavior as the displacement increases. Higher
initial temperatures typically reduce the yield stress and hardening modulus of
aluminum due to thermal softening. This can manifest itself as lower reaction
forces for equal displacements for elevated temperatures in Fig. 13 and Fig. 14.
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Fic. 13. Sum of reactions vs. enforced displacement
at different initial temperatures for Model 1.
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F1G. 14. Sum of reactions vs. enforced displacement
at different initial temperatures for Model 2.

Comparing the reactions for Model 1 and Model 2, one can see that a visible
difference is present only for two examined reference temperatures: Tp = 200°C
and Ty = 250 °C. In comparison with Model 1, Model 2 shows stronger soften-
ing of the material at Ty = 200°C. A larger softening can also be observed at
Ty = 250°C. After closer examination of the obtained results the differences in
reactions at the end of the process between the two models is equal to 8.2 % for
T() = 20000, and 17.1 %o for T[) = 500°C.

Figure 15 and Fig. 16 illustrate the evolution of relative temperature in the
aluminum sample subjected to progressive elongation, culminating in plastic
deformation. The graphs emphasize the thermomechanical coupling inherent to
plastic work and dissipation, with distinct curves representing different initial
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F1G. 15. Relative temperature in the sample vs. enforced displacement
at different initial temperatures with Model 1.
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FiG. 16. Relative temperature in the sample vs. enforced displacement
at different initial temperatures with Model 2.

temperatures. In the elastic regime, a relative temperature drop is observed, as
expected. In the plastic phase of deformation, a pronounced increase in relative
temperature occurs due to plastic work conversion to heat. The slope of the
diagram of relative temperature vs. displacement increases post-yield, reflecting
greater energy dissipation. For higher initial temperatures 7j the sample exhibits
lower values of T'— T} at similar displacements due to lower dissipation. Model 2
reproduces higher heating of the sample compared to Model 1.

Figure 17 and Fig. 18 present the relative temperature T'—7Ty measured in the
aluminum sample at the end of the process, i.e., for the enforced displacement
of 2 mm for varying initial temperatures. The graphs compare how temperature
evolution differs for various thermomechanical starting conditions. It is clear that
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Fic. 17. Relative temperature at AL = 2mm for tests conducted
at different initial temperatures for Model 1.
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Fic. 18. Relative temperature at AL = 2mm for tests conducted
at different initial temperatures for Model 2.
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the response of the material differs depending on the type of the computational
model applied.

For Ty = 20°C, the difference is hardly noticeable, but at elevated tem-
peratures the sample tested with Model 1 exhibits a smaller raise in relative
temperature than samples tested with Model 2. The biggest difference in tem-
perature at the end of the process is observed for Ty = 200°C. For Model 1,
the difference is 0.167 K, which means the temperature is almost the same as the
reference temperature. For Model 2 it is 20.766 K, which makes for a 20.6 K dif-
ference between the two applied models. The analysis presented in Subsec. 4.2.1
shows that at Ty = 200 °C, the elastic cooling effect is strong. The heat source as-
sociated with plasticity is balanced by the relatively strong Gough—Joule effect,
but not exclusively. In Model 1, the heat sources arising from plasticity include
not only dissipation, but also the source due to the dependence of material pa-
rameters on temperature in the plastic part of the Helmholtz free energy. In
such case, this effect manifests itself as heat sinking, which additionally reduces
the influence of dissipation. When assuming ¢? as in Model 2, which is inde-
pendent of temperature, the sinking effect is absent, which allows for stronger
heating of the sample. It is also important that in Model 1 the reduced heating
causes smaller thermal softening, which explains why in Fig. 13 the reactions
for Tp = 200°C are much larger in Model 1 than in Model 2. Comparing the
graphs from Fig. 17 and Fig. 18, one can notice that Model 2 provides a regular
distribution of results over the entire range of analyzed temperatures; therefore,
an approximation carried out for the given points decreases monotonously. In
turn, in Model 1, with the increase of the initial temperature, the temperature
at the end of the process decreases to the point marked in brown, then rises
Th = 300°C. Finally, a downward trend line is observed again.

The quantitative analysis of heating (or sinking) sources for Model 1 can be
performed on the basis of Fig. 19 and Fig. 20. The dissipated energy decreases
with increasing initial temperature. In contrast, the temperature-hardening cou-
pling causes heat sinking which increases significantly with the growth of the
initial temperature up to 200 °C and then decreases, and even exhibits heating
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3x107F —250°C
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— 400°C

1x107H 500°C

L L L L AL [mm]
0.5 1.0 1.5 2.0

F1c. 19. Dissipated mechanical energy at tests conducted for different initial temperatures
for Model 1.
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F1a. 20. Heat source related to temperature-hardening coupling for Model 1.

at 400 °C. Note that for T = 200°C in the middle of the process, plastic heat-
ing due to energy dissipation is counteracted by heat sinking, cf. red diagrams
for AL = 1mm in Fig. 19 and Fig. 20.

4.3. DOGBONE SPECIMEN IN TENSION

To reproduce real experimental testing condition simulations are performed
for a dogbone sample geometry described in [10]. The geometry and dimensions
of the sample are shown in Fig. 21. The thickness of the specimen is 2 mm. The
sample is subjected to maximum elongation of AL = 30mm in time duration
of timax = 4.95s.

246

} 60 | ‘ 102 |

F1G. 21. Dogbone sample — geometry and dimensions (in mm).

4.3.1. TESTS FOR DIFFERENT MESHES

The first set of simulations with Model 1 are performed for three different
discretizations. In Fig. 22, one can find visual representation of the three meshes

F1G. 22. Visual representation of analyzed meshes: a) coarse, b) medium, c) fine.
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used for the tests. The first mesh includes 408 FE, the second 3264, and the third
26 112 elements. In the thickness direction, the coarsest mesh contains one FE;,
medium mesh two FE, and the finest mesh has four FE. For mesh density
analysis, the insulation boundary conditions on all surfaces are assumed and the
initial temperature of the sample is the room temperature, i.e., Ty = 293.15 K.

The reaction diagram obtained for the analyzed discretizations is presented
in Fig. 23. For the thermo-elastic range the results for all three meshes coincide.
The same conclusion can be made for the plastic range when material hardens,
which takes place until about AL = 10 mm. After the peak point the decreasing
reaction diagrams for different meshes slightly diverge. The descending diagrams
are a result of strain localization due to geometrical and thermal softening.
Although the results do not coincide, the mesh dependence does not seem to
be pathological: the results for the medium and the fine meshes are very close
to each other. It is worth mentioning that heat conductivity present in the
simulations has a regularizing effect, cf. [15].

R [kN]

15F
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Medium mesh

101

Fine mesh

0 ; + y AL [mm]
5 10 15 20 25 30

F1c. 23. Reactions depending on the mesh refinement at the midpoint of the sample.

It is observed in Fig. 24 that the temperature in the elastic range and dur-
ing the hardening phase of plasticity is also the same for all meshes. When
localization of deformations occurs, the temperature starts increasing rapidly,
because the temperature of the sample is read at the center of the specimen,
where plastic deformations are largest. It can also be noticed that the tem-
perature for the medium and fine mesh, starts to decrease at a certain point,
but this is not the case for the coarsest mesh. Such phenomenon is an effect of
the different forms of localization observed in the considered meshes, presented

T K]
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360 it " - Coarse mesh
: Medium mesh
340 R Fine mesh

320

300

AL [mm]
0 5 10 15 20 25 30

Fic. 24. Temperature depending on the refinement of the mesh at the midpoint of the sample.
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in Fig. 25. For the coarse and medium meshes, necking is visible, whereas for the
fine mesh, shear bands are present. The finest mesh is chosen for the remaining
tests to preserve the accuracy of the obtained results.

a)

]
T
t
T

F1G. 25. Deformed meshes with temperature for AL = 30 mm: a) coarse, b) medium, c) fine.

4.3.2. INFLUENCE OF THERMAL BOUNDARY CONDITIONS

The second set of simulations is performed for Model 1 at room temperature
and different thermal boundary conditions, i.e., for insulation and for convection.
The heat flux density normal to the specimen surface with convection is defined
in the following way:

(41) dn = hconv(T - Too)7

where T is the temperature of surrounding and heony is the convection coeffi-
cient. The parameters used in simulations are given in Table 2. A value hcony = 0
corresponds to the insulation boundary condition.

TABLE 2. Convection parameters.

Property Symbol Value

Temperature of surrounding [K] T To
Convection coefficient [J/(s-K-m?)] | hconv | 0, 10, 100

The results shown in Fig. 27 indicate that for all convection coefficients hcony
taken into consideration, the temperature response in the range of reversible
deformations and in the plastic hardening range coincides. Starting from AL =
20 mm the temperature stops increasing, and the slopes of the curves become
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increasingly different from each other. Such a phenomenon happens because of
the presence of the temperature-hardening coupling in Model 1. With a bigger
convection coefficient, greater temperature decrease is observed. Figure 26 shows
that the reactions are independent of the chosen convection parameter. For the
remaining tests, a convection coefficient hAcony = 10 is chosen. For tests performed
at elevated temperatures, it is assumed that T, = Tp.
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Fic. 26. Reactions independent of the convection coefficient.
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Fic. 27. Temperature difference depending on the value
of the convection coefficient hcony .

4.3.3. MODEL 1 vs. MODEL 2

The third and core set of simulations includes the tests of sample tension for
different initial temperatures. Now, the sample is subjected to an elongation of
AL = L/8 = 30.8mm in time duration of ¢t = 10s.

Figure 28 and Fig. 29 show the reaction force vs. enforced displacement for
Model 1 and Model 2, respectively. For higher initial temperatures, the magni-
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F1G. 28. Sum of reactions vs. enforced displacement
at different initial temperatures for Model 1.
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Fic. 29. Sum of reactions vs. enforced displacement
at different initial temperatures for Model 2.

tude of reactions decreases, which is consistent with the analysis performed for
one FE. The biggest difference between the models is observed for Ty = 200 °C,
similarly to Fig. 14. For Model 2, the material softens earlier than for Model 1.
Such behavior is a result of more substantial self-heating in Model 2, causing
greater thermal softening.

Figure 30 and Fig. 31 provide a comparison of temperature change versus
elongation. Differences between the models are seen for all analyzed tempera-
tures. Model 2 reproduces a bigger temperature rise for lower Tj, but a smaller
rise for higher initial temperatures, i.e., Ty = 400°C and Ty = 500°C. A sig-
nificant difference is observed for Ty = 200°C, as in this case the amount of
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Fi1c. 30. Relative temperature vs. enforced displacement
at different initial temperatures for Model 1.
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Fic. 31. Relative temperature vs. enforced displacement
at different initial temperatures for Model 2.
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source sinking due to temperature-hardening coupling exceeds the heat produc-
tion due to plastic dissipation in the central part of the specimen, where the
localization zone occurs. It should also be noted that the results obtained for
Ty = 300°C are not comparable with the remaining results because, in this
case, the localization zone is not at the center of the dogbone specimen where
the temperature is read, see Fig. 32c¢. For this reason, the temperature diagram
shows a decrease in relative temperature as a result of unloading.

a)
E‘. e
— . - T:roa‘
b)
c)
:{ o1

AceFEM

Fic. 32. Deformed mesh with relative temperature at AL = 12.3 mm for Model 1:
a) T() = QOOC, b) T() = 2OOOC, C) To = SOOOC.

Figure 32 to Fig. 35 present deformed meshes with temperature and hard-
ening variable distributions for selected initial temperatures, i.e., 20 °C, 200 °C,
300°C. For Ty = 20°C and T = 200 °C, strain localization occurs in the mid-
dle part of the sample in the form of two shear bands. As it was mentioned
above, the localization for Ty = 300°C appears in two zones in the web. Only
for Model 1 and Ty = 200°C is the highest temperature not in the shear band
areas but outside them. The reason is that thermo-plastic sinking, in this case,
is so strong that the area of active plastic process undergoes cooling. Compar-
ing the temperature and hardening variable distributions, it can be observed that
the temperature field is more diffused due to heat conductivity.
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Fic. 33. Deformed mesh with relative temperature at AL = 12.3 mm for Model 2:
a) To =20°C, b) To =200°C, c¢) To = 300°C.
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Fi1G. 35. Deformed mesh with hardening variable at AL = 12.3 mm for Model 2:
a) To =20°C, b) To =200°C, c¢) To = 300°C.

5. CONCLUSIONS

The research presented a comprehensive numerical investigation of aluminum
alloy AWbH083 under tensile loading, using large-strain thermo-elasto-plastic
models. An important aspect of the constitutive description is the application of
temperature-dependent material parameters valid in the range from room tem-
perature up to 500 °C together with the employment of internal heat sources.
This allowed for numerical simulations of experiments performed at elevated
temperatures. The study of the plastic range of deformation was focused on two
models of the plastic part of the free energy function. The verification of the
influence of temperature-dependent properties on the outcome was performed
through simulations of a single cubic FE and dogbone specimens. The mod-
els successfully captured fundamental thermo-mechanical phenomena, such as
thermo-elastic cooling during elastic deformation and heat generation due to
plastic dissipation.

Simulations at different initial temperatures revealed that the Gough—Joule
effect is strongest at initial temperature of 300°C. The elastic modulus, yield
stress, and hardening parameters exhibit strong temperature dependence, lead-
ing to a reduction of stiffness and earlier yielding at elevated initial temperatures
(e.g., 400°C to 500°C).
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Mesh sensitivity studies show that fine discretization is necessary to repro-
duce properly the localized deformation modes in the form of shear band(s).
Coarser meshes underestimate post-peak softening and misrepresent the local-
ization pattern limiting it to necking. Convection boundary conditions affect the
temperature field. Higher convection coefficient accelerate sample cooling and
reduce thermal softening.

A thorough comparison between models, including temperature-dependent
and temperature-independent plastic free energy, revealed that the largest dis-
crepancies occur between the models at Ty from 200 °C to 300 °C, where Model 2
predicts stronger material softening due to higher temperature increase. Model 1,
including the additional source sinking term resulting from the temperature-
hardening coupling, reduces the effect of plastic heating. Moreover, heat sinking
for Model 1 is particularly significant in the temperature range from 100°C
to 300°C and the observed disturbance in this range does not seem consis-
tent with the physics.

Future work should focus on experimental validation in controlled thermal
environments to calibrate and refine the models. This would provide crucial data
for parameter identification and enhance the models’ predictive capabilities. Ad-
ditionally, extending the framework to include viscous effects, anisotropic behav-
ior, and propagative instabilities such as Portevin—Le Chatelier bands would sig-
nificantly broaden the model’s applicability. Such developments would not only
improve the accuracy of the simulations but also contribute to safer and more
efficient design of components exposed to extreme thermal and mechanical loads.
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NOTATIONS
on, Ts — normal and shear bond strengths of the interface,
o, 7 — normal and shear stresses of the contact under mixed-mode loading,
Gi, G — fracture energy components of Modes I and I,
Gr1, Grun  —  critical fracture energies under pure Modes I and II loading,
P - reaction force at the FRP-concrete interface in the direct-shear test on FRP-
to-concrete bonded joints,
s — relative movement (slip) between the FRP and the concrete under shear stress
in the direct-shear test of FRP-concrete bonded joints,
u — displacement at the end of the FRP strip due to the reaction force P in the
direct shear-test,
L - lengths of the FRP-concrete joint,
Gcr — interfacial fracture energy; value equal to the value of fracture energy G
for Mode 11,

€11 — axial strain along the FRP-concrete joint.
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1. INTRODUCTION

Externally bonded fibre-reinforced polymer (FRP) materials have been widely
used for many years as an alternative method to traditional techniques for
strengthening reinforced concrete (RC) structural members [1, 2]. The princi-
ples of application of this type of strengthening are well recognized and de-
scribed in the literature [3, 4]. However, aspects related to the failure of FRP-
strengthened concrete members are still a subject of research. They are mainly
focused on the FRP strip debonding from the concrete surface. This debonding
is initiated at the toe of flexural or flexural/shear cracks of concrete members
(interfacial debonding, IC) and usually leads to a premature and brittle mem-
ber failure [5, 6]. Therefore, to design RC beams against FRP debonding failures,
proper modelling of the FRP-to-concrete interface is required, and the results
obtained from direct-shear tests provide very valuable inputs in this regard.

There are many available results of laboratory tests performed on direct-
shear FRP-concrete joints [7—10]. The tests consider the influence of the main
parameters on the strength of the bonded joint, such as the length, width, and
thickness of the FRP strip, its modulus of elasticity, and the shear span-to-depth
ratio. They have been implemented in the development of design methods for RC
beam strengthening [11, 12]. These results are also very useful for the validation
of analytical and numerical models proposed in recent years. The analytical
models, often simplified, presented in [7, 13, 14] are based on an assumed stress-
slip relation between the FRP strip and concrete; they use elements of linear
elastic fracture mechanics (LEFM), or cohesive crack model (CCM), as well as
finite fracture mechanics (FFM). Different bond-slip models for FRP-to-concrete
bonded joints have been proposed and presented, for example in [8]. They are
based on different 7-slip relation and on interfacial fracture energy [7]. It was also
pointed out that the type of adhesive layer (rigid or flexible) can influence the
behaviour of FRP-to-concrete joint, mainly affecting the effective bond length
and the bond strength itself [9].

The application of the finite element method (FEM) to the analysis of FRP-
concrete joints has made it possible to create much more detailed models of the
FRP-concrete interface. For example, in [6], the modelling of debonding failure
in FRP-strengthened RC beams used the concept of a cohesive zone model, and
for concrete cover separation, special cohesive elements were implemented.

Using the classical FEM, it is very difficult or impossible to address frac-
ture mechanics problems, such as modelling material separation and fracture
processes with realistic crack initiation and propagation, which is particularly
valuable for concrete [16-19].

The extended finite element method (XFEM) allows to model cracks using
discontinuous functions, such as the Heaviside step function, without the need
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to explicitly mesh the crack itself; cracks can occur arbitrarily in the interior of
finite elements. XFEM enables detailed analysis of cracks, material interfaces,
and multiple crack interactions within a single model.

The strip debonding failure has been observed in laboratory tests on RC
beam elements strengthened with FRP strips, performed and described exten-
sively in [5]. In these experiments, the main goal was to recognise the overall
response of strengthened concrete beams in terms of their load-carrying capacity
and stiffness increase. The local effects, such as debonding and its impact on
the behaviour of the entire system, were not considered at that time. The con-
crete damaged plasticity material model [5, 6, 15] was employed in the analyses,
which allowed the ultimate load-carrying capacity to be estimated with suffi-
cient accuracy. These results were then validated by laboratory tests. A very
good agreement with the experimental results was observed. It was concluded
that if only the ultimate load capacity estimation is required, XFEM does not
need to be applied.

The present study is aimed at the detailed modelling of a direct-shear test,
which is a highly discontinuous and nonlinear phenomenon. In the study, XFEM
was applied. A parametric analysis of the main characteristics affecting the
performance of these joints has been carried, and its results will be used for
preparing the planned laboratory tests.

2. APPLICATION OF XFEM FOR CRACK MODELLING
OF FRP-CONCRETE BONDED JOINTS

The XFEM was first proposed in the context of fracture by BELYTSCHKO and
BLACK [20], subsequently, the method was further developed [21, 22] and is still
successfully used for the analysis of cracking phenomena in concrete elements.
A comprehensive study of the fracture process in concrete and RC, by means of
constitutive models formulated within continuum mechanics, where both con-
tinuous and discontinuous modelling approaches (using CCM and XFEM) were
used, is presented in [23]. It has been proven that XFEM is an alternative
method to FEM that extends the allowable basis functions, known as partition
of unity methods [23, 24]. This method can be used not only to model cracks in
homogenous material but also cracking occurring between two different materi-
als (bimaterial interface cracks) [25]. Numerical modelling of crack propagation
in plain concrete under Mode II and mixed-mode condition, with successful
comparison with experiment results, was given in [26, 27].

When applied to crack propagation problems, XFEM introduces two extra
sets of functions in addition to standard FEM nodal basis functions: a step
function H(z) to capture the discontinuity in displacement across a crack,
and a set of functions Fj(x), typically expressed in polar coordinates centred
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at the crack tip, capturing stress singularity in that region. The extra basis
functions are defined as the product of these enrichment functions and the stan-
dard nodal basis function to ensure that the basis functions remain mesh-based
and local to the enriched nodes.

This method does not require the mesh to match the geometry of discontinu-
ities. It can be used to simulate the initiation and propagation of a discrete crack
by using a fracture energy criterion along an arbitrary, solution-dependent path
in the bulk material, without the need for remeshing (crack propagation is not
tied to element boundaries in the mesh) [23, 25].

In XFEM modelling of the FRP-concrete shear test, the failure mechanism,
including degradation and eventual separation between the two surfaces, consists
of two components: a damage initiation criterion and a damage evolution law.

Damage is initiated (either when an additional crack is introduced, or when
the crack length of an existing crack is extended after an equilibrium increment),
when the contact stresses and/or contact separations satisfy the damage initia-
tion criterion, i.e., when the fracture criterion reaches a value of 1 within a given
tolerance.

In 2D analysis concerning the phenomena of the direct-shear test of FRP
strips from the concrete surface, the quadratic nominal stress criterion [15, 28]
was assumed as the damage initiation criterion:

() 2 1\ 2
(&)~

on Ts
where o, and 75 are the normal and shear bond strengths of the interface,
respectively; ¢ and 7 are the normal and shear stresses at the interface under
mixed-mode loading, respectively. The symbol () is used to signify that purely
compressive stress does not initiate damage, i.e., (c) =0if 0 < 0 and (o) =0
if o > 0.

The damage evolution law defines the post damage-initiation material be-
haviour and describes the rate of degradation of the material stiffness once the
initiation criterion has been reached. In the analysis of the direct-shear test of
FRP strips from the concrete surface, the damage evolution is described using
a linear softening model expressed in terms of fracture energy. The adopted
power-law fracture energy criterion (with a power of 2) [15, 28, 29] is defined as
a function of mode mix, using normal-mode fracture energy Gy (Mode I) for
plain concrete and shear-mode fracture energy Gr (Mode II) for the interfacial
FRP-concrete joint:

Gt >2 ( G )2
2.2 L) 4 —1,
(22) <GFI Grn
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where G1 and Gpp are the fracture energy components of Modes I and II, re-
spectively; Grr and Gy are the critical fracture energies under pure Modes 1
and II loading, respectively.

The interfacial fracture energy, which is crucial in the analysis of the FRP-
concrete bonded joint, represents the total external energy required to create,
propagate and fully open a crack along the FRP-concrete interface. Finding the
right value of the interfacial fracture energy of the analysed interface remains an
open issue due to the number of parameters governing the local bond—slip behav-
iour as well as the bond strength of the FRP-concrete joint itself. These include
the tensile, compressive, and shear strengths of concrete, the tensile strengths
of the adhesive and the FRP strip, the moduli of elasticity of all components of
the joint, as well as its main dimensions.

It is worth mentioning that, in the case of mixed-mode conditions, the
Mode I (tensile) fracture energy of concrete-FRP joints can be approximated
by the Mode I fracture energy of plain concrete, provided that debonding in
the concrete-FRP bonded joint takes place within concrete. A second obser-
vation is that the Mode II (shear) fracture energy of both plain concrete and
FRP-concrete joint appears to be an order of magnitude higher than that for
Mode I [14].

3. NUMERICAL ANALYSIS OF THE DIRECT-SHEAR TEST

The subject of this study is the simulation of a single direct-shear test
on an FRP-to-concrete bonded joint, as presented in Fig. 1, where the main
dimensions are shown. The applied constraints are intended to prevent the
concrete prism from uplifting and shifting under loading. The FRP strip is
bonded with an adhesive layer to the top surface of the concrete prism. Three
lengths of joint — 10cm, 15cm, and 20cm, and two types of adhesive layers
with different stiffnesses were considered. Displacement-controlled loading was
used by incrementing the displacement u at the end of the FRP strip (Fig. 1).
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F1G. 1. Setup of the analysed direct-shear test.
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The plots of reaction force P and slip s at the FRP-concrete interface were then
obtained.

In the numerical analyses, the XFEM method implemented in Abaqus ver.
2024 code [15] was used. The failure mechanism definition includes damage
initiation as well as damage evolution, which are based on a fracture mechanics
approach and on the assumed bilinear traction-separation law for the FRP-
concrete interface (Fig. 2). It was not necessary to predefine the crack initiation
in the mesh layout for further propagation. This is one of the most convenient
capabilities provided by the XFEM method.

T — shear bond stress
T, - shear bond strength

T A

L s — bond separation slip

so — localslipat T

G, Smax — Maximum bond separation slip

s G, — interfacial fracture energy (G.,= Gpyp)

So Smax

Fic. 2. Bilinear traction-separation law for the FRP-concrete interface.

When analysing the traction-separation law for the FRP-concrete interface,
the area under the entire curve (Fig. 2) represents the interfacial fracture energy
G, which is equal to the value of the fracture energy G prr for Mode II.

All parts of the numerical model are defined as elastic materials. The con-
crete prism, as well as the adhesive layer and FRP strip, are modelled using
4-node 2D plane strain elements (Fig. 3) of 1 mm x 1 mm dimensions. Although
XFEM is often described as mesh-independent because cracks can propagate
through elements without the mesh conforming to the crack geometry, it still re-
quires a sufficiently fine mesh to obtain accurate results, especially near crack
tips where stresses are singular. For this reason, a convergence study was per-
formed by varying the element size. Analyses with different element sizes were
performed, namely 1 mm X 1 mm, 1.5mm X 1.5 mm, and 2mm X 2mm meshes.
Finally, a mesh with an element size of 1 mm x 1 mm was used in all calculations,

Adhesive

Adhesive \ FRP strip . ; i
—

Y
i x Concrete prism

F1G. 3. 2D mesh of concrete prism with FRP strip.
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for which the peak load did not change by more than 0.7 % compared to that
obtained with the 1.5 mm x 1.5 mm mesh.

It was observed in laboratory tests [5] that the quasi-brittle behaviour of
concrete influences the FRP debonding process. Fracture propagation during
IC debonding starts within a thin concrete layer underlying the adhesive layer
[5, 18, 30]. It was assumed that, in the case of the shear test for all tested bond
lengths, delamination also starts within a thin concrete layer, beginning close
to the loaded end of the FRP strip [16, 30]. For this reason, a one-element-thick
layer of finite elements in the concrete part of the numerical model was given
additional enrichment with additional degrees of freedom according to XFEM.

The material data used in the numerical analyses were taken from a pre-
viously performed research program concerning the flexural strengthening of
simply supported RC beams using FRP strips [5]. For concrete, the modulus
of elasticity and Poisson’s ratio before cracking were determined as 29.98 GPa
and 0.164, respectively. The concrete compressive cylinder strength was assumed
as 44.40 MPa, while the tensile strength was determined as 3.467 MPa. The mod-
ulus of elasticity and Poisson’s ratio of the FRP strips were taken as 158.95 GPa
and 0.2, respectively. For the flexible adhesive, the modulus of elasticity and
Poisson’s ratio were equal to 7.10 GPa and 0.3, respectively. To check the influ-
ence of the stiffness of the adhesive layer on the behaviour of the entire joint,
a case with a rigid adhesive with an elastic modulus 10 times higher than the
stiffness modulus assumed for the flexible adhesive, was also considered [9].

The proper definition of the traction-separation law for the FRP-concrete
interface is a key issue in delamination analysis by XFEM (Fig. 2). It mainly
concerns the stress value 75, which is used to define the damage initiation crite-
rion, as well as the interfacial fracture energy G.., which is equal to the value
G for the FRP-concrete joint. This value is, in turn, used in the definition of
crack evolution. In our case of 2D analysis, in Eq. (2.1), two stress components,
namely o, and 75, must be defined as the component normal to the poten-
tial cracked surface and as the shear component to the likely cracked surface,
respectively. While the first component corresponds to the tensile strength of
concrete, the second component cannot be determined directly. According to [8],
the value of the shear strength 75, depends on both the tensile strength of con-
crete as well as on the geometry of the FRP-concrete joint. Taking into account
the width of the FRP strip and the width of the concrete prism, 75 was calculated
as 5.721 MPa [8].

Another important issue in delamination analysis is to assume correct and
reliable values of fracture energy Gp; parameters [14, 30]. While finding the
fracture energy value Gpr, which refers to fracture energy for Mode I (tensile)
is rather straightforward, then finding the proper fracture energy value Gpyp for
Mode II (shear), which refers to the interface failure of the FRP-concrete joint,
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is not easy. In this study, the value of Gy is assumed as 0.090kN/m as a func-
tion of both maximum aggregate size and the strength class of concrete [31]. The
value of fracture energy for the FRP-concrete interface G g1 depends strongly on
the geometry of a joint as well as on one of two basic strengths of concrete. Ac-
cording to [6, 8, 10] the value of fracture energy G 1y for Mode 11 is calculated as
0.694 kN /m as a function of tensile strength of concrete, but in accordance to [14]
it could be also assumed as 1.524 kN/m as a function of compressive strength of
concrete. There is a significant discrepancy between the two calculated values,
which confirms the need for future laboratory verification of that interface frac-
ture energy value. In the present numerical analyses to estimate the influence of
different parameters on the behaviour of the FRP-concrete bonded joint, both
above mentioned values of Gpyr are used in definition of damage evolution law.

4. NUMERICAL RESULTS

A series of numerical analyses was performed, and some general conclusions
are drawn hereafter.

The influence of different values of the interfacial fracture energy Gpryr on
the strength of the FRP-concrete bonded joint was examined first. It was noted
earlier that the value of this energy is crucial in modelling the FRP-concrete
joint and it has a significant effect on its strength. The results of the study for
a bond length equal to 20 cm are presented in Fig. 4. They are in good agreement
with those proposed in [6], where, for considered fracture energies, the ultimate
load capacity of the bonded joints were calculated as approximately 26 kN and
38 kN, respectively. It is worth noticing that, in the simplified analytical formula,
the ultimate load does not depend on the bond length.

45

40

35

—Rigid adhesive, G = 0.694 kN/m

Rigid adhesive, Gg = 1.524 kKN/m

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5

s [mm]

Fic. 4. Load-slip curves for a 20 cm joint for different values of interfacial fracture energy.
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Most debonding models neglect the effect of adhesive stiffness. In reliable mod-
elling, this effect should be taken into consideration because, as it was shown,
for example, in [9], the adhesive stiffness may affect the ultimate bond capacity
of the FRP-concrete interface. The results of the analyses for one bond length,
for rigid and flexible adhesive, and for the two considered interfacial fracture
energies are presented in Fig. 5. It is shown that the use of a rigid adhesive in-
creases the bond strength of the FRP-concrete joint — the lower the value of
interfacial fracture energy, the greater the increase of bond strength of the joint.
It is also seen that a flexible adhesive shifts the bond capacity horizontally and
makes the FRP-concrete interface more ductile.

45

40

z
= 20 v ——Flexible adhesive, Gy = 0.694 kN/m
15 - —Rigid adhesive, Gy = 0.694 KN/m
10 ——Flexible adhesive, Gy = 1.524 kN/m
5 - - Rigid adhesive, Gp; = 1.524 kN/m L
0
0 005 01 015 02 025 03 035 04 045 05

s [mm]

Fic. 5. Load-slip curves for a 20 cm joint for different types of adhesives and different values
of interfacial fracture energy.

The effective bond length is defined as the length of the composite strip
beyond which, there would be no increase in the force transferred between con-
crete and the FRP strip. So, a properly assumed effective length of the FRP
strip is another key parameter in the modelling of such joints. This aspect is
examined next in our study.

Analyses were performed for three different bonding lengths: 10 cm, 15cm,
and 20 cm. The results of these analyses are presented in Fig. 6, where it can be
seen that the bond strength is higher for longer bond lengths.

To find out the value of the effective length of the FRP strips, the analysis of
the axial strain €17 along the joint between the strip and the concrete is carried
out for different levels of loadings. In Fig. 7 and Fig. 8, the results of these
analyses are shown, and the strain €17 distributions along the strip are presented
for two cases of joint lengths (10 cm and 20 ¢cm). It can be noticed from Fig. 7b
that the strain €17 approaches zero at about x = 3.5cm for a load close to the
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F1G. 6. Load-slip curves for different bond lengths and different types of adhesive layer:
a) Gpir = 0.694kN/m, b) Grrr = 1.524kN/m.
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F1G. 7. Strain €11 along the strips for flexible adhesive with Gpir = 1.524 kN /m and for different
bond lengths: a) L = 10cm, b) L = 20 cm.
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a) b)
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F1G. 8. Strain €11 along the strips for flexible adhesive with Gri1 = 0.694 kN /m and for different
bond lengths: a) L = 10cm, b) L = 20 cm.

ultimate value. This means that the effective bond length value is about 16.5 c¢m,
which corresponds very well to that obtained in [31]. For the strip length equal
to 10 cm, a similar trend does not occur, what is clearly seen in Fig. 7a. This
confirms that a length of 10 cm turns out to be underestimated.

The strain paths show the higher strain £11 levels and better utilization of
the FRP strip for a strip length of 20 cm, regardless of the type of adhesive layer.

To illustrate crack progression during the shear test, contour plots of crack
progression (scaled x10) for different load levels indicated in Fig. 6a are shown
in Fig. 9, for the case of a flexible adhesive with Gprr = 0.694kN/m and a bond
length equal to 10 cm.

Point A (8.5kN)

Point B (15kN)

Point C (20 kN)

Point D (23.8kN)

F1a. 9. Contour plots of crack progression (flexible adhesive; Grir = 0.694 kN /m;
bond length 10 cm) for different load levels (Fig. 6a).
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5. FINAL CONCLUSIONS

This paper presented the major results of the study on the direct-shear test
on the FRP-concrete bonded joints using the XFEM. The applied method suc-
cessfully allowed to analyze the FRP-concrete joint, which is a highly discontinu-
ous and nonlinear phenomenon that cannot be fully captured by standard FEM.

Based on the performed numerical analyses, it was found that a key issue in
modelling is to adopt an appropriate interfacial fracture energy.

The effective bond length is another important parameter, as it not only
determines the effectiveness of the joint but also affects its strength.

Consideration of the adhesive stiffness in modelling is important because
it impacts the local bond-slip behaviour of the FRP-concrete interface and,
subsequently, affects its load-carrying capacity.

The aforementioned parameters are the most important ones in govern-
ing the bond-slip behaviour as well as the bond strength of the FRP-concrete
joints. These parameters will be the subject of planned laboratory tests to vali-
date them.
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To address the issue of low diagnostic accuracy caused by distribution differences between
the source and target domains in rolling bearing fault diagnosis, this study proposes a method
combining balanced distribution adaptation (BDA) and support vector machines (SVMs). The
approach utilizes BDA to simultaneously minimize discrepancies in both the marginal and
conditional distributions between domains, enabling effective feature alignment and enhanc-
ing the model’s cross-domain generalization in small-sample scenarios. After extracting time-
and frequency-domain features, BDA adaptively adjusts the feature distributions, and SVMs
are employed for fault classification. Experimental results demonstrate that the BDA-SVM
method achieves over 94 % diagnostic accuracy, showcasing strong performance and robust-
ness in bearing fault diagnosis. Compared with traditional SVMs and other methods without
transfer learning, the proposed approach shows a significant improvement in diagnostic accu-
racy under cross-domain conditions.
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1. INTRODUCTION

Bearings in industrial equipment generally play a critical role in support and
power transmission, and their health status directly affects the operational sta-
bility and service life of the entire equipment [1, 2]. Especially in critical fields
such as mechanical manufacturing, wind power, and rail transportation, sudden
failures of rolling bearings can lead to equipment shutdowns, causing signifi-
cant economic losses and even safety accidents. However, due to their long-term
operation in high-temperature, heavy-load, and high-frequency alternating-load
environments, rolling bearings are prone to various faults [2, 3]. Existing re-
search indicates that approximately 30 % of failures in rotating machinery are
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caused by rolling bearing failures [1, 4]. Therefore, achieving precise early fault
diagnosis [21] is of great significance for ensuring normal equipment operation,
extending equipment service life, and preventing loss escalation [5].

Traditional fault diagnosis relies on manual experience analysis, which is in-
efficient, highly subjective, and requires precise mechanistic models as support,
thus presenting numerous challenges in practical applications [6]. With techno-
logical advancements and the accumulation of experience, data-driven intelligent
diagnostic methods, by leveraging machine learning and deep learning’s ability
to fit complex nonlinear functions, have demonstrated outstanding performance
in industrial equipment fault diagnosis [4].

However, the performance of data-driven methods highly depends on large-
scale labeled data, which is a significant bottleneck in industrial settings due to
the scarcity of fault data. While data collected under normal operating condi-
tions are relatively abundant in most industrial scenarios, fault data are often
scarce due to various challenges such as the difficulty of fault detection, char-
acterization, and reproduction [6]. Existing supervised learning models rely on
large amounts of labeled data and are prone to overfitting under small-sample
conditions, significantly reducing diagnostic accuracy.

Besides, recent studies have further explored transfer learning for fault di-
agnosis. For instance, a comparative study [7] is conducted on classical shallow
transfer learning methods using the Case Western Reserve University (CWRU)
bearing dataset, including balanced distribution adaptation (BDA)+K-nearest
neighbor (KNN) and BDA+support vector machines (SVMs), and reported that
BDA+KNN achieved the highest accuracy, while BDA+SVMs ranked second.
Similarly, LEI et al. [8] provided a comprehensive review of deep-learning-based
fault diagnosis methods and highlighted their effectiveness in feature extraction
under varying working conditions. Although these deep learning-based methods
have shown promising performance, they often require a larger number of pa-
rameters and substantial computational resources, and their performance can
degrade in extreme small-sample scenarios.

To address the issue of insufficient model generalization under small-sample
conditions, transfer learning provides a solution. Its core objective is to reduce the
distribution differences between the source and target domains to achieve knowl-
edge transfer, enabling the model to effectively reuse source-domain knowledge
in the target domain [7]. Existing studies mostly focus on marginal distribution
features between the source and target domains while neglecting conditional dis-
tribution differences [1, 8]. BDA achieves effective cross-domain feature transfer
by jointly optimizing differences between marginal and conditional distributions
and introducing a tuning parameter to balance the weights of marginal and
conditional distributions. This approach preserves category-discriminative in-
formation while minimizing domain-specific bias, thereby providing an effective
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method for fault diagnosis under different operating conditions and across dif-
ferent devices [8-10].

In specific fault diagnosis tasks, the model’s ability to fit nonlinear func-
tions is crucial. This ability is usually achieved through deep learning, random
forests, and SVMs [11-13]. Among them, SVM is a classic supervised learning
method with flexible kernel functions and penalty factors, which has demon-
strated stable performance in both binary and multi-class classification prob-
lems [15]. Its core idea is to maximize the margin between different categories
of samples by constructing an optimal hyperplane to achieve classification [16].

Based on the above considerations, this study proposes a rolling bearing
fault diagnosis method combining BDA and SVM: the BDA algorithm is used
to jointly align the marginal and conditional distributions of the source and
target domains, thereby addressing the limitation of existing studies that only
consider marginal distributions to achieve feature-level adaptation. Meanwhile,
SVM is utilized to leverage its advantages in classification tasks. The synergistic
effect of the two methods not only alleviates the data scarcity constraint through
transfer learning but also ensures diagnostic accuracy by leveraging the strong
classification capabilities of SVM, ultimately achieving high-precision fault di-
agnosis under cross-domain and small-sample conditions.

2. SIGNAL TIME- AND FREQUENCY-DOMAIN FEATURE ANALYSIS
AND EXTRACTION

The essence of SVM classification is eigenvector-oriented, while the extracted
raw signals are discrete time series. Therefore, time-domain and frequency-
domain feature extraction (such as the mean value, root mean square (RMS),
spectral energy, etc.) is required to convert the signals into quantitative indi-
cators that reflect the key features of these signals. These indicators are first
aligned between the source domain and target domain using BDA, and are
then used as the training basis for SVM.

Time-domain signals and frequency-domain signals are linearly correlated
through the Fourier transform, reflecting signal characteristics from different di-
mensions. This paper intends to integrate multiple time- and frequency-domain
features as the inputs to BDA [22] and SVM.

2.1. TIME-DOMAIN FEATURE EXTRACTION

Time-domain signals are used to describe the amplitude, trend, and changes
of a signal. They can intuitively reflect the original characteristics of the signal
and are commonly used to describe the overall level and sudden faults of vi-
bration signals [17]. Time-domain features are directly extracted from the time
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series of vibration signals. Feature indicators such as the mean value, RMS, and
variance are commonly used in signal analysis and also have practical signifi-
cance in engineering applications.

The mean value is used to reflect the overall level of a signal. In bearing-rotor
systems, it can indirectly indicate bearing misalignment, etc. Its definition is

(2.1) = ;,sz

where x; is the sample value of the vibration signal, and N is the total number
of sampling points in the signal.

The RMS value is used to measure the energy level of a signal. A higher
RMS value typically indicates that the equipment is experiencing significant
vibration. Its definition is

(2.2)

Skewness (S) is a statistical measure describing the symmetry of a signal
and is used to analyze signal asymmetry. Its expression is

(2.3) S:;ZN:G";“)?),

i=1

where ¢ is the standard deviation of the signal.
Kurtosis (K) is a statistical measure of signal sharpness, indicating whether
the signal contains sudden anomalies or impact-related faults. Its expression is

(2.4) K—jbi(x;“y

i=1

Variance (V') is used to describe the degree of fluctuation in a signal. The
larger the variance, the more intense the vibration and the higher the likelihood
of a fault. Its expression is

(2.5) V=Y -

The crest factor (C) is defined as the ratio of the maximum value of the
signal to its RMS value. It is typically related to the impacts experienced by
the system and can be used to assess the intensity of transient impacts in the
signal. Its expression is
max(|z;|)

2.6 C =
(2:6) XRrMs
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2.2. FREQUENCY-DOMAIN FEATURE EXTRACTION

Frequency-domain features can effectively capture the periodicity or char-
acteristic frequency information of equipment faults [18] and are suitable for
detecting fault modes in specific frequency bands. Various types of faults in
rolling bearings have distinct characteristic frequencies and are closely related
to the inner and outer rings, rolling element dimensions, contact conditions,
and relative rotational frequency [19]. In this paper, we extract two common
frequency-domain features: spectral center frequency and spectral energy.

The spectral center frequency (CF) is used to describe the central position
of a frequency-domain signal, i.e., the average value of the signal frequency
distribution, and can indicate the dominant frequency where the signal energy
is concentrated. Its expression is

N

> fiP(f)
i=1

(2.7) CcF="L

Zp(fi)

=1

where f; is the frequency component of the signal, and P(f;) is the corresponding
power spectral density.

Faults cause a significant increase in energy at the characteristic frequency
locations [19]. Spectral energy (SE) represents the total energy of a signal in
the frequency domain and is commonly used to assess signal intensity across
different frequency bands. Its expression is

N
(28) SE=) IX(f)P
i=1
where X (f;) is the amplitude of the Fourier transform spectrum of the signal.

3. BDA-SVM ALGORITHM PRINCIPLE

3.1. BDA TRANSFER LEARNING PRINCIPLE AND FRAMEWORK

Traditional machine learning methods typically assume that the data distri-
butions of the training set and the test set are consistent. However, in practical
applications, there are inevitably significant differences in the distributions of
the source and target domains [7—9]. The objective of transfer learning is to
mitigate the problem of insufficient samples in the target domain by acquiring
knowledge from the source domain and transferring it to the target domain,
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thereby improving learning performance. Its core idea is to utilize knowledge
learned from the source domain (such as model parameters, feature distribu-
tions, or latent-space representations) to improve the performance of tasks in the
target domain, enabling models trained on the source domain to be effectively
applied to the target domain after fine-tuning.

Let the source-domain and target-domain datasets be denoted as

(3.1) D, = {4}

1=1
(3.2) D= {a"} " .

where z7 and xf represent the sample features in the source-domain and target-
domain datasets, respectively, ns and n; are the numbers of samples in the source
and target domains, respectively, and y; are the corresponding sample labels.
In practical applications, the labels y;f in the target domain are often unknown.
Therefore, we employ pseudo-labeling techniques to estimate the conditional
distribution, where initial predictions from the source domain model are used
to approximate the true target-domain labels.

The feature distributions of the source and target domains Ps(X) and Pr(X),
as well as the joint distributions Pg(XY) and Pr(XY), are typically differ-
ent. Therefore, the objective of transfer learning is to train a model fg(z)
in the source domain that can also perform well in the target domain, i.e.,
fr(x) =~ fs(x). Here, fr(z) represents the model performance in the target
domain, which is the ultimate objective of transfer learning.

3.2. INTRODUCTION TO BDA ALGORITHMS

BDA is a domain adaptation technique that simultaneously minimizes dif-
ferences between marginal and conditional distributions, thereby aligning the
source and target domains in terms of feature space and enhancing the transfer-
ability of cross-domain data [1, 8, 20]. The original BDA method was proposed
by WANG et al. [25], who introduced a framework for simultaneously minimiz-
ing marginal and conditional distribution discrepancies. Its objective is to find
a mapping function @(X) such that the source domain Dg and the target domain
D7 have more similar distributions in the mapping space.

This is achieved by simultaneously optimizing two objectives: minimizing
the marginal distribution discrepancy (MDD) and the conditional distribution
discrepancy (CDD). The MDD reflects the distribution deviation of data fea-
tures between the source and target domains over the entire feature space,
whereas the CDD considers the distribution differences between samples belong-
ing to the same category in the source and target domains, thereby ensuring that
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classification-related information remains consistent during the transfer process.
The expressions are as follows:

(3.3) MDD = ‘

E:ciSNPS(X) [@(a:f)] - ExiTNPT(X) [@(95?)]

(3.4) CDD = Z ’ E:chPS(X\Y:c) [é(ﬂfzs)] - E:cZTNPT(X\Y:c) [@(CU?)} H2

ceC

In practical applications where the target-domain labels are unknown, BDA
employs an iterative pseudo-labeling strategy. Initially, a base classifier (e.g.,
SVM) trained on the source domain is used to predict pseudo-labels for the
target-domain samples. These pseudo-labels are then used to estimate the con-
ditional distribution P(y”|2T). It is important to note that although a constant
mapping function @ might trivially minimize distribution discrepancies, BDA
avoids this degenerate solution by incorporating constraints that preserve the
intrinsic data structure and feature variance. The optimization framework en-
sures that the mapping @ not only aligns the distributions but also maintains
the discriminative information necessary for classification. During the BDA op-
timization process, the pseudo-labels are iteratively refined as feature alignment
improves, leading to more accurate conditional distribution matching. This ap-
proach allows BDA to effectively handle conditional distribution adaptation even
when target-domain labels are unavailable during training.

BDA introduces a balancing factor A to control the balance between MDD
and CDD:

(3.5) Lgpa = MDD + ACDD,

where A is a hyperparameter used to adjust the influence of marginal and condi-
tional distributions during transfer learning. By adjusting A, the model’s adapt-
ability to distribution differences between the source and target domains can be
controlled. The core idea of BDA is to simultaneously coordinate the optimiza-
tion of MDD and CDD by introducing the balancing parameter A.

3.3. SVM MODEL CONSTRUCTION

SVM is a classic supervised learning method commonly used for binary classi-
fication problems. The SVM classifier was originally introduced by CORTES and
VAPNIK [26], while the kernel trick for nonlinear mapping follows the formulation
proposed by SCHOLKOPF and SMOLA [27]. The core idea of SVM is to maximize
the separation margin between samples from different categories by constructing
a hyperplane, thereby achieving classification. The basic objective is to find an
optimal hyperplane that separates the different categories in the dataset [13].
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Although SVM is fundamentally a binary classifier, it can be extended to multi-
class problems using strategies such as one-versus-rest or one-versus-one. In this
study, we employ the one-versus-rest approach for the four-class bearing fault
diagnosis task. Assume that the data points in the dataset are (x;y;), where
x; € R™ denotes the input feature vectors, andy; represents the corresponding
class label. The SVM classification hyperplane can be expressed as follows:

(3.6) d=

where w is the normal vector of the hyperplane, and b is the offset.
For each sample point z;, the distance to the hyperplane is

(3.7)

To maximize this margin while ensuring correct classification, the concept
of a soft margin is introduced to allow certain sample points to lie on or inside
the decision boundary, thereby determining the final position of the classifica-
tion hyperplane. To find the optimal classification hyperplane, SVM solves the
following optimization problem:

1 2
3.8 in
(3-8) min 5 Jw]”,
under the constraints:
(3.9) yi(wlz; +b) > 1, i=1,2,...,n,

where 3 ||wl|? is the regularization term, which prevents overfitting and ensures
that the classifier has good generalization ability.

However, in practical applications, many datasets cannot be well separated
by a single linear hyperplane. To address this issue, SVM introduces kernel func-
tions that map the input data into a higher-dimensional feature space, thereby
achieving linear separability in high-dimensional spaces. Since the radial basis
function (RBF) kernel effectively handles nonlinear classification problems and
exhibits strong classification capabilities in high-dimensional spaces, it is se-
lected as the built-in kernel function for the SVM model in this paper, and its
expression is as follows:

(3.10) K(zizj) = exp(—7 |lz; — 9Uj||2)'

Typically, in SVM, a slack variable &; is introduced to find the optimal hy-
perplane. After introducing the slack variable, the optimization problem can be
reformulated as follows:
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I =
(3.11) min 5 o] +C;€i,

where C' is the penalty parameter that controls the trade-off between margin
maximization and classification error. By adjusting C, a balance can be found
between maximizing the margin and minimizing the classification error. There-
fore, the final decision function of the SVM can be expressed as

(3.12) f(z) = sign Z oy K (zi,2) +b ],
i=1

where «; is the Lagrange multiplier obtained by solving the optimization problem.

3.4. BDA-SVM ROLLING BEARING FAULT DIAGNOSIS STRATEGY

By combining the advantages of BDA and SVM, this study proposes a BDA-
SVM-based rolling bearing fault diagnosis strategy to address fault diagnosis
problems when there is significant feature distribution discrepancy between the
source and target domains. The workflow of the proposed model is shown in
Fig. 1. The white boxes represent the inputs and outputs, while the black boxes
represent the intermediate processes.

| Start |
Open-source bearing vibration signal Diagnostic bearing vibration signals
(with labels) (without labels)

Feature extraction in time-frequency domain

at the same dimension

Source domain feature samples Unlabeled target domain
(with labeles) feature samples

BDA feature layer alignment

(joint edge distribution and conditional distribution)

Source domain feature samples Target domain feature samples
aligned by BDA aligned by BDA

SVM model training SVM model classifier

End

Fic. 1. BDA-SVM fault diagnosis flowchart.
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As shown in Fig. 1, first vibration signals from open-source datasets and
rolling bearing fault vibration signals are acquired. Time-domain and frequency-
domain feature extraction are then performed on these two types of signals.
The extracted time-domain features used in this study typically include the
mean value, variance, skewness, and kurtosis, while the frequency-domain fea-
tures involve frequency components and power spectral density information.
The extracted feature signals are divided into source-domain feature samples
and target-domain feature samples, corresponding to the open-source data and
rolling bearing fault data, respectively. Then, the BDA algorithm is applied
to adjust and transfer the feature distributions of the source and target do-
mains. Finally, the transformed feature data are input into the SVM classifier
to train the fault classification and diagnosis model. The SVM model is then
trained and performs classification on the input target-domain features to identi-
fy different fault types and ultimately complete the fault diagnosis task.

4. EXPERIMENTS AND ANALYSIS

4.1. EXPERIMENTAL SETUP

The experiment uses the MATLAB platform for algorithm development, data
processing and visualization operations. Machine learning models were trained
and tested using MATLAB toolboxes, while signal processing tools were em-
ployed for feature extraction to ensure accurate analysis and processing of the
experimental data. The vibration signals were sampled at 12kHz with a dura-
tion of 1s per sample, resulting in 12000 data points for each signal segment.
Sequential sampling was used without overlap between adjacent segments. To
validate the effectiveness of the proposed method for rolling bearing fault diag-
nosis, the CWRU bearing dataset was used. The CWRU dataset includes four
main fault modes: normal condition, inner ring fault, outer ring fault, and rolling
element fault. The fault category codes are shown in Table 1.

TABLE 1. Bearing dataset fault labels.

Fault type | Fault label
Normal 0

Outer ring 1

Inner ring 2
Roller 3

Inner ring faults manifest as physical damage on the inner race of the bear-
ing, while outer ring faults are associated with damage to the outer race. Rolling
element faults indicate abnormal damage to the balls or rollers. Each fault cat-
egory includes different damage levels (0.007 inch, 0.014 inch, and 0.021inch).
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The data are collected by recording vibration signals during bearing operation
using an accelerometer.

Additionally, the experiment utilizes rolling bearing fault data collected from
actual industrial equipment. These data serve as the target domain to validate
the model’s transferability in real-world industrial applications. The experimen-
tal setup, shown in Fig. 2, employed SKF 6205 deep-groove ball bearings. Faults
were artificially introduced using electrical-discharge machining to create single-
point defects on the inner race, outer race, and rolling elements, with fault diam-
eters of 0.007 inch, 0.014 inch, and 0.021 inch, respectively. Vibration acceleration
signals were acquired using a piezoelectric accelerometer (model: PCB 352C33)
mounted vertically on the drive-end bearing housing. The signals were sampled
at 12kHz using a 16-bit data acquisition system. The experimental setup is
shown in Fig. 2.

Fic. 2. Bearing signal acquisition device.

4.2. TIME- AND FREQUENCY-DOMAIN RESPONSES OF NORMAL
AND FAULTY BEARINGS

The signals acquired by the device are shown in Fig. 3. Figure 3 displays rep-
resentative time-domain signals from both the CWRU dataset and the in-house
collected industrial data to illustrate characteristic waveform patterns: (a) nor-
mal condition, (b) rolling element fault, and (c) inner ring fault are from the
CWRU dataset, while (d) outer ring fault is from the industrial data collected in-
house. The signals acquired by the device are shown in Fig. 3. By comparing dif-
ferent fault conditions, it can be observed that any fault types cause an increase
in the amplitude of the response in the time domain. Under normal conditions,
the maximum amplitude is approximately 0.2mV, while under fault condi-
tions, the maximum amplitude increases by approximately 5 to 40 times, and the
low-frequency harmonic components become significantly more pronounced, in-
dicating the validity of using time- and frequency-domain features for fault char-
acterization.
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F1a. 3. Time-domain signals collected in the experiment: a) normal condition, b) rolling element
fault, ¢) inner ring fault, d) outer ring fault.

To further investigate the frequency components of the signal, we normalized
the frequency-domain features, and the resulting frequency-domain signal is
shown in Fig. 4.

As shown in Fig. 4a, the characteristic frequencies of a healthy bearing are
clearly visible, with the fundamental frequency (0.17) and overtone (0.35) be-
ing prominent, exhibiting a typical frequency modulation phenomenon. This is
related to the time-varying support stiffness characteristics of rolling bearings,
while wide-band frequency characteristics are not prominent. Under rolling el-
ement fault conditions, the amplitude near the characteristic frequency (0.12)
of the rolling elements is significantly higher than that of the fundamental fre-
quency (0.17). Under inner ring fault conditions, the energy is primarily con-
centrated in the low-frequency range, and the fundamental frequency cannot
be identified from the frequency-domain signals. Under outer ring fault condi-
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F1G. 4. Frequency-domain features of signals acquired in the experiment: a) normal condition,
b) rolling element fault, c¢) inner ring fault, d) outer ring fault.

tions, the wide-band frequency characteristics are more pronounced, and the
frequency components of the response are more complex. Although the fun-
damental frequency and its harmonics can be identified, the formation mech-
anisms of other frequency components cannot be inferred. This is because the
outer ring is closer to the sensor, resulting in a more pronounced response to
fault-induced impacts. As shown in Fig. 3d, the fault signals are easier to iden-
tify in the time-domain signals compared with the frequency-domain signals in
Fig. 4d. Therefore, using combined time- and frequency-domain characteristics
as diagnostic indicators is more reasonable.

4.3. VALIDATION OF THE BDA METHOD

In this experiment, the source domain consists of the CWRU dataset un-
der specific operating conditions, while the target domain comprises collected
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under different operating conditions from CWRU and industrial field data, cre-
ating a challenging cross-domain scenario. The dataset composition and division
are as follows. The source domain (CWRU dataset) comprises 800 samples, with
200 samples for each health state (normal, inner ring fault, outer ring fault, and
roller fault). The target domain (industrial field data) contains 400 samples, with
100 samples per category. To ensure the representativeness of the data and to
maintain the class distribution in both domains, we employ a stratified random
sampling strategy to divide the datasets. To achieve effective transfer learning,
70 % of the source domain data (560 samples) was used for training and 30 %
(240 samples) for validation. The target domain data was similarly divided into
a 70 % training set (280 samples) and a 30 % test set (120 samples) to evalu-
ate the model’s performance in cross-domain fault diagnosis. It is important to
note that, during the BDA adaptation process, the labels of the target domain
training set are treated as unknown and are estimated using pseudo-labels gener-
ated by the source domain model. The final diagnostic accuracy is reported based
on the predictions on the target domain test set using the ground-truth labels.

In the BDA algorithm parameter settings, the regularization parameter A is
used to balance the distribution differences and the relationship between the fea-
ture matrices. Its value typically ranges from 0.1 to 1 and is optimized through
experiments to determine the optimal value. The embedding dimension d deter-
mines the dimension of the subspace after feature mapping. A larger dimension
retains more feature information but increases computational complexity. The
optimal dimension is determined through cross-validation in the experiments.
The number of iterations 71" in BDA is set to 100 to ensure minimization of
feature distribution differences.

In actual bearing fault diagnosis, the source and target domain data often
exhibit significant distribution differences, which can lead to poor performance
of traditional models when applied across domains. Therefore, this paper further
optimizes feature transfer effects by adaptively adjusting the feature distribu-
tions of the source and target domains, ensuring better classification perfor-
mance in fault diagnosis in the target domain.

This paper uses the transfer component analysis (TCA) transfer learning
method as an example to compare the performance improvement of the pro-
posed method. Figure 5 shows the visualization results of BDA and TCA before
and after feature transfer.

As can be clearly seen from the classification results in Fig. 5a, before fea-
ture migration, due to the significant differences in data distribution between
the source domain and target domains, data points from different categories
overlap in the feature space, resulting in blurred classification boundaries and
making it difficult to perform effective fault classification. After applying the
TCA method for feature transfer (Fig. 5b), the distribution of sample data from
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F1G. 5. Visualization results before and after feature transfer: a) before feature transfer,
b) after TCA-based feature transfer, c) after BDA-based feature transfer.

different fault categories in the feature space improves, with some categories
beginning to cluster together and distribute more densely. This is because TCA
can reduce the distribution differences between the source and target domains.
However, some categories still overlap in the figure, indicating that TCA has
limited effectiveness in adjusting cross-domain feature distributions. This is be-
cause TCA does not adequately account for imbalances in feature distributions
between the source domain and target domains, resulting in insufficient separa-
tion of some data categories and thereby affecting classification accuracy.
After feature transfer using the BDA method (Fig. 5¢), the data distribu-
tion of the source domain and target domain are significantly optimized. Data
points of different fault categories become more compact and distinct in the
feature space, and the distribution differences between the source and target do-
mains are greatly reduced. BDA achieves this by adaptively adjusting the feature
distributions between the source and target domains, making samples from the
same category to be more consistently distributed across domains while enhanc-
ing the separation between categories. This significantly improves classification
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accuracy and stability. These results indicate that BDA is indeed effective in
cross-domain fault diagnosis, effectively addressing distribution differences and
aiding in resolving the small-sample problem in engineering applications. Fig-
ure 5 visualizes the feature distributions of the source and target domain data.
The original feature space consists of the nine time-frequency domain features
extracted in Sec. 1 (including mean, RMS, skewness, kurtosis, variance, crest
factor, spectral center frequency, and spectral energy). To visualize these high-
dimensional features in a 2D plane, we employ the ¢-SNE (¢-distributed stochas-
tic neighbor embedding) dimensionality reduction method, which is widely used
for visualizing high-dimensional data while preserving the structure of local
neighborhoods.

4.4. PERFORMANCE VALIDATION OF THE BDA-SVM MODEL

To validate the performance of the proposed BDA-SVM model, this pa-
per designed a series of comparative experiments to compare the diagnostic
effectiveness of several traditional classification algorithms, including decision
trees (DT), KNN, and the original SVM. The purpose of the experiment is to
demonstrate the effectiveness of BDA-SVM in handling distribution inconsis-
tency issues through model comparisons and to evaluate its diagnostic accuracy
in actual fault classification tasks. The experimental results are shown in Fig. 6.
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F1c. 6. Diagnostic results of different models.

As can be seen from the comparison results in Fig. 6, the traditional DT and
KNN models perform the worst in cross-domain fault diagnosis tasks. Specifi-
cally, the diagnostic accuracy of KNN is only 63 %, while the accuracy of the DT
model is slightly higher at 72 %. The SVM achieves the highest diagnostic accu-
racy, but it still only reaches 76 %. These traditional models cannot effectively
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adapt to the target-domain data without addressing data distribution differ-
ences, resulting in poor cross-domain diagnostic performance. These results in-
dicate that relying solely on traditional machine learning classifiers is insufficient
to address the distribution inconsistency issue in cross-domain fault diagnosis,
resulting in limited classification performance. As shown in the figure, incorpo-
rating BDA into traditional models significantly improves diagnostic accuracy,
fully demonstrating the feasibility of combining BDV with classical machine
learning and further validating the conclusions drawn in the previous section.

In contrast, the proposed BDA-SVM model demonstrates outstanding ad-
vantages in cross-domain fault diagnosis tasks. By introducing the BDA algo-
rithm before the SVM model to adaptively adjust the feature distributions of
the source and target domains, the diagnostic accuracy of the BDA-SVM model
is significantly improved, increasing from 76 % when using SVM alone to over
94 %. This improvement is attributed to the substantial reduction in distribu-
tion differences between the source and target domains after BDA processing,
enabling the SVM to better adapt to the target-domain data. Compared with
the other models, whether it is DT, KNN, or the original SVM, BDA-SVM per-
forms better in cross-domain fault diagnosis. Not only is the accuracy greatly
improved, but the distribution robustness is also inevitably enhanced. These
results indicate that the BDA-SVM model has stronger comprehensive perfor-
mance in practical applications.

It is important to note that the performance ranking between BDA com-
bined with SVM and BDA combined with KNN in our experiments differs from
that reported in earlier comparative studies on laboratory datasets. In those
studies [7], BDA with KNN achieved the highest accuracy because the source
and target data were collected entirely under controlled laboratory conditions.
The transferred features formed compact and well-separated clusters, enabling
KNN to fully leverage its neighborhood-based decision mechanism.

In our work, however, the target domain includes real industrial data char-
acterized by stronger noise, more complex operating conditions, and less consis-
tent local feature density after domain adaptation. Under such circumstances,
KNN becomes more sensitive to irregular neighborhood structures and bound-
ary noise, which reduces its classification stability. In contrast, SVM relies on
margin maximization and is less affected by local density fluctuations, resulting
in higher robustness and better performance, as shown in Fig. 6.

5. CONCLUSION

This paper addressed the distribution differences between the source and
target domains in cross-domain fault diagnosis and proposed a rolling bearing
fault diagnosis strategy based on BDA-SVM. The BDA algorithm effectively
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reduced the distribution differences between the source and target domains at
the feature level, thereby enhancing the model’s generalization capability in
cross-domain applications. The experimental results show that, compared with
traditional machine learning algorithms (such as DT, KNN, SVM, etc.) that do
not introduce transfer learning, BDA-SVM has significant advantages in cross-
domain fault diagnosis tasks, with a significantly improved diagnosis accuracy of
over 94 %, and demonstrating strong robustness and generalization capabilities.

Future research can build upon the existing model to further explore how to
enhance the effectiveness of the method and apply it to more industrial scenarios.
Combining deep learning techniques [23] or other advanced transfer learning
methods [24] can further improve the model’s performance in more complex and
diverse cross-domain fault diagnosis tasks. However, this study still has certain
limitations. In particular, the method’s performance under extreme distribution
shifts requires further investigation. Future work will focus on combining BDA-
SVM with deep feature extraction techniques and extending the approach to
more complex industrial scenarios with multiple fault modes and severe data
imbalance.
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This work is devoted to the local stability analysis of sandwich beams with a light core.
A linear as well as a non-linear numerical analysis is carried out with the use of the finite element
method (FEM). Both material and geometrical nonlinearities are taken into account. The goal
of the investigation is to examine the influence of the material model on the post-buckling
behaviour of a sandwich beam, especially on the formation and development of wrinkles on
the compressed face. A pure bending condition is considered for a beam simply supported at
both ends. The results for materials of theoretical properties are presented as well as for data
from experiments on aluminium sandwich beams. From the results, it is seen that the linear
analysis of the wrinkling phenomenon for non-linear materials gives overestimated results and
does not predict correctly the buckling shape.
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1. INTRODUCTION

The success in the design of a structure partially depends on the correct
prediction, analytical or numerical, of the behaviour of this structure. Such
a prediction is especially difficult when local phenomena play a fundamental
role and when material properties are not uniform or change during the loading
process. This is the case when sandwich structures are analysed, in which at
least two substantially different materials are connected together, and a local
loss of stability may appear in the form of short wrinkles.

The simplest approach to the stability analysis of sandwich structures is the
application of methods that describe the problem in a linear way and that
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allow determination of the buckling load value and buckling shape. The lin-
ear approach to wrinkling problems has been studied, e.g., by DOUVILLE and
LE GROGNEC [26]. Various possible failure modes were presented, and the val-
ues of the critical load were obtained with the use of analytical solution and
finite element method (FEM). The influence of geometry and material on the
buckling behaviour of the beam was widely investigated. The wrinkling phe-
nomenon, as a linear problem, has also been described analytically by JASION
and MAGNUCKI [2, 5], where it was assumed that the buckling shape has the
form of uniform waves distributed equally on the compressed face. A more real-
istic form consists of waves with maximum amplitude at the mid-length, which
fade when moving towards the supports. An analytical approach to wrinkling
of a compressed composite facing has been discussed by BIRMAN and BERT [9],
where the core was treated as an elastic foundation and various models of it were
taken into the consideration. A novel analytical solution for buckling of sandwich
panels/beams has been formulated by CA0 and Ni1u [15]. The transverse shear
deformation of the face sheet has also been considered. The face of the sand-
wich panel was modelled as a linearly elastic beam or plate. The authors stated
that the faces should be considered as one beam made of many short ones, each
having the length of one buckling wavelength, rather than a single slender beam.
Short wrinkles mentioned above may appear in sandwich structures with
thin faces [1]. However, if the structure is rigid enough as a whole, global loss of
stability may occur. Analytical investigation of both global and local behaviour
of sandwich beams has been presented by LEOTOING et al. [23]. The authors,
based on analytical solution, provided design guidelines in the form of diagrams.
Global buckling and wrinkling analyses of sandwich plates with anisotropic faces
and an orthotropic core have been conducted by VESCOVINI et al. [13]. The crit-
ical loads as well as wrinkling modes were analysed for foam and honeycomb
core materials subjected to uniaxial and multiaxial loads. A new model incor-
porating local instabilities and global buckling in sandwich structures has been
proposed by MHADA and BOURIHANE [14]. The model was based on the tech-
nique of slowly varying Fourier coefficients. The main advantage of the presented
model was obtaining results similar to those acquired with the use of other ex-
tended models, while decreasing computational time. The analysis of elastic
buckling of isotropic, laminated composite and sandwich beams subjected to
various loads and boundary conditions has been carried out by KARAMANLI
and AYDOGDU [16]. It was acknowledged that the type of applied load has a sig-
nificant influence on the values of critical loads and mode shapes, which are also
closely associated with boundary conditions. Global buckling was also considered
by JASION and MAGNUCKI [3]. In the paper sandwich beams with aluminium
facings and aluminium foam in the core were considered. Analytical solution of
the stability problem was presented and compared with experimental data.
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A linear analysis of a structure has some well-known disadvantages. One of
them is the assumption of ideal geometrical deformation after buckling, which
in the case of sandwich beams means regular waves on the upper face, a situation
rarely possible due to different types of imperfections in actual structures. An-
other issue is that the materials used for the core are often some kind of foam and
because of this they may behave in a non-linear way during deformation, which
cannot be included in linear analysis. For this reason, non-linear analysis should
be performed to analyse the behaviour of sandwich structures. A vast investiga-
tion of the behaviour of different materials used for cores has been considered by
LoLiveE and BERTHELOT [11]. The comparison between the experiment and the
numerical simulation for three-point bending was presented. The significance of
experimental investigation in such problems was pointed out. The non-linear
behaviour of a sandwich panel has been investigated by FROSTIG et al. [12].
The panel consisted of two faces, upper and lower, as well as a functionally
graded core. The wrinkling and post-wrinkling response of the construction were
taken into the consideration. The analysis confirmed that a functionally graded
core can substantially improve the wrinkling stability of sandwich structures.

The complexity of the stability problem makes it necessary to use numer-
ical methods, among which the most popular is FEM. Such an approach has
been proposed by SJIOLANDER et al. [7]. The authors analysed the case of form-
ing composite laminates and showed that by changing the stacking sequence,
wrinkles can be eliminated in certain locations. Moreover, special finite ele-
ments proper for modelling sandwich beams have been created and studied by
SUDHAKAR et al. [8]. Furthermore, semi-analytical methods have been imple-
mented by LIu et al. [17], who carried out a buckling analysis of functionally
graded sandwich beams. The material properties of each layer were assumed to
be graded along the thickness of the beams. The studies revealed that the bound-
ary conditions have a meaningful influence on the buckling response of beams. In
addition, the critical buckling loads increase with an increase in the constraints.

When local stability is analysed, geometrical imperfections of the face play
a crucial role since they may initiate wrinkling or folding phenomena. The prob-
lem of imperfections in sandwich structures has been described by EL-SAYED
and SRIDHARAN [10]. The wrinkling phenomenon in sandwich panels has been
discussed by FAGERBERG and ZENKERT [25]. The importance of initial imper-
fections was pointed out, and the analytical model with such imperfections was
provided. The comparison between analytical solution obtained from the model
and the results of laboratory and numerical experiments showed the correctness
of this approach.

The wrinkling phenomenon is still vividly examined and is not limited to clas-
sical sandwich structures. Stretching of soft shells with variable curvatures has
been presented by WANG et al. [18]. Numerical analysis of the wrinkling be-
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haviour of shell surfaces was performed, and phase diagrams defining stability
boundaries were depicted. The analysis indicated that varying curvature sup-
press wrinkles and control the wrinkling and smoothing responses. Wrinkling
analysis of circular membranes has been carried out by HUANG et al. [22]. The
instability mechanics of an annular membrane under in-plane stretching has
also been investigated. Furthermore, the analysis of instability of a circular thin
plate under in-plane compression was conducted. It was shown, in the case of an
annular plate, that the value of Poisson’s ratio and geometric dimensions have
superior influence on wrinkling behaviour. In the case of a compressed plate, the
wrinkling phenomenon is associated with boundary conditions.

A new method for predicting wrinkling stress in sandwich panels has been
introduced and employed by Su and Liu [19]. The analysis showed that the
values of wrinkling stress were highly dependent on the cell size of the foam
core. Moreover, the values obtained with the use of this model were compared
with those available in the literature. Good agreement was observed. An exten-
sive study of critical and final wrinkling of thin-walled sheet/tube parts under
various loading conditions has been carried out by L1 et al. [20]. The authors
revealed that wrinkling mostly occurs under a tension-compression stress state.
The influence of material properties on wrinkling behaviour was not taken into
the consideration because of variable loading conditions. The effect of wrinkles
on the failure of flat laminates has been formulated by Hu et al. [21]. It was
concluded that local stress concentrations around the wrinkles, as well as lo-
cation of the wrinkles, play an important role in the failure mechanism of the
examined laminates.

In actual structures, it is difficult to analyse the wrinkling problem since
there may be some interaction between two or more materials, which may be-
have in a different way. When waves form on a beam, one or more materials may
enter the plastic range and this may influence subsequent behaviour of the whole
structure. In this work, the wrinkling phenomenon in sandwich beams is inves-
tigated numerically taking into account changes taking place in the material
during deformation. The obtained results provide answers to questions that
arise during the modelling of sandwich structures, while also helping to under-
stand the wrinkling phenomenon and relating material properties to the buckling
behaviour of the beam. First of all, it is shown how the elastic/plastic properties
of the faces and core affect the post-buckling behaviour of a beam and influence
the formation of wrinkles or dents. This knowledge can help in the design of
sandwich structures with desired behaviour. Additionally, some knowledge con-
cerning the buckling and limit loads for beams made of materials with different
properties is provided. Finally, the comparison of finite element (FE) and exper-
imental results confirms that a simplified 2D numerical model can accurately
predict the behaviour of the actual structure. An exemplary paper devoted to
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similar problem has been presented by STIFTINGER and RAMMERSTORFER [6],
in which the influence of plastic properties of the core and the face on the
post-buckling behaviour of sandwich beams under pure compression was pre-
sented. The post-buckling behaviour of sandwich beams has also been analysed
by LEOTOING et al. [24]. Here, the influence of the size of imperfection as well
as core material properties on this behaviour was pointed out.

The content of the article is organised as follows. Section 2 presents details
concerning the numerical modelling of the beam, including geometry and ma-
terial. Section 3 contains the results of the analyses and begins with a brief
description of the procedures used in the investigation. This is followed by four
subsections in which first, the influence of mechanical properties of materials
on the post-buckling behaviour of the beam is investigated, secondly, the be-
haviour of the upper face for different Young’s moduli is described, thirdly, the
influence of imperfection shape and magnitude on the post-buckling behaviour
is analysed, and fourthly, the application of the proposed FE model to the analy-
sis of an actual beam is presented. The last subsection also serves as a validation
stage. Section 4 is the summary presenting the main conclusions.

2. NUMERICAL MODEL OF THE BEAM

2.1. MODELS OF MATERIALS

The feature that distinguishes sandwich structures from other ones is that
they combine two usually very different materials. The faces are made of tough
solid material that carries most of the load, whereas the core is usually a very light
filler in the form of a foam. The above fact suggests that special attention has to
be paid when defining the model of material for numerical analysis. Moreover,
the influence of this model on the behaviour of structure has to be carefully
investigated.

Three different models of material are taken into account in this work. The
first one is a linear elastic model shown in Fig. 1 with dashed lines. The simplicity
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F1G. 1. Models of materials; linear elastic (dashed lines):
a) linear elastic-perfectly plastic, b) non-linear plastic.
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of the model — the linear relationship between stress and strain — makes it very
effective in numerical calculations. However, small strains assumed in this model
are not applicable when the buckling phenomenon appears in a local range.
Thus, when the mode of failure of the structure is to be analysed, a model
that includes the plasticisation of material should be considered. The simplest
approach is to choose an elastic-perfect plastic model. It assumes a linear stress-
strain relationship up to the yield strength R. and then the strains increase
infinitely with a constant stress equal to R.. Such a model is shown in Fig. 1a
with a solid line.

The models described above are sufficient for materials such as steel or alu-
minium, which are often used as faces of sandwich structures. For manufacturing
cores, lightweight materials such as foams made of plastic are used. Such ma-
terials may behave in a non-linear manner from the very beginning of loading
process. Thus, in this case, a more proper model is a non-linear plastic one,
shown in Fig. 1b with a solid line. Here, the stress-strain relationship is given
by a series of points and described as

(2.1) e=2 [1+c(2)2m},

where F is Young’s modulus of the material at the beginning of the curve, and
c and m are the constants determined based on experimental results. The shape
of the curve is similar to that described by the classical formulae proposed by
RAMBERG and OSGOOD [27].

Since the goal of this work is to investigate the influence of material prop-
erties, or in other words, the material model, on the behaviour of a beam, the
mechanical properties of selected materials have been chosen to allow for the ob-
servation of all desired phenomena. For the material of the faces there are the
following properties: Ey = 20 X 103 MPa, v = 0.3, R, = 50 MPa. The model
of the core was prepared based on Eq. (2.1) with the following parameters:
E =50MPa, v = 0.3, ¢ = 3000, m = 1.4.

2.2. MODEL OF THE BEAM

All numerical calculations were performed with the use of ANSYS soft-
ware. The following dimensions of the model were assumed: total length of
the beam L = 400mm, thickness of the face t; = 0.3mm, thickness of the
core t, = 20 mm, and width of the beam b = 100 mm. The total beam thickness
equals ¢ = 20.6 mm. Since wrinkling of the upper face is a local phenomenon,
a dense finite element mesh is required to represent short wrinkles that may
appear under pure bending conditions. Thus, it was decided to use a 2D model
of the beam, shown in Fig. 2, with the assumption of a plane state of stress.
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Moreover, symmetry conditions were used at the mid-length of the beam, and
consequently only half of the beam was modelled having in mind that with this
approach only symmetrical deformation is possible. The preliminary research
shows that the effective approach to model pure bending conditions is to con-
nect all three layers to a rigid plate. The plate has a thickness of 1mm and
Young’s modulus 103 times greater than the face’s modulus. The load in the
form of moment is achieved by applying normal forces F' to the faces through
the rigid plate — compressing force to the upper face and tensile force to the
lower one, as it can be seen in Fig. 2.

The model is supported at the mid-height of the rigid plate. At the point of
support, vertical movement is removed, while axial displacements are allowed.
Such conditions define a movable pin support allowing the rigid end of the beam
to move horizontally and rotate about the point of support. The displacement
of the entire model is prevented by symmetry conditions at the mid-length.

Higher-order elements PLANE183 have been chosen with eight nodes and
three degrees of freedom per node. A non-uniform mesh through the thickness
of the core was applied starting from the mid-height of the core. The mesh was
densified with the scaling factor of 4, which means that the FE near the upper
face is four times thinner than the one at the mid-height of the core. Since the
loss of stability has the form of short wrinkles distributed along the length of
the beam, the most crucial parameter of the mesh is the number of elements
along the axis, which was set to 350. The conducted convergency study showed
that both increasing and decreasing this number change the critical load value by
only a fraction of a percent. Two other analysed parameters, that is, the normal
stress in the face and the maximum deflection of the beam, remain practically
unchanged.

A similar convergency study was performed for the number of elements
through the thickness of the upper face to prevent excessive stiffening due to
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an insufficient number of elements. The obtained results revealed that, start-
ing from only two elements through the thickness, the maximum deflection of
the beam, maximum normal stress as well as the value of the critical moment
are the same up to the fifth significant digit, regardless of the total number of el-
ements. Bearing in mind that wrinkling is a local phenomenon, it was decided
to use three elements rather than two through the thickness of the upper face in
order to improve the representation of the actual beam behaviour in the model.

3. RESULTS OF STUDIES

3.1. PROCEDURES USED IN THE ANALYSES

Three types of analyses were conducted to investigate the behaviour of the
beam during the whole loading process. First, a linear static analysis was per-
formed to determine the stress distribution and to obtain input results for the
next step, which was the linear buckling analysis. Here, the buckling loads, called
critical moments, and the buckling shapes were determined. The first buckling
mode served then as a geometry disturbance in the last, third type of analysis,
namely the non-linear buckling one. This last step made it possible to include
the non-linear behaviour of the material as well as geometrical imperfections
into the model. As a result, equilibrium paths were derived, describing the post-
buckling behaviour of the beam, including the limit load and the failure mode
of the beam. The non-linear analyses were performed with the use of the arc-
length method. The procedure available in the system makes it possible to follow
the post-buckling behaviour of a structure, even in snap-through problems. The
analysis was divided into 100 substeps, with 120 and 80 substeps as a possible
maximum and minimum, respectively. The force convergence criterion was used
to control the solution, which is a typical approach for the arc-length method.
The available stabilisation option was turned off. A maximum displacement
of the model, equal to 60 mm, was used as the criterion to stop the calculations.

3.2. INFLUENCE OF MECHANICAL PROPERTIES OF MATERIALS
ON THE POST-BUCKLING BEHAVIOUR OF THE BEAM

A typical buckling shape of a sandwich beam under pure bending has the
form of short wrinkles in its upper part, as shown in Fig. 3a. Before wrinkles
appear, the displacements are very small, and for many materials the process
takes place in the elastic range. However, even for such small displacements,
plastic strains may appear in a light core and this may influence the subse-
quent behaviour of the face. After buckling, plastic strains may appear also
in stiff faces, since the deformation becomes much stronger. For these reasons,
four different models of the beam with respect to materials will be considered.
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F1c. 3. Behaviour of the upper face of the bent beam: a) wrinkling phenomenon (exemplary
FEM result), b) first eigenmode obtained from the linear buckling analysis, used as an imper-
fection pattern (increased scale).

All models are geometrically non-linear but differ in material formulation. The
results of analyses are presented in the form of equilibrium paths; additionally,
distributions of elastic or plastic strains, depending on material behaviour, are
provided. The vertical axis of each path corresponds to the applied bending mo-
ment normalised by the critical moment; thus, a value equal to 1 corresponds
to the buckling load, whereas the horizontal axis gives the value of displace-
ment of the lower face measured at the mid-length of the beam. For the results
presented in this subsection, geometrical imperfections in the form of the first
eigenmode were used, which is a typical approach, at least at the initial stage
of an investigation. According to Fig. 3b, these imperfections have the shape of
a symmetrical fading sine wave with the maximum amplitude at the mid-length
of the beam. Since the goal of the investigation is to analyse nearly perfect
structures and to observe their response to different material properties, an am-
plitude of only 0.01 mm was used. The wavelength was approximately constant
and equal to 0.45 of the total beam thickness. It should be noted that the num-
ber of waves results from the assumed mechanical properties of the materials
and the geometry of the model.

In the first model, an elastic material model was ascribed to both the faces
and the core. Two straight lines are visible on the equilibrium path (Fig. 4a).
The first one, which is in the pre-buckling range, describes the linear behaviour
of the structure. Here, the curvature of the beam increases, and the upper face
remains plain with the exception of waves being the result of the initial geo-
metrical imperfections. The second line describes the behaviour of the beam
in the post-buckling range. The slope of this line, that is, the stiffness of the
beam, is smaller due to the wrinkles on the upper face. The intersection of both
lines, which can serve as an estimated buckling load, is about 3% lower than
the linear buckling load corresponding to unity on the vertical axis. As it can
be seen in Fig. 4b, in which elastic strains are shown, just after the moment
of buckling wrinkles appear at the mid-part of the beam over 2/3 of its length.
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F1G. 4. Results of the post-buckling analysis of the beam with elastic faces and an elastic core:
a) equilibrium path, b) distribution of elastic strain.

When the deflection increases, the wrinkles spread over the whole length of the
structure. A further increase in deflection results in an increase in the ampli-
tude of the wrinkles. It should be noted that the amplitude and the wavelength
are the same along the entire beam.

In the second model of the beam, it is assumed that the core is made of a non-
linear material like the one described by the solid line in Fig. 1b. The material
of the faces remains linear through the whole analysis. According to the equilib-
rium path shown in Fig. 5, initially, before point A, the wrinkles appear in the
mid-part of the beam (image A in Fig. 5b). After that, the path bends sharply
and then becomes almost horizontal, which indicates that the stiffness of the
structure is very small. The reason is the formation of a single fold at the mid-
length of the beam (image B in Fig. 5b). The amplitude of the other wrinkles di-
minishes. In the enlarged part of the plot, it is seen that, in the post-buckling

a) . b)
/ A
1.0
/ d
0.8
5 _//_ ____________________
= 46 o — B
s |/’_ _______________________
066
04 / 064 B g’!
/ 062 A /'o\\
0.2 wl AN
058 C
0 10 lIS 20 2‘5 30 35I 40
0 10 20 30 40
v [mm]

F1c. 5. Results of the post-buckling analysis of the beam with elastic faces and a plastic core:
a) equilibrium path, b) distribution of plastic strain.
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range, more peaks appear on the equilibrium path. The maximum of each cor-
responds to a change in the buckling mode, that is, to the start of formation of
another single fold, as can be seen in image C in Fig. 5b. From the plot, it can
be read that for this FE model, that is, with a plastic core, the buckling load is
about 40 % smaller than that from the linear analysis. Since the plastic strains
shown in Fig. 5b appear only in the core of the beam, the faces are not visible
in the figure — they are transparent.

The third model consists of an elastic core and elastic-perfectly plastic faces.
In this case, the buckling load drops considerably and constitutes only 22 % of
the linear buckling load. As can be seen in Fig. 6a, after the loss of stability, the
slope of the path sharply decreases and then remains approximately constant.
The upper face deforms according to the imperfection shape. The size of wrinkles
is very small, as can be seen in images A and B of Fig. 6b, even for large deflection
of the beam. The distribution of elastic strains in the core at the final stage of
the calculations is uniform.

MIM,,
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F1G. 6. Results of the post-buckling analysis of the beam with plastic faces and an elastic core:
a) equilibrium path, b) distribution of elastic and plastic strain.

The fourth model analysed here is fully plastic. In this case, similarly to the
previous case, the buckling load is only about 22 % of that obtained in the linear
buckling analysis. The equilibrium path, shown in Fig. 7a, collapses sharply and
then becomes horizontal. At the buckling load, a small plastic strain can be
observed (Fig. 7b), with almost negligible wrinkles, and just after that point,
one large fold directed inward forms near the mid-length of the beam. The
enlarged part of the plots reveals that the formation of this fold is associated
with a drop in the load up to some minimum, after which a small increase in
the load is observed. In this model of the beam, both materials exhibit plastic
behaviour, which can be observed in image B in Fig. 7b. Plastic strains are
present in both the core and the faces.
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F1G. 7. Results of the post-buckling analysis of the beam with plastic faces and a plastic core:
a) equilibrium path, b) distribution of plastic strain.

3.3. BEHAVIOUR OF THE UPPER FACE

Since the loss of stability of the sandwich beam depends on the behaviour
of the upper face, it is reasonable to analyse the influence of the stiffness of this
part as well as the foundation on which it rests, that is, the core, on the buckling
behaviour of the whole structure. Since this study is focused on material prop-
erties, the stiffness will be modified by changing Young’s modulus, while leav-
ing the thickness of the face and the core unchanged. In the first group of models,
the values of E; will range from 1 x 103 MPa to 200 x 102 MPa, and E, will re-
main unchanged and equal to 50 MPa. In the second group, the modulus of the
face Ey equals 20 x 103 MPa and Young’s modulus of the core E, takes values
equal to (10, 50, 100, 200, 300) MPa.

Let us start the considerations from the linear buckling analysis. As can be
expected, the stiffness of the face influences the critical buckling load, which
equals 20.3Nm for £y = 1x 10° MPa and 337.5 Nm for E; = 200 x 103 MPa.
The mode of buckling is also different depending on Young’s modulus. For lower
values, a shorter wavelength is observed than for the highest analysed value,
as can be seen in Fig. 8a. From the presented figures, it can be seen that the
deformation of the core reaches much deeper when the stiffness of the face is
higher.

When the stiffness of the core is considered to be variable, similar results are
seen, that is, the higher Young’s modulus, the higher the buckling load. In this
case, the relationship is almost linear, as can be seen in Fig. 8b. The buckling
shape is also influenced, but here the rise of stiffness increases the number of
waves on the upper face.

More interesting information can be drawn when the same models of the
beam are analysed with the use of a non-linear procedure. To observe the for-
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F1G. 8. Influence of Young’s modulus of the face (a) and the core (b) on the critical load.

mation of wrinkles, the model of material of the faces is elastic, whereas the
model for the core is a non-linear one and defined as in the previous analyses.
The first thing that should be noted is the stiffness of the beam in the initial
range of deformation, as indicated by the slope of the equilibrium paths shown in
Fig. 9. When the absolute value of the load is taken into account, the stiffness of
the beam, defined as the ratio of load to maximum deflection, increases from 0.2
for By =1x 103 MPa to 30 for Ey =200 x 103 MPa, assuming that the stiffness
of the core is the same for all models. Of course, the limit load also increases
with the increase of E; (see Fig. 9b). A different behaviour can be observed
when Young’s modulus of the core is variable. As can be seen in Fig. 9d, the
stiffness of the beam is more or less constant and only the limit load increases
with the increase of E..

Additional analysis of the obtained results is provided in Fig. 9a and Fig. 9c.
In these plots, the vertical axis corresponds to the dimensionless load, that is, the
applied moment divided by the critical moment being the results of the linear
buckling analysis. Interestingly, the non-linear critical load for all models is sim-
ilar and corresponds to about 62 % of the linear buckling load. In other words,
regardless of the stiffness of the face, the critical load decreases by about 38 %.
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This observation is valid for both series of models: the one in which the face
varies and the one in which the core varies.

Aside from the buckling load, essential information is how the different mod-
els behave under the load and especially how the wrinkles form on the upper
face. This is shown in the images added to the plots in Fig. 9a and Fig. 9c.
In Fig. 9a, it is seen that for the face with the highest stiffness after the loss of
stability, only one dimple forms and evolves with the increase of deflection. For
lower values of Young’s modulus, one dimple also appears, but with the increase
of the deformation, additional dimples form, which is reflected in the path with
additional peaks. In Fig. 9c, which corresponds to a fixed Ey and variable E.,
it is seen that the deformation has always the same form, two folds, the ampli-
tude of which decreases with the increase of the core’s stiffness. However, for
E. = 200 MPa and higher, the deformation has the form of regular wrinkles that
diminish near the support.

3.4. INVESTIGATION OF ALUMINIUM SANDWICH BEAMS

The presented results are based on an arbitrarily selected model of the
beam as well as properties of the material. To verify how the proposed models
work, an additional study is provided further. The data used are based on the re-
sults of an experimental investigation carried out as a part of scientific grant
no. N N502 080738, selected findings of which were presented in a monograph
by MAGNUCKI and Szyc¢ [4]. The subject of the grant was aluminium sandwich
beams with a metallic foam core, as shown in Fig. 10c. The beams consist of
two solid pure aluminium faces and a core made of open-cell aluminium foam
called Alporas®. All elements of the beam were glued together.

As an example, a beam with a width of 100mm and a total thickness of
40 mm was chosen. The thickness of each face equals 1 mm. A four-point bend-
ing test was performed on the universal testing machine Zwick Z100, as shown
in Fig. 10b to Fig. 10d. During the experimental test of the beam, the force was
measured with a force transducer, and based on this value and the positions
of the loading and support points, the bending moment was determined. The
second measured value was the deflection at three points, recorded using in-
ductive displacement transducers located in the central part of the beam, where
pure bending conditions occurred. The displacement values at these three points
were used as a guide to determine the curvature of the beam, assuming that
cylindrical bending takes place. These two parameters, that is, the bending mo-
ment and curvature, were used to plot the results of experiments. The behaviour
of the upper face of the beam was also monitored visually. However, the de-
formation had the character of small waves distributed randomly across the
entire surface of the upper face. Therefore, it was not possible to determine
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critical changes in the global behaviour using this approach, unless there was
a sudden decrease in stiffness, associated with local indentation resulting from
delamination.

The material models of the faces and the core used to prepare the FE model
are based on the results of static tests. In the case of solid aluminium used
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to make the faces, a static tensile test was performed. In turn, to determine
the mechanical properties of the foam, more convenient approach is to perform
a static compression test. This way, the problem of clamping the specimen in
the machine’s jaw is eliminated. Furthermore, since the foam exhibits non-linear
behaviour from the very beginning of the test, unloading stages were included
in the loading process to form hysteresis loops. Based on these loops, Young’s
modulus can be determined. The results of both tests are shown in Fig. 10a
as stress-strain curves marked with dashed lines. In contrast, the models used
in the FE analyses are marked with solid lines. It was assumed that both
materials behave in the same way under tensile and compressive stresses. The
mechanical properties of the faces material are as follows: Young’s modulus
Ef = 65.6 x 103 MPa, Poisson’s ratio v = 0.3, yield point R, = 112MPa, and
tangent modulus in the hardening region Ep = 2.235 x 103> MPa. The stress-
strain relationship for the core is described by Eq. (2.1) using the following
parameters: ¢ = 400000, m = 1.01, E. = 609 MPa.

The actual beams were tested until failure. For this reason, a fully-plastic
FE model was used to compare the results of the experiment (blue line) with
the behaviour of the beam model (red line) shown in Fig. 11.

It can be seen that the initial stiffness of the beam and the FE model are iden-
tical. What is more important, the loss of stability takes place at the same value
of the load equal to about 460 Nm. The differences appear after this point.
On the curve corresponding to the experiment, a plateau region is seen, after
which the strain-hardening phenomenon can be distinguished. In the case of the
FE simulation, after the loss of stability, two regions of strain hardening are visi-
ble. The final shape mode of failure is similar for both analyses and has the form
of a single dent near the mid-length, and it corresponds to about the same cur-
vature of the beam and the FE model. Because, in the FE model, neither the
separation of the layers nor the material interruption were taken into account,
the core follows the face deformation during the whole analysis. In the actual
beam, the failure has the character of face separation. As can be seen from im-
ages A and B in Fig. 11, after the loss of stability, plastic deformations start
to grow according to a pattern corresponding to the initial imperfections. The
deformation of the upper face is very small. Finally, a local fold appears in
the location where the plastic strains are the highest.

The results of additional analyses are presented below, in which different FE
models were used to understand how the material formulation may influence
the behaviour of the beam model. The equilibrium paths obtained from all
models presented in the previous section are compared in Fig. 12. The curve
obtained in the experiment is marked with a blue line. It can be seen that the
crucial parameter is the plasticity of the face. For both models with a plastic
face, the limit load has the same value as the one from the experiment. If the
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material of the face is an elastic one, the limit load increases up to 2.3 kNm for
a plastic core. For the fully elastic model, the loss of stability is not observed.
However, it should be noted that the value of the linear buckling load obtained
in linear analysis equals about 7kNm, which is 15 times higher than the value
given by the plastic model and the experiment.
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3.5. INFLUENCE OF IMPERFECTION SHAPE AND MAGNITUDE

One of the crucial parameter influencing the post-buckling behaviour of
the structure is the shape and magnitude of initial geometrical imperfections.
These parameters may change both the value of the critical load as well as the
shape that the structure will take after the loss of stability. The research on
this subject is performed on an aluminium beam of the same parameters as
in the previous section, with the difference that the width of the beam equals
50 mm. Four different shapes of imperfections are examined corresponding to the
1st, 2nd, and 4th buckling modes, and the combination of these three. The third
mode was omitted to avoid its interference with the first mode, since it may re-
sult in a large peak at the mid-span of the beam. The buckling modes are
provided in Fig. 13a.

a) 1st mode
2nd mode 4th mode
b) 350 i i
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3 FEM (1st mode) V
[ ! B, E LA 1
7 300 FEM (1st + 2nd + 4th mode) =
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Fic. 13. Comparisoh of the results of the pure bending test: a) buckling modes,
b) equilibrium paths, c) failure of the tested beam, d) elastic strain in the FE model.
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They all have the shape of sine waves, which in the case of the 1st mode
have a maximum at the mid-length and fade towards the support. In the case
of the 2nd mode, the maximum is in the middle of the half-beam, fading towards
the mid-length and the support. The last 4th mode is irregular. Since in this sub-
section the influence of the imperfection on the buckling behaviour is the main
goal, a higher amplitude than before is assumed, that is, 0.1 mm. In the case of
a combination of three different modes, each mode was introduced with a value
equal to 0.0333 mm.

The results obtained from the FE analyses (fully plastic model) are pre-
sented in the form of equilibrium paths in Fig. 13b and compared with the
plot obtained from the experiment. The comparison looks similar to that for
the wider beam presented before. The initial stiffness of the FE model and the
actual beam is the same. A small discrepancy, about 3%, between the value
of load at which the loss of stability takes place is visible. For the beam from
experiment, the value is slightly higher, equal to 235 Nm, and after that point an
almost flat region can be distinguished. For the FE model, a strain-hardening
region can be seen. In general, the shape of the imperfection does not influ-
ence the post-buckling behaviour of the model. When the curves from Fig. 13b
are compared, the difference appears only in the moment at which the local
fold starts to form. The slope of the last part of all paths is comparable. The
shape of the failure mode is also the same, with the difference that the location
of the final single dent is determined by the initial imperfection. The failure of
the actual beam is shown in Fig. 13c. Here, a number of plastic folds are spread
on the whole upper face, without a single clearly visible dent.

An exemplary imperfection sensitivity analysis is performed for the second
buckling mode. The magnitudes of imperfection are equal to (0.01, 0.05, 0.2, 0.5
and 1.0) mm. Also, in this analysis, the equilibrium paths are generated with
the use of the FEM and are presented in Fig. 14. For small imperfections, the
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F1a. 14. Influence of the imperfection magnitude (2nd buckling mode)
on the post-buckling behaviour of the model.
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path looks the same, except for the point where it collapses. If the imperfection
is higher, a sudden drop of the path can be observed, as in the case of the value
equal to 0.2 mm. For the highest analysed imperfection, the path is smooth dur-
ing the whole process of the beam deformation.

4. CONCLUSIONS

When analysing the results presented above, the first thing that comes to
mind is that the phenomenon of local loss of stability of a sandwich beam is
strongly influenced by the mechanical properties of the materials of the partic-
ular layers. By comparing the results of analyses for four different models of
the beam, it can be seen that in the pre-buckling linear range there is no differ-
ence in the behaviour. Only elastic deformation appears, and the stiffness of all
models is the same — the same slope of the initial part of the equilibrium paths
(see Fig. 7a). This means that for deflection analysis in the small deformation
range, any model should work correctly.

When it comes to the control of the buckling shape, it can be seen that
a stiffer face leads to a small number of waves with large amplitude (Fig. 8a). On
the contrary, by increasing the core stiffness, a large number of waves with small
amplitude can be obtained (Fig. 8b). However, if the plastic behaviour of the
material is taken into account, the deformation in the post-buckling range always
takes the form of local folds, the number of which depends on the material
and the magnitude of deformation.

An important information is that the stiffness of the beam can be barely in-
creased by increasing Young’s modulus of the core. From the example presented
in Fig. 9d, it is seen that increasing the value from 10 to 200 MPa increases the
stiffness of the model by about 22 %.

Since the present investigation was focused on the response of beams with
different models of materials during loss of stability, only one type of initial
geometrical imperfections was considered, namely that corresponding to the
eigenmode obtained in the linear buckling analysis. However, further investiga-
tions are planned in which natural imperfections can be incorporated based on
measurements of actual specimens. Also, other types of imperfections, such as
delamination or voids, can be crucial, especially for new complex materials such
as composites or foams.

It should be noted that the model presented in this paper is 2D. As a con-
sequence, the wrinkles or folds that appear after the buckling are assumed to
spread through the entire depth of the beam. As it was shown in Fig. 13c, in
an actual beam, folds of various sizes spread across the entire upper face which,
among others, can be the result of discontinuities of the foamed core. Such a sim-
plified model may be a source of discrepancies between the results obtained with
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the two methods; however, when these results are compared, the values analysed
in the investigation are similar and the discrepancies are acceptable.
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In order to understand transport phenomena in the quasi-classical regime, the Boltzmann
transport equation (BTE) is one of the most frequently used tools. Therein, the key quantity
is the collision integral — the quantity that encapsulates the properties of the medium under
consideration. Usually the result of this integral is approximated by a single parameter, the
relaxation time. However, this leaves one wondering if such a treatment is sufficient, for in-
stance, if the dispersion of bosons is non-linear, what will be the influence of this non-linearity
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with non-linear dispersion and far out of equilibrium. Our analytic result is given in terms of
the Lerch transcendent function and it has been obtained for the case of two subsystems
(one dragging the other), by taking a maximum-entropy displaced Bose—Einstein ansatz for
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for deriving distributions of bosons, and later linear and non-linear transport coefficients, in
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1. INTRODUCTION

The Boltzmann transport equation (BTE) has been a foundation of quasi-
classical transport theory for more than a century. In a general state, it reads:

o p o /b
1.1 — + — . Vb+F - — = | — .
(1.1) ot T VTG, <8t>cou

In this differential equation we search for an unknown distribution of particles,
e.g., bosons b(k), where k is the boson wavevector, which can be associated with
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their momentum p = k. On the left-hand side (LHS) of BTE, the first term is
from an explicit dependence on time, the second term is the drift term, and the
last one comes from an applied external forcing field F'(r). These terms depend
on the specific setup where the force is applied. The right-hand side (RHS) of
BTE is the collision term, which depends on the properties of the boson gas
itself and is usually the hardest part to compute. Once the distribution b(k)
is known, one is able to evaluate all currents j, assuming quasi-classically that
the current is carried by the particles, and thus obtain the relation between
J(F), the key quantity of interest from an experimental viewpoint. One usually
assumes a priori a small distortion, called g(k), from the equilibrium Bose—
Einstein distribution to profit from the fact that there is no current in the
equilibrium case; thus, current is entirely due to g(k). Here, we will not resort
to this assumption; instead, we shall take a non-perturbative, non-equilibrium
distribution.

The aim of this work is to compute the collision term for the case of a non-
equilibrium distribution of bosons. In short, we shall study the situation when
one puts a strong current through one 1D subsystem and studies how an-
other 1D subsystem is affected. Several research groups undertake intense efforts
in this direction [1], there have also been remarkable theoretical achievements in
this field [2-5]. It has turned out that the underlying dispersion relation of the
bosons may play an important role. Here, we wish to study one specific question:
how the fact that the bosons have a non-linear dispersion affects the resulting
collision term?

We intend to study this problem in a strongly non-equilibrium setting. The
presence of a current always puts the system away from an equilibrium and from
experimental viewpoint one prefers strong current to arrive at a detection signal
that is well above the noise level. From the theoretical point of view, studying
system far-from-equilibrium is a challenge. However, over the last years signifi-
cant progress have been made in this direction, and many solutions for systems
far away from equilibrium have been derived [6]. This progress has been fueled
mostly by research on cold-atom systems [7] and plasmon-polariton systems [§],
i.e., bosonic systems that can be pushed much further away from equilibrium
than any traditional solid-state material. We intend to build on these devel-
opments.

The outline of this work is as follows. In Sec. 2, we define the model under
consideration. In Sec. 3, we outline previous theoretical work and provide an
ansatz for the non-equilibrium distribution of bosons. In Sec. 4, we compute
the collision integral in an analytical form and evaluate it by showing a few
examples of the collision term. The paper concludes with a discussion in Sec. 5
and conclusions in Sec. 6.



Collision Integral for Non-Equilibrium Distributions of 1D Bosons... 233

2. MODEL

We study the problem of interacting bosons. We take 1D bosons since this
simplifies the reasoning (although an isotropic higher-dimensional problem can
also be tackled using spherical harmonics). The Hamiltonian of such a system
generally reads:

(2.1) Hy = Z Eijb;rbj + Z Vijklb;-rbjbzbl,
ij ijkl

and the system is subjected to an external field Fj;:

(2.2) Hp =" F;blb;.
ij

In the following, we shall assume that the system is translationally invariant;
thus, the momentum is a good quantum number and diagonalizes the first
term in Hy. The field F;; is also defined in terms of spatial harmonics, so now
i,7 = k,k’. Moreover, a part of interactions, that is, of a density-density type
o n;n; is assumed to be the strongest and it leads to a renormalization of the bo-
son velocity, while keeping their dispersion linear, just as it happens in the Lieb—
Liniger model [9] or in the random-phase approximation (RPA) treatment of
acoustic phonons/plasmons [10]. For such a case, the quantum, 7" = 0, solution
to the model given by Eq. (2.1) is known [11], and it has two phases: superfluid
and insulator. However, it is also known that coupling to a strong multi-harmonic
field F'(q;), Eq. (2.2), leads to floating Aubry—André physics [12], and/or cou-
pling to a dissipative environment leads to a metallic phase with a well-defined
Drude peak [13, 14]. Then, using the BTE, Eq. (1.1) is justified. Our quantity
of interest is then the average occupancy of bosonic modes b(k) = @LZ;C) in the
high-temperature regime, when the low-energy physics may be integrated out
and the eigenstates by of the interacting bosons, Eq. (2.1), emerge, see, e.g.,
Eq. (2.3). This implies that the effective susceptibility of the environment will
contain some retardation effects, namely some non-trivial momentum depen-
dence inherited from these averaged-out low-energy modes. In turn, this implies
that the interactions V' (¢) will have more complicated character and will not be
entirely absorbed in a simple linear dispersion.

Furthermore, we assume that, upon interaction with the field F', the bosons
can be divided into different v-branches (= subsystems); for instance, pho-
nons with different symmetries, such that their interaction with the external
field F(q) is different (e.g., due to dipole matrix selection rules). The simplest
situation is that of two branches, although it can naturally be extended to more
subsystems. The simplest system under consideration thus consists of two parts:
1) a 1D electron liquid (1D metal) that is subjected to a strong current (due to the
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applied force F(q)), and 2) a recipient 1D system that is subjected to the col-
lisions with 1. Of the latter, we only need to assume that it can be described
by a distribution that admits a local Taylor expansion. Thus, the locally in-
duced voltage in the recipient system is linearly proportional to a distortion of lo-
cal distribution of carriers, such that transverse transport coefficients (e.g., drag
coefficients) can be potentially defined.

In a 1D system, in the presence of any density-density interaction Vj, the
spectral weight is shifted from quasiparticles, to collective modes [15]. These
collective modes are described by the following Hamiltonian:

(2.3) Hyoa = un(q)ab}(q)by (),

which we express here in terms of bosonic operators EE where the index v
spans over, e.g., charge and spin degrees of freedom to capture collective fluc-
tuations in each of these sectors. This example defines separable v-branches
(= subsystems). Thanks, e.g., to spin-charge separation present in 1D, each
of these modes can be indeed considered separately. In general, the veloci-
ties v, (q) o< ¢®~! are determined by interactions, with the linear dispersion
«, = 1 present for purely Hartree-type interactions. In many nanostructures,
that are, e.g., deposited on the surface, the 1D charges can provide only partial
screening. We then obtain some finite range, Coulomb-type interaction Vcoul(q),
which affects these charged degrees of freedom. The velocity v,(q) is now de-
termined by ‘N/Coul(q), which in turn depends on the dielectric constant of the
nanostructured environment within which the 1D system is embedded, namely:
Veoul(2) = Voou(9)/€(q). Here Vieou(q) is the bare Coulomb interaction (which
can be assumed to be of the Hartree type), while €(q) is the dielectric constant
that has been evaluated analytically, for instance, in [16].

Our problem thus consist out of 1D charge-carrying bosons with a power-law
dispersion:

(2.4) wp(q) = Upq°,

which is equivalent to a velocity v,(q) o ¢!, where ¢ is dimensionless and Uy
is a proportionality constant that carries the dimension of energy.

In the following, we shall consider two copies of such 1D systems coupled
through a momentum-carrying interaction:

(2.5) Hyp = HY + H® 4+ (™)

mod
where Hc(ll_2) is the coupling term, which we assume to be weak enough to not
destroy the modes’ separation into the subsystems. Moreover, we assume that
one of the modes is in a strongly non-equilibrium state, in the sense that a strong
current flows through it.
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The momentum relaxation term Hc(ll_z) between the subsystems, with am-
plitude = Iy = constant, can potentially allow a transfer of part of the current
to the other subsystem (in fact, Iy has to have some ultra-violet (UV) cut-off,
as in Yukawa potential). The remanent interaction induces the non-linearity of
the spectrum (which can be interpreted as a self-energy effect), but it will also
induce a vertex correction. From the Ward identity, we know that the self-
energy Y (k £ ¢) and the vertex correction I'(q) have to be related if a system
is conserving. To be precise [17], in the low-energy limit I'(¢) ox 0X(k)/0k|p=q-
The non-linearity of the dispersion will thus induce anharmonic behavior of the
bosons, i.e., boson-boson interactions. We then expect that in our particular
case, when there is a deviation Re[¥(k)] ~ Aw(k) from the linear dispersion,
the vertex correction reads:

(2-6) F(Q) = (8qup(Q)/8Q) = (§ - 1)5pq§_17

and is therefore given by another power law. In deriving this we performed
a Taylor expansion of w(k + ¢) for a small values of exchanged momenta ¢ and
kept only the first term. This is justified by the fact that the postulated inter-
actions Vioou(q) is of screened Coulomb type and thus favors small exchanged
momentum processes. The most important implication of Eq. (2.6) is that, with
such a generalized dispersion model, the vertex corrections are unavoidable.
We emphasize that the formalism that we shall derive further can accommo-
date a vertex correction that is given by any power law. However, the specific
form given by Eq. (2.6) is useful for demonstrating that such a correction will
necessarily appear if one wants to keep a conserving approximation. Figure 1
presents a schematic illustration of our model. Two 1D subsystems are coupled
by a momentum-dependent amplitude I'(k). There is a strong current j (yellow
arrow) flowing through one of them. Each subsystem (mode) has a different dis-
tributions of bosons, shown (trimmed) on the top of each subsystem. We see
different temperatures and a shift of the upper distribution due to the current
flow. The ansatz for these distributions is given in Sec. 3.

Fi1G. 1. Schematic illustration of our model.
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3. POSTULATED NON-EQUILIBRIUM BOSONIC DISTRIBUTIONS

The non-equilibrium distribution of bosons is postulated in the form of a dis-
placed Bose—Einstein distribution function (taking kg = 1):

(31) Fu= 5 Aexplo(k)/ T, — Kitag/ T}

the same as the one assumed for a strongly dragged (i.e., non-equilibrium) gas
of bosons with an arbitrary dispersion relation w(|k|). This form is known in the
literature and has been used many times before, e.g., in [18-20]. Here, T, is
the temperature of a gas in equilibrium with the same energy density, and vqrag
and T} are the so-called drift velocity and drift temperature, respectively. For
a bosonic gas represented by a distribution function b[x(k); T the energy density
and momentum density read:

1 1

(3.2) = Oy w(|k)blx(k); Te,a] Ak, Pi= oo kb[x(k); Te.q] dF.

In [20, 21], the distribution of the form given by Eq. (3.1) was obtained from
an optimization procedure of entropy written as a functional of the distribu-
tion b(k):

@3)s%@ﬂ::;ﬂ/ﬂ1+2wb%nhﬂl+2ﬂMM)—2wdkﬂm2wM@Hdh

under a constrains corresponding to fixed values of the energy ¢ and momen-
tum p, namely:

3.4) o[ sok) +ale— —— [ wik)bk)dk

1
+a p—Q—BZ kb(k)dk || =0,
BZ

where a and a are the Lagrange multipliers of this variational problem with
constrains. Solving Eq. (3.4) for b | and comparing the result with Eq. (3.1) we
find [20, 21] that the variational problem is indeed optimized by

1

(3.5) bix(k)] = Fax] = ma

\(k) = aw(k) + ak,

where

(3.6) a=T,"  a=_-"dog
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Based on this result, in the following, to make correspondence with standard
condensed-matter notation, we define for the i-th subsystem:

Moreover, we shall re-scale 3; with the ‘bare’ velocity v;,, that is, v;,3; — f;
which is a shorthand dimensionless notation used in subsequent sections.
Naturally, the solution of the constrained variational problem reproduces
. . 1 1
the constrains, i.e., € = Q—BZBfZ w(|k|)Fy[x(k)]dk and p = Q—BZBfZ kFy[x (k)] dk.

Moreover, when the gas of bosons tends to equilibrium, the constraint p — 0 and
consequently the corresponding Lagrange multiplier in the distribution a — 0;
thus, the distribution itself becomes the Bose—Einstein distribution. As shown
explicitly in Subsec. 5.1, for the case of linear dispersion the quantities T¢, Ty,
and vgrag can be expressed [21] as analytic functions of the given € and p.

To close this subsection, we would like to emphasize that naturally the pro-
posed ansatz for the distribution is obviously an approximation in which we
assume that the emergent modes are weakly interacting. Such an assumption
can be justified, for instance, when the interactions V' (gq) are chosen such that
the system is in the vicinity of Luther—-Emery points. This issue is discussed
further in Sec. 5.

4. COLLISION TERM AND RESULTING INTEGRAL

4.1. DERIVATION OF THE COLLISION INTEGRAL

We can substitute the postulated non-equilibrium distribution function Fy
into the Boltzmann transport Eq. (1.1). Specifically, we are interested in eval-
uating the RHS of this equation, the collision integral, which depends on the
inherent properties of the system, rather than on the specific form of the exter-
nally applied field. The collision integral that we want to evaluate reads:

ko
(4.1) Toon(k) = / dqToT (q)bar (k + @)bas(k — ).
0

where kg is the upper cut-off momentum of the theory (e.g., the Brillouin zone
boundary) and by; is a short-hand notation displaced distribution, Eq. (3.5), in
the ¢-th subsystem. This is a Bose-Einstein distribution with drag, a distribution
parameterized by the pair (f;,a;). In order to make progress, we take a Taylor
expansion of w,(k £ ¢), which leads to a term B((1 + ¢)k* £ +ck<~'g). The
underlying assumption of a small ¢ exchanges’ dominance has already been
discussed (Eq. (2.6)) and it clearly manifests in the last term of Eq. (22). Upon
substituting it into the distributions, we find that:
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(42) bl + bl ) = exp { =361 + )1+ Ok}
(e {3051 + B0+ i fex (51 + B0k + (an + e}
+oxp (508 - )1+ IR ) exp {[(61 ~ B)ok ™ + (01— an)la}
-l-exp<;(—51+52)(1+§)k<)exp{ Bi+ B)eks™ + (—ar + ap)]q}

+ exp {—(ﬂl + B2)(1 + <)k })1

Thus, the collision integral can now be cast in the following form:

(43) Ton) = exp { =351+ )1+ O

)

/ d (s — D)Iog texp{3[(B1 — B2)sks™ + (a1 — a2)]q }exp|—q/ko]
k) exp {[(B1 + B2)sks— + (a1 + ag)lq} — 1

where the numerator contains the inverse bosonic scattering amplitude I'(k)
multiplied a Yukawa potential (which in the solid-state setting is equivalent to
Thomas—Fermi screening), which we introduced both to accommodate the upper
limit of the integral and to physically model the finite range of the interaction.
In the denominator, there is a following function:

exp {3(B1 4 B2)(1 +<)k*}

a*

(4.4) 2(k) =

I

where
a* = exp (—(51 + B2)(1 + <)k ) + exp <§(51 — B2)(1+ g)k:<>
+eXP< (=B1+ B2)(1+<)k )

It is well known that many integrals of canonical distribution functions can
be given in terms of polylogarithms [22]. This is not sufficient to solve Eq. (4.3),
we therefore shall move to a generalization of polylogarithm function, which is
the Lerch transcendent function. Its integral form reads [23]:

. 1 s—1 ax
(4.5) B(z,5,T) = /f’“" ° _ da,
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where the denominator has a form similar to a denominator of the canonical
distribution and in the numerator there is a modified power law factor.

By comparing this with Eq. (4.3), we observe that after that substitution
x — ¢ our integral is indeed solvable through the Lerch transcendent func-
tion. The result of this integral reads:

— _exp{ =381+ B) 1+ 9k} (s — )T
(4.6) Toon(k) = Gt ﬂz)gkg_l @ o] mdﬁ (2(k), (s — 1), —y(k)),

where

3(B1 = B2k ™! + (a1 — az)] — 1/ko

(4.7) y(k) = [(B1 + B2)sks—! + (a1 + a2)]

and @() is the Lerch transcendent function, and I'() is the gamma function.
Actually, the Lerch transcendent special function, a generalization of polyloga-
rithm functions (known to be integrals of quantum distributions), has already
appeared in the literature as an integral of distributions with drag, see [24].
However, the full dependence on ¢ has not been explored. Equation (4.6), to-
gether with expressions for z(k) (Eq. (4.4)) and y(k) (Eq. (4.7)) provides a closed
analytic form for the momentum-resolved collision integral. This is the central
result of our work.

This result also allows the investigation of the energy-weighted and momentum-
weighted integrals, which both must exist and be positive. This is because the
Lagrange multipliers (as defined in Sec. 3) must be reproduced by these mo-
ments of the distribution. From properties of the Lerch function, we can now
deduce that the positivity condition is equivalent to the positivity of distribution
argument.

4.2. RESULTS

We shall now illustrate the results of Eq. (4.6). First, in Fig. 2, we plot
the collision integral as a function of a1 = vgrag. For simplicity, we take the
case when one of the distributions is not shifted, i.e., as = 0. We observe that
the collision amplitude is strongest for the small electron momenta k. For larger
value of ¢ (right panel), for small values of k, we see that the function is clearly
non-monotonic: there exists an optimal value of the Lagrange multiplier a; for
which the drag effect is strongest. Naturally, for the smallest values of a; the ef-
fect increases with the shift of the distribution. However, when the distribution
is shifted too strongly, the carriers within the receiving subsystem cannot catch
up with the rapid motion of non-equilibrium carriers. This is the reason why we
call a; the drag velocity vgrag. For larger k, the effect monotonically increases
with vgrag, although this tendency is much less pronounced. The same behavior
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F1G. 2. Logarithm of the collision amplitude as a function of the electron momentum & and the

drag velocity vdrag (= @1). On the left we show result for ¢ = 1.5, on the right for ¢ = 2.5. Both

calculations were done for 81 = 30, 82 = 20, and a2 = 0 (no initial shift of distribution). Other

parameters: I'o = 2/3, go = 3. All the quantities are given in units of energy, where 7, = 1,

which is set by the characteristic kinetic energy of the system and in units of momentum set
by the 1D density of particles n, just as in [9].

for large k is observed in the left panel (smaller ¢). Interestingly, here for small k
we cannot notice such a clear resonance: there is a noisy variation at small vgrag
and then a collision amplitude monotonically decreases.

In Fig. 3, we plot the result of the collision amplitude as a function of tem-
perature. We set the temperature of the recipient mode to by = 20 and vary
the temperature of the dragging subsystem. We observe that the largest effect,
a strong maximum, exists when the temperature b; = 20, i.e., when b; = by. The
effect indicates that the collision integral is strongest when the two distributions
are most similar to each other.

k
} oo oo

10!

1/t 5

0

0
50
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Fia. 3. Collision integral amplitude as a function of the electron momentum & and temperature

61 = Te_ll. On the left we show result for ¢ = 1.5, on the right for ¢ = 2.5. Both calculations

were done for a; = 0.5, B2 = 20, and az = 0 (no initial shift of the distribution). Other
parameters: 1o =2/3, go = 3.

However, the most important conclusions from all these calculations is the
very strong dependence on ¢: moving away from ¢ = 1 can cause the result
to grow by orders of magnitude. Thus, we see that the amplitude of the colli-
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sion integral is a very susceptible measure of the non-linearity encoded in the
value of <.

5. DIsScussION

5.1. CASE OF LINEAR DISPERSION

For the case of linear dispersion w = c|k| we can derive analytic expressions
for the Lagrange multipliers of the variable x(k) [21], which now can be called
the equilibrium temperature 7, = 3~! and the drag temperature T,; = ailﬁdrag,
where we define the bare (normalized by Ty) drag velocity Ugrag:

Te (1 —u)
5.1 Ty= "7,
&-1) N
2 _ 22
(5.2) P A

€+ /€2 — cZp?

where, as before in Sec. 3, the distribution Fy|...] determines the average energy
and momentum (normalized by the volume of the first Brillouin zone, {257) that
enter into the before mentioned formulas:

(53 e= 5 [ M FIX(R): T dk,
BZBZ

(54) p=5 [ KEX(): Tk,
BZBZ

where, because of the fixed relation Eq. (5.1), we can use only one temperature
to parameterize the distribution. The latter quantity, the average momentum in
a subsystem p, can be related to the bare drag velocity:
_ - cp

(5.5) Vdrag = c—6 e —ay

Thus, we see that for the linear distribution there is a unique solution to the
shifted-density problem. Importantly, for the linear dispersion in 1D, the two
integrals in Eq. (5.3) and Eq. (5.4) have the same form up to a unitary factor

sign(k).
This observation can be generalized. It can be shown that in the case of
linear dispersion, i.e., ¢ = 1, the drag effect is expected to be zero, which

is in agreement with our prediction. This is because the moment expansion
M, = [k"F(x(k))dk of a distribution forms a closed set, as we fixed the value
of € (total k) and p (difference between positive and negative k). As it was
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shown in [25], the drag is proportional to third cumulant, and from statistics we
know that third cumulant is equal to the third moment (skewness). This gen-
eral argument justifies our result. A similar conclusion, for more specific case of
thermoelectric effect, was reached in [26], where it was traced back to the Mott
relation for transport coefficients.

5.2. LIMITATIONS OF OUR REASONING

There are two key limitations of our approach. The first one is that we
have neglected the known quantum phases of the 1D boson model: superfluid
and insulator. This may be justified in the regime of high temperature and in
a dissipative environment, which is actually the same regime where the quasi-
classical BTE approach itself is known to be applicable. Nevertheless, one has to
keep in mind that our calculations are valid only in the quasi-classical regime and
caution should be excercised when applying them to low-temperature systems
subjected to highly coherent field F(q).

Second, in Sec. 3, we adopted an ansatz for non-interacting bosonic distri-
butions which is obviously an approximation when boson-boson interactions are
present. Simply taking Vj;i; = 0 in Eq. (2.1) will not ameliorate the situation, as
then we shall arrive at a bosonic liquid with a very high tendency toward Bose—
Einstein condensation, a quantum phenomenon not accounted for in a simple
BTE. There are two arguments that may justify our model. The first one is
based on the existence of Luther-Emery points: for specific values of Vj;z;, the
1D system behaves as a system of an emergent non-interacting particles. This is
why we emphasized that the modes on which the Hamiltonian in Eq. (2.3) is de-
fined are emergent collective eigen modes. This is also the reason why, for these
modes, both self-energies effects and vertex corrections may be substantial. The
second argument is more pragmatic: the quantity on which we focus in this work
is solely the collision integral. We limited ourselves and decided to not move to-
ward full solution of the BTE. In this way, our result is more generic and can be
applied to various configurations of the external F'(q). But, in this way, we also
compute only a basic building block of a potentially more advanced approxima-
tion. One can consider including interaction corrections to the distribution b(k)
in a perturbative series (with all possible particle-hole cancellations) and then,
at each term, the expressions provided by us here can be used. Nevertheless, we
admit that future research, aiming at deriving the collision integral for fully in-
teracting distributions of bosons, known as hypergeometric Beta functions [15],
would be an exciting and important direction of research.

One posibble physical realization of the proposed model would be either
a multi-wire or a multi-orbital 1D system. Here, it is pretty intuitive that the
field F' can interact strongly only with one selected orbital or — in the case of
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coaxial tubes (such multi-walled carbon nanotube (MWCNT)) or parallel wires
— only to the outermost subsystem. Then, we naturally obtain subsystems with
different distributions, and with different shifts. Moreover, since the subsystems
are nearly orthogonal (in Hilbert space), tunneling requires reconstitution of the
entire boson. This has been evidenced by experiments in [27]: the perpendicular
transport measures the single-particle density of states. In such a specific case,
it makes sense to use shifted Bose—Einstein distributions to compute collision
integrals between these reconstituted particles.

5.3. EXAMPLES OF EXPERIMENTAL RELEVANCE

The connection between our postulated theoretical model and its real-life
experimental realizations is a quite complicated but also fascinating problem.
The two most promising platforms are nanostructured wires and cold atoms. In
each of these systems, the ongoing research faces slightly different problems.

In cold atoms, where emergent bosons are created by trapping atoms in
an optical lattice, the interactions can be relatively easily modified by chang-
ing the external magnetic field (in this way one tunes the scattering cross section
through a Feshbach resonance). Moreover, one can add a fast, anti-adiabatic,
fermionic component to a mixture of two bosons and vary their interaction
through a Ruderman—Kittel-Kagsuya—Yosida (RKKY) type mechanism. This
has been experimentally employed in [28]. Therein, one finds that the character-
istic kinetic energy can be of the order of 6.5 Hz while at the same time the inter-
species scattering can be tuned to be as small as Iy ~ 0.5 Hz. From the point of
view of energy scales of these bosons, temperatures of the order of nK are indeed
in the high-temperature regime that we discuss in our paper. The difficulty here
lies in extracting the dispersion relation: the interaction is that of an extended
Lieb—Liniger model, and from the Bethe-ansatz solution of the Lieb—Liniger
model we know that there are higher-energy bosons with super-linear dispersion
and low-energy bosons with sub-linear dispersions. A separate issue is how these
dispersions will be modified by the optical trapping potential, see, e.g., [29],
where the influence of a parabolic trap was analyzed. From the experimental
viewpoint, the exponent ¢ can be extracted only indirectly from time-of-flight
experiments, which are destructive for the trapped bosonic system itself.

In a system of nanowires, the plasmonic dispersion is governed by the ge-
ometry of the system. While in 3D plasmons have a constant frequency, in 2D
their dispersion obeys k/2 whereas in 1D ¢* (this is all assuming a finite range
interaction, the full Coulomb interaction would give a log(q) correction). These
results are derived for simple geometry. For a corrugated surface, textbook result
tells us that the interaction is, in general, given by a power law with a charac-
teristic exponent dependent on a corrugation angle. However, in such a solid-
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state system, inter-boson interactions are much harder to control. One can mod-
ify the Thomas—Fermi screening length or submerge the system into a dielec-
tric medium, thus modifying the interaction 17(7"), which implies also changing
inter-boson interaction (scattering with finite momentum exchange). However,
all these efforts are only indirect. An interesting situation, where inter-boson
scattering indeed appear to play crucial role is reported in [30], where the plas-
mons’ kinetic energy was reported as 1.2eV and the scattering amplitude was
Iy ~ 0.2¢V. Other solid-state systems will have similar orders of magnitude and
here we will need to take the operating temperature to be a room temperature
or higher (as in the case of an aforementioned experiment) to remain in the
high-temperature regime considered in this work.

6. CONCLUSIONS

In this paper, we have obtained a closed analytic formula for the collision
integral between two 1D systems. This is a basic building block for obtaining
solutions of the BTE, Eq. (1.1), and for determining transport coefficients in
many experimentally /technologically motivated applications. The collision term
in the BTE is the one that determines resistivity and the one that is notoriously
the hardest to compute, especially in a non-linear non-equilibrium case. Our
results enable researches to not only study the strength of the non-linearity ¢
in the charge sector, but also to directly access the non-equilibrium distribu-
tions through the Lagrange multipliers that are characterizing them. With this
knowledge, researchers will be able to quantify the non-equilibrium state of the
system for various experimental setups, as defined by the LHS of Eq. (1.1).

Upon completing this paper, we learned that experiments capable of probing
this regime had indeed been performed very recently, see [31].
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It is now well recognized that the combination of natural and synthetic fibers in synergistic
fiber-reinforced composite materials can greatly broaden their applications in engineering and
technology. Natural fibers are gaining increasing attention because of their biodegradability,
easy availability, durability, and resistance to corrosion, positioning them as eco-friendly substi-
tutes for conventional materials. At the same time, fiber-reinforced composites are increasingly
replacing metals in multiple sectors owing to their cost-effectiveness and energy efficiency. In
this study, epoxy resin-based hybrid composites are prepared by incorporating glass, hemp
and ramie fibers through the hand lay-up approach. The laminates are characterized for ten-
sile, flexural, impact, and, hardness performance using ASTM standard methods. The greatest
tensile strength, 73.10 MPa, is achieved in the glass/ramie fiber composite. The hybrid compos-
ites comprising glass, ramie, and hemp fibers exhibit enhanced flexural behavior of 18.22 MPa
and impact resistance of 142.45kJ/m?. Among the tested configurations, the glass/ramie fiber
composite recorded the highest hardness value of 27.73 HV. Overall, the findings highlight that
glass/ramie/hemp fiber-mixed epoxy composite materials can serve as prospective eco-friendly
substitutes for conventional synthetic composites in non-structural applications, such as auto-
motive interiors, by offering a balance of good mechanical performance and sustainability.
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1. INTRODUCTION

Recent studies have highlighted the advanced mechanical performance of
natural fiber-reinforced composite materials compared to their man-made coun-
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terparts. Owing to their inherent material characteristics, natural fibers have
demonstrated enhanced behavior in key mechanical domains, including ten-
sile strength, flexural performance, and impact resistance. Prior investigations
have systematically evaluated these properties in polymer composites that incor-
porate both natural and synthetic reinforcements, considering variations in fiber
type and content, as reported by KEMPARAJU et al. [1]. SAPUAN et al. [2]
reported notable improvements in mechanical performance through fiber hy-
bridization, alongside reductions in environmental impact. Their study utilized
banana fibers, an agricultural byproduct readily available in tropical regions
such as South India and Malaysia, as reinforcement in epoxy-based composites.
This approach not only leveraged the mechanical potential of natural fibers but
also promoted sustainable material sourcing. In contrast to synthetic fibers,
natural fibers present distinct advantages including commendable mechanical
performance and superior environmental sustainability. Prior investigations have
examined maximum stress responses in two principal orientations, together with
the corresponding maximum deflection under varying loading conditions. These
evaluations were conducted using three different specimen geometries, thereby
facilitating a comparative analysis of mechanical behavior as influenced by vari-
ations in Young’s modulus.

Recent investigation has increasingly emphasized the enhanced mechanical
performance and eco-friendly characteristics of natural fiber-reinforced compos-
ites over their synthetic counterparts. ARAVINTH et al. [3] assessed the mechan-
ical characteristics of epoxy composites developed with hybrid hemp/glass fiber
reinforcement. The outcomes demonstrated that the hybrid laminates achieved
notable enhancements in impact resistance and flexural behavior, surpassing
the performance of composites relying solely on synthetic fibers. The addition of
natural fibers not only improved energy absorption and toughness but also facili-
tated a more uniform stress distribution, thereby mitigating crack initiation and
propagation under mechanical loading. KANDOLA et al. [4] emphasized the dual
advantages of bio-based composites, showcasing both their mechanical viability
and environmental sustainability. According to their findings, the integration of
natural reinforcement such as flax, jute, and hemp into polymer composites led
to a marked decrease in carbon emissions, without compromising the mechan-
ical properties relative to traditional man-made fiber-based composite materi-
als. THAPLIYAL et al. [5] found that incorporating natural fibers such as jute
into glass fiber composites significantly enhanced tensile and impact strength.
This improvement supports their suitability for superior structural applications.
MAHAKUR et al. [6] highlighted that incorporating banana fibers into glass fiber
composite materials promoted biodegradability while simultaneously provid-
ing comparable flexural strength and durability. Their results support the use of
such composites in practical engineering applications. ISLAM et al. [7] revealed
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that combining sisal with carbon fibers produced composites with lower density
and greater toughness, highlighting their potential for lightweight structural
applications. By increasing impact resistance and energy-absorbing capacity,
natural fibers demonstrate the viability of bio-based composites as sustainable
replacements for synthetic materials. In [8], the flexural and tensile characteris-
tics of hybrid composites were significantly improved through the incorporation
of glass fibers into natural reinforcements such as jute or sisal. In [9], composites
reinforced with banana and sisal fibers with epoxy were explored, and their wa-
ter absorption, flexural behavior, tensile characteristics, and impact resistance
were assessed. The findings presented in [9] highlighted the mechanical viability
of natural fiber composite materials across multiple performance metrics. Hy-
bridizing ramie and silk fibers in a 1:3 ratio for epoxy composites resulted in
a significant reduction in water uptake and a marked enhancement in mechanical
strength [10]. This displays the effectiveness of natural fiber combinations in im-
proving composite performance. Due to their biocompatibility, fast-growing nat-
ural fibers are gaining attention for use in cost-effective, eco-friendly, and techni-
cally demanding applications. Additionally, treatment of these fibers with NaOH
under saturated conditions was found to increase their mechanical properties
without compromising structural performance [11]. YUANJIAN and ISAAC [12]
conducted fatigue testing to evaluate the performance of hemp-based nonwo-
ven composites fabricated with polyester bonding. BLEDZKI et al. [13] exam-
ined how water absorption correlates with toughness, flexural property, specific
gravity, and compressive strength, in hemp fiber-reinforced composite (HFRC)-
based materials. The investigation by KOBAYASHI et al. [14] established hemp
fiber as a superior reinforcement material in textile composites, with its perfor-
mance markedly improved through micro-braiding techniques. KABIR et al. [15]
reported that surface functionalization and environmental exposure markedly af-
fect the structural and physical properties of both synthetic and natural fibers.
Their study also showed that adding paper layers to unidirectional flax/epoxy
and hemp/epoxy composites significantly enhanced tensile strength compared
to composites without paper reinforcement. ARISTRI et al. [16] identified the
optimal plant fiber blend for jute-reinforced polymer composites intended for
automotive applications, considering key factors such as weight, functional per-
formance, and cost efficiency. TORRES et al. [17] proposed a hybrid composite
consisting of ramie and hemp fibers with enhanced impact resistance, suitable
for automotive components such as bumper beams. They also noted that opti-
mizing structural parameters or material composition further improved impact
performance.

This experimental investigation assesses the mechanical characteristics of
epoxy-based materials reinforced with hemp, ramie and glass fibers. The speci-
mens, produced through the hand lay-up approach, were subjected to mechani-
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cal testing to evaluate their tensile behavior, flexural performance, impact resis-
tance and surface hardness. The results shows that the incorporation of hemp
and ramie fibers significantly enhances the mechanical characteristics of glass
fiber-reinforced composite materials.

2. MATERIALS AND METHODS

2.1. MATERIALS

The composite laminates were fabricated using glass, hemp and ramie fibers
as reinforcements within an epoxy resin matrix. Ramie and glass fibers were
sourced from Vruksha Composites (Guntur, Andhra Pradesh, India), while hemp
fibers, epoxy resin, and hardener HY951 were obtained from UltrananoTech Ltd.
(Bengaluru, Karnataka, India). Figure 1 illustrates the raw fibers used, and
Table 1 summarizes their key physical and mechanical properties.

2)

F1aG. 1. Fibers used in the study: a) ramie fiber, b) hemp fiber, ¢) glass fiber.

TABLE 1. Mechanical characteristics of ramie and hemp fibers.

Properties Ramie Hemp
Density [g/cc] 1.52 1.4

Cellulose content [%)] 52-57 48-52
Moisture content [%)] 1.5-7.5 6-9
Young’s modulus [GPa] 86 37

2.2. FABRICATION TECHNIQUE

A conventional hand lay-up method was implemented for composite fabrica-
tion. To prevent adhesion to the mold surface, a teflon-coated sheet was placed
at the base of the mold. The mold was first cleaned using abrasive paper to
remove rust, followed by wiping with thinner and the application of teflon gel.
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The reinforcement fibers were trimmed to the required dimensions and layered
sequentially. Epoxy resin and hardener were mixed in a ratio of 10:1 to initiate
curing and applied uniformly over each fiber layer using a roller to ensure proper
wetting and adhesion. The hybrid laminates were constructed using three layers
of glass fiber and two layers of natural fibers, arranged in an alternating se-
quence to ensure that glass fibers formed the outer layers. Three configurations
were prepared: hemp/glass, ramie/glass, and hemp/ramie/glass composites. All
laminates were cured under a constant load using a weighted press for 12h to
ensure uniform consolidation and optimal interfacial bonding.

3. EXPERIMENTAL FRAMEWORK

To design reliable composite structures, it is required to determine key
mechanical characteristics such as stiffness and strength through targeted me-
chanical testing tailored to the specific material system. Adherence to ASTM
standards ensures consistent evaluation procedures and facilitates accurate char-
acterization of material behavior and performance.

3.1. TENSILE BEHAVIOR

Tensile samples were prepared in accordance with [22], the standard test
method for evaluating the tensile behavior of composite laminates. For each lam-
inate configuration, three samples were tested using a Universal Testing Machine
(UTM), where tensile load was applied until fracture occurred. The procedure
was repeated for all specimens and laminate configurations to determine the av-
erage tensile strength and corresponding stress values for comparative analysis.

3.2. FLEXURAL BEHAVIOR

Flexural test samples were prepared in accordance with [21], which outlines
the standard procedure for analyzing the flexural characteristics of polymer
composites. For each laminate type incorporating glass, hemp, and ramie fibers,
three samples were tested using the UTM under a three-point bending configu-
ration. During testing, both displacement and flexural strength were recorded to
facilitate comparative analysis across the different composite systems. Figure 2
displays the prepared samples for mechanical testing, involving tensile, flexural,
impact, and hardness evaluations.

3.3. IMPACT STRENGTH

To assess how the materials respond to sudden or dynamic loading, this
study employs the impact behavior assessed using the Charpy V-notch test.
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b)

F1G. 2. Mechanical test specimens: a) tensile specimen, b) flexural specimen,
c¢) impact specimen, d) hardness evaluation specimen.

This standardized procedure measures the energy absorbed by a specimen dur-
ing fracture, thereby offering insight into its toughness under high strain-rate
conditions. All specimens were prepared and tested in accordance with ASTM
D6110 specifications.

3.4. HARDNESS TEST

Microhardness testing is commonly applied to materials such as metals, ce-
ramics, and composites when conventional macro-scale hardness methods are
unsuitable. This technique is particularly effective for examining hardness vari-
ations across a specimen cross-section, analyzing thin sheet-like materials, and
evaluating localized microstructural features within a broader matrix. Typically,
static loads of 1kg or less are used to create small indentations, allowing precise
measurement of surface hardness at the microscale.

4. RESULTS AND DISCUSSIONS

4.1. TENSILE BEHAVIOR STUDY

The tensile behavior of the composite samples were tested using the UTM.
During testing, the machine automatically generated a force-displacement curve,
as illustrated in Fig. 3. The tensile behavior results of the different hybrid lam-
inates are compared in Fig. 4. Among the tested samples, the ramie and glass
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F1G. 4. Tensile strength performance of different hybrid fiber laminates.

fiber-reinforced composite showed an enhanced performance compared to the
other laminate configurations. The tensile strength values of the three differ-
ent laminate configurations: hemp/glass, ramie/glass, and hemp/ramie/glass
were evaluated for three specimens (L1, L2, and L3). The results are summa-
rized in the corresponding bar graph. The ramie/glass laminates consistently
showed the highest tensile strength across all specimens, with 73.10 MPa for L1,
61.80 MPa for L2, and 66.80 MPa for L3. On average, this laminate achieved
a tensile strength of 67.23 MPa, which is approximately 62 % higher than the
average value of hemp/glass laminate (41.58 MPa) and more than double that
of the hemp/ramie/glass laminate (32.54 MPa).

The hemp/glass laminates exhibited moderate tensile strength values rang-
ing from 39.40 MPa to 44.30 MPa, with an average value of 41.58 MPa. This per-
formance is about 27 % lower than that of ramie/glass laminate but 28 % higher
than that of the hemp/ramie/glass laminate. The hemp/ramie/glass laminates
recorded the lowest tensile strength, varying from 30.02 MPa to 35.70 MPa, with
an average of 32.54 MPa. This indicates a reduction of nearly 52 % compared to
the ramie/glass laminates. In terms of tensile performance, the ramie/glass com-
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posite demonstrates superior strength compared to the ramie/hemp/glass hy-
brid laminate. This enhancement is primarily attributed to the inherently more
tensile capacity of glass fiber reinforcement relative to natural reinforcement
including ramie and hemp. Since the tensile characteristics of a laminate is
predominantly governed by the mechanical characteristics of its reinforcing con-
stituents, a greater proportion of glass fibers contributes to improved load-
bearing capability. Furthermore, the interfacial bonding between the matrix and
the fibers plays a critical role in tensile behavior. Glass fibers exhibit stronger
suitability with epoxy resins, facilitating more efficient stress transfer across the
interface. In contrast, natural fibers such as hemp and ramie tend to have weaker
adhesion with the matrix, making them more susceptible to fiber pull-out un-
der tensile loading. This interfacial limitation reduces the overall tensile capacity
of hybrid laminates consisting of both ramie and jute fibers, as reported by YANG
et al. [18]. The adoption of hybrid laminate materials has experienced notable
growth, driven by their environmentally sustainable characteristics, including
recyclability, biodegradability, and reduced ecological impact [19].

TABLE 2. Tensile strength values of various composites.

Laminates Hemp/glass [MPa] | Ramie/glass [MPa] | Hemp/ramie/glass [MPa]
L1 41.05 73.10 35.70
L2 44.30 61.80 31.90
L3 39.40 66.80 30.02
Average 41.58 67.23 32.54
Standard deviation 2.49 5.68 2.91

4.2. FLEXURAL BEHAVIOR STUDY

The flexural performance of the hybrid composite specimens was system-
atically evaluated, as presented in Table 3. During mechanical testing, the
force—stroke response was recorded in real time, with representative curves il-
lustrated in Fig. 5. A comparative analysis of the flexural strength across the
various hybrid configurations is illustrated in Fig. 6. The outcomes indicate
that composites reinforced with a combination of ramie, hemp, and glass fibers
exhibit enhanced flexural resistance compared to those reinforced solely with
hemp/glass or ramie/glass fiber systems. The flexural strength results show
that the hemp/ramie/glass laminate achieve the highest strength with an aver-
age of 17.79 MPa, which is considered 100 % performance. In comparison, the
ramie/glass laminate recorded an average of 9.74 MPa, corresponding to about
54.7 % of the maximum strength, while the hemp/glass laminate had the low-
est avarage value of 8.49 MPa, equivalent to 47.7% of the maximum strength.
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TABLE 3. Flexural strength values of various composites.

Laminates Hemp/glass [MPa] | Ramie/glass [MPa] | Hemp/ramie/glass [MPa]
L1 8.52 10.25 18.22
L2 8.88 8.89 17.74
L3 8.06 10.07 17.42
Average 8.49 9.74 17.79
Standard deviation 0.42 0.74 0.41
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F1G. 5. Force-stroke curve obtained during flexural testing.
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F1c. 6. Flexural strength performance of different hybrid fiber laminates.

The higher strength in the hemp/ramie/glass laminate is due to the synergis-
tic effect of the three different fibers, where ramie adds stiffness, glass provides
strength, and hemp improves flexibility, resulting in better stress distribution
under bending loads. On the other hand, the hemp/glass laminate showed the
lowest flexural strength because hemp fibers have relatively low stiffness, which
limits their reinforcement capability. The ramie/glass laminate showed moderate
strength, as ramie fibers have superior mechanical properties compared to hemp
fibers; however, the absence of a third reinforcing fiber restricted its ability to
distribute stress as effectively as the three-fiber hybrid laminate. The enhanced
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flexural and impact performance of the ramie/hemp/glass hybrid composites
can further be attributed to the synergistic interaction among the constituent
fibers. Each fiber type contributes distinct mechanical advantages: glass fibers
impart high stiffness and impact resistance, while natural reinforcement such as
hemp and ramie improve energy absorption and toughness.

These results exceed those reported by SAPUAN et al. [2], where flexural
strength values ranging from 0.3kN/m? to 0.4kN/m? were achieved in epoxy
composites reinforced with woven banana fibers. The superior performance ob-
served in the current study highlights the effectiveness of mixed-fiber configu-
rations in enhancing flexural behavior. This multi-fiber architecture facilitates
more uniform stress distribution under flexural and impact loading conditions.
Additionally, the natural fibers play a critical role in bridging microcracks and
inhibiting their propagation, thereby improving the composite’s ability to resist
deformation and absorb dynamic loads [20]. Moreover, the strategic layering
of hemp, ramie, and glass fibers within the hybrid composite enhances load-
transfer efficiency. This architecture proves especially advantageous under flexu-
ral stress, as the outer glass fiber layers deliver structural rigidity, while the inner
natural fibers, namely ramie and hemp, offer improved toughness and ductili-
ty. The complementary roles of these fibers contribute to a more resilient and
adaptable composite structure capable of withstanding bending forces with a re-
duced risk of failure.

4.3. IMPACT STRENGTH ANALYSIS OF HYBRID COMPOSITES

This study incorporates impact testing using the Charpy technique to eval-
uate the load-bearing behavior and impact energy of several hybrid composite
specimens. The absorbed energy was determined based on data recorded by the
testing apparatus. Figure 7 illustrates the comparative impact strength across
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Fic. 7. Impact strength distribution among different hybrid laminate systems.
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the different laminate configurations. Among them, the composite reinforced
with hemp, ramie and glass fibers demonstrated superior impact resistance,
reaching up to 142.45kJ/m?. Composites reinforced with glass and ramie fibers
also showed comparable performance levels, as detailed in Table 4. Among the
configurations, the hemp/ramie/glass composite demonstrated the highest im-
pact resistance, with values ranging from 135.73 kJ/m? to 142.45kJ/m?, approx-
imately 45% to 50 % greater than the hemp/glass laminate and 40 % to 46 %
higher than the ramie/hemp laminate. This enhanced performance is likely due
to the combined effect of natural and synthetic fibers, which promotes better
interfacial adhesion and improves the material’s ability to absorb energy during
sudden loading. Conversely, the hemp/glass laminate recorded the lowest im-
pact strength, between 90.45kJ/m? and 95.91kJ/m?, reflecting a reduction of
about 36 % compared to the hemp/ramie/glass composite. This lower toughness
may stem from the limited energy-dissipation capacity inherent to the dual-fiber
system. The ramie/glass laminate exhibited intermediate values, ranging from
92.27kJ/m? to 99.55kJ/m?, roughly 30 % to 33 % lower than those of the top-
performing hybrid laminate. Its moderate behavior can be attributed to the
predominance of natural fibers, which, although sustainable, offer lower resis-
tance to crack propagation under impact loading. These findings underscore the
effectiveness of integrating ramie fibers with hemp and glass fibers in enhancing
the impact durability of epoxy-based hybrid laminates, making them promising
candidates for implementations requiring high toughness and energy absorption.
Natural fibers are increasingly being integrated into hybrid composite systems,
offering a sustainable alternative to conventional materials. A growing body of
research focuses on optimizing fiber hybridization to replace conventional metals
and alloys in engineering advancements while maintaining structural integrity
and cost efficiency. In the present study, composite laminates were fabricated by
combining glass fibers with natural fibers such as ramie and hemp fibers. Test
samples were subsequently prepared from these composites in accordance with
ASTM standards to ensure consistency and reliability in mechanical evalua-
tion. The hemp /ramie/glass fiber-reinforced composites developed in this study
exhibited an impact strength of 142.45kJ/m?, closely aligning with the value

TABLE 4. Measured impact resistance across composite configurations.

Laminates Hemp/glass [kJ/m?] | Ramie/glass [kJ/m?] | Hemp/ramie/glass [kJ/m?]
L1 90.45 99.55 142.45
L2 94.09 92.27 135.73
L3 95.91 94.09 135.82
Average 93.48 95.30 138.00
Standard deviation 2.79 3.73 3.80
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of 157.64kJ/m? reported by BHOOPATHI et al. [23] and VENKATESHWARAN
et al. [9] for banana-hemp-glass fiber laminates. This comparative performance
underscores the mechanical robustness of the present hybrid configuration and
reinforces its viability as a competitive alternative to previously investigated
systems.

4.4. HARDNESS VALUE ANALYSIS

Figure 8 illustrates the Vickers hardness test results for composite speci-
mens featuring various fiber combinations. Among the tested configurations,
the ramie fiber-reinforced polymer composite exhibited the highest hardness
value, reaching 27.73 HV. This performance notably surpasses that of the other
laminates, as detailed in Table 5, thereby highlighting the effectiveness of ramie
fibers in enhancing surface resistance. The hardness assessment revealed that
the ramie/glass laminate exhibited the highest values, ranging from 26.12 HV
to 27.73HV, approximately 35% to 40 % greater than that of the hemp/glass
configuration and around 30 % higher than that the hemp/ramie/glass variant.
This enhanced surface resistance is likely attributed to the robust interfacial
bonding between ramie and glass fibers, which effectively limits localized defor-
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Fic. 8. Hardness performance of various hybrid composites.

TABLE 5. Hardness performance of hybrid composites.

Laminates Hemp/glass [HV] | Ramie/glass [HV] | Hemp/ramie/glass [HV]
L1 17.54 27.73 20.61
L2 17.38 26.42 19.92
L3 18.12 26.12 19.90
Average 17.68 26.76 20.14
Standard deviation 0.39 0.83 0.40
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mation under load. The hemp/ramie/glass laminate demonstrated intermediate
hardness values, measured between 19.90 HV and 20.61 HV. While these values
are 25 % to 28 % lower than those of the ramie/glass laminate, they remain 10 %
to 15 % higher than those of the hemp/glass laminate. This moderate perfor-
mance reflects the composite’s balanced fiber architecture, where the reinforcing
effect of ramie and glass fibers is partially offset by the relatively lower stiffness
of hemp fibers. Among the tested laminates, the hemp/glass laminate recorded
the lowest hardness, with values ranging from 17.38 HV to 18.12HV approxi-
mately 36 % lower than those of the ramie/glass laminates and 10 % lower than
the hybrid containing all three fibers. The reduced hardness is primarily due
to the limited interfacial bonding and lower mechanical rigidity of hemp fibers,
which restrict the material’s resistance to indentation and surface wear. These
findings suggest that the ramie/glass composites are particularly well suited for
applications demanding high surface durability and resistance to concentrated
mechanical stresses (see Table 6).

TABLE 6. Comparative values of tensile strength, flexural strength, impact resistance,
and hardness for selected composites.

Tensile Flexural Impact Micro-hardness
Composite type behavior behavior resistance HV
[MPa] [MPa] [k /m?] [HV]
Glass/ramie
fiber-reinforced 73.10 10.25 99.55 27.73
composite
Glass/hemp
fiber-reinforced 44.30 8.88 95.91 18.12
composite
Glass/hemp/ramie
fiber-reinforced 35.70 18.22 142.45 20.61
composite

4.5. STATISTICAL ANALYSIS USING ONE-WAY ANOVA

To evaluate whether the observed differences in tensile behavior, flexural be-
havior, impact resistance, and microhardness across the three composites are
statistically significant one-way ANOVA was applied, and the corresponding
F-statistics and p-values were computed to evaluate the significance of ob-
served differences. A comprehensive overview of the statistical parameters is
provided in Table 7.

4.5.1. HYPOTHESES

Null hypothesis (Hp): the mean values of mechanical properties such as ten-
sile behavior, flexural behavior, impact resistance, and microhardness were found
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TABLE 7. One-way ANOVA descriptive statistics for mechanical properties.

Mean Standard 25th 75th
Property |Count valie deviation | Minimum | percentile |Median| percentile | Maximum
(SD) (Q1) (Q3)
Tensile
behavior 3 51.47 22.00 29.00 40.24 51.47 62.70 73.10
[MPa]
Flexural
behavior 3 12.15 6.00 6.00 9.08 12.15 15.22 18.22
[MPa]
Impact
resistance 3 95.30 47.15 47.15 71.23 95.30 119.37 142.45
[kJ/m?]
Micro-
hardness 3 18.61 9.12 9.12 13.86 18.61 23.47 27.73
[HV]

to be similar across all composite types, indicating that the type of composite
had no significant effect.

Alternative hypothesis (Hj): at least one composite type shows a statistically
pronounced disparity in the mean values of the mechanical properties, suggesting
that composite type influences the mechanical response.

4.6. MICROSTRUCTURE OF HYBRID FIBER-REINFORCED COMPOSITES

Hemp fibers are extracted from the matrix, leaving holes or cavities on the
fracture surface, and glass fibers may remain partially bonded or protruding.
The softer epoxy matrix surrounding hemp fibers cracks more easily, and gaps
appear between fiber and matrix where debonding has occurred. The fracture
is usually non-planar, hemp-rich regions show shear failure (diagonal cracking)
while glass-rich regions show more brittle fracture with fiber breakage, as shown
in Fig. 9a. Some ramie and glass fibers show clean breaks (transverse cracks),
while others exhibit partial pull-out with attached matrix resin on the fiber sur-
face, indicating strong fiber—-matrix bonding. Fine cracks in the matrix radiate
from broken fiber ends; voids or stress concentrations appear where fibers have
debonded. Ramie/glass composites typically show flatter fracture surfaces than
hemp/glass composites, with visible layering and fiber alignment dependent on
the stacking sequence, as depicted in Fig. 9b. Figure 9c¢ shows fiber pull-out,
matrix crazing, rough texture, multiple microcracks radiating from hemp fiber
breaks. A sharp, brittle transverse fracture is observed, with minimal pull-out,
clean glass fiber ends, and little to no matrix deformation around glass fibers.
Ramie and glass show good adhesion (resin attached to fiber), while hemp shows
weaker adhesion [24, 25].
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F1G. 9. SEM images of various hybrid composites:
a) hemp/glass, b) ramie/glass, ¢) hemp/ramie/glass.

5. RESuULTS

The calculated p-value is 0.0025, which is less than the established level of
significance (0.05); therefore, the findings reject null hypothesis. This means
that differences observed in mechanical characteristics, such as tensile behavior,
flexural behavior, impact resistance, and hardness, among the various composite
types are statistically significant. This result gives confidence that these varia-
tions may be due to fiber types rather than random variation.

6. OVERALL SUMMARY AND INTERPRETATIONS

This study compared the mechanical characteristics: tensile behavior, flexu-
ral behavior, impact resistance, and microhardness of different hybrid compos-
ites made from glass/ramie, glass/hemp, and glass/hemp /ramie fibers. The ten-
sile strength was highest in the glass/ramie composite (73.10 MPa), followed by
glass/hemp (44.30 MPa), while the glass/hemp/ramie hybrid showed the lowest
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value (35.70 MPa). In contrast, flexural strength peaked in the glass/hemp /ramie
hybrid (18.22 MPa), outperforming both glass/ramie and glass/hemp variants
(10.25 MPa and 8.88 MPa, respectively). Impact strength exhibited a similar
trend, with the glass/hemp/ramie composite achieving a significantly higher
value (142.45kJ/m?) compared to glass/ramie composite (99.55kJ/m?) and
glass/hemp composite (95.91kJ/m?). Hardness was greatest in the glass/ramie
composite (27.73HV), moderate in the hybrid (20.61 HV), and lowest in the
glass/hemp configuration (18.12 HV). Statistical analysis using one-way ANOVA
confirmed that the differences in flexural behavior, impact behavior, and micro-
hardness across the composite types were statistically significant (p < 0.05),
while variations in tensile strength were less pronounced. The outcomes empha-
size the impact of fiber hybridization on mechanical performance and highlight
the potential of multi-fiber composites for tailoring properties for specific engi-
neering applications.
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This work concerns a global elastic buckling problem of a thin-walled T-frame with con-
sideration of the shear effect. A novel approach was used to account for this effect, namely, the
non-linear shear deformation theory, which gives as a result the shear deformation function
describing the behaviour of the beam cross section. This thin-walled T-frame consists of a hor-
izontal beam and a vertical column made of the same standard H-beams. The shape of this
standard H-beam and the dimensionless deformation function of the plane cross section, being
the result of the shear effect, are analytically described. The buckling problem of the frame
is analytically formulated and solved. The critical loads of exemplary beams are analytically
determined. Moreover, a numerical model, based on the finite element method (FEM), of the
frame is elaborated and the critical loads of exemplary frames are determined. Consequently,
the research results obtained by both methods are compared, and the advantages of the pro-
posed approach are discussed.
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1. INTRODUCTION

Thin-walled beams used in the 20th century are still commonly used to-
day, for example, in vehicles and steel building structures. They are parts of
frames containing from several to several dozen beams. Particular beams may
be subjected to different types of loading such as compression, torsion or bend-
ing; however usually a complex state of stress in each beam is present. For this
reason, an effective tool is needed to analyse the state of stress in the beam,
the phenomena occurring at the joints between beams as well as the influence
of individual beams on each other. A detailed description of the strength and
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stability problems of thin-walled beams and selected structures is provided by
TRAHAIR et al. [1]. The authors described in detail problems related to tension
and compression members, local buckling of thin-plate elements, bending and
lateral buckling of beams, beam-columns, frames, joints, and torsion members.

The application of the generalised beam theory (GBT) to the analysis of
thin-walled frames is presented by BASAGLIA et al. [2]. The buckling analysis
of frames made of U- and I-sections is discussed, including problems related to
joints. These considerations are continued in the paper by BASAGLIA et al. [3].
Here, local and distortional buckling are also studied. Exemplary calculations
are made for L-shaped and portal frames made of open cross-section beams.
The possibility of applying GBT-based finite element (FE) calculations to the
analysis of frames made of thin-walled members of different cross sections is
reported by CAMOTIM et al. [4]. The analyses are extended to the non-linear
range and the results are compared with those given by the commercial ANSYS
code. Possible future developments of the proposed method are also discussed.

The behaviour of frames made of thin-walled members is influenced by the
behaviour of their individual elements, i.e., a single beam. For this reason, an
optimal shape of the cross section is sought that will provide the highest stiffness
and resistance to buckling. Examples of atypical cross sections are presented by
MAGNUCKA-BLANDZI and MAGNuUcKI [5]. Different types of channel beams are
considered. An analytical formula for the critical stress is obtained followed by an
optimisation process showing the relation between the geometrical dimensions of
the cross section and the critical stress. For selected beams experimental results
are shown.

Rectangular frames are parts of vehicle structures and thus subjected to
combined loading, mainly bending and torsional moments. The analytical de-
scription of the global buckling of such frame made of thin-walled open cross
sections is described by MAGNUCKI and MILECKI [6]. The critical values of the
forces loading the frame in its plane are determined. The obtained results
are compared with those from the finite element method (FEM). Stable and
unstable regions of the structure are defined plots.

Large frames in the form of spatial structures are used in construction en-
gineering, e.g., as supporting structures for warehouses. The behaviour of such
large frames is analysed by NAGY et al. [7]. Three variants of the frame are mod-
elled: a bare frame, a frame with a roof made of trapezoidal sheeting and a frame
with a roof made of sandwich panels. Numerical analyses are performed and
the differences in the behaviour of these three frames are discussed. The buck-
ling length coefficient for frames was calculated by KRYSTOSIK [8] using three
different approaches. The author concluded that the recommendations of the
American and European codes, due to assumed simplifications, provide inaccu-
rate results when compared with the FE approach. Thin-walled frames are also
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analysed by ZHANG et al. [9]. A new approach is proposed in which the failure
criteria is based on the sum of the structural exponential strain energy density.
The buckling of frames and arches made of I cross sections is investigated by Liu
et al. [10]. An analytical approach based on virtual work is applied to determine
the critical loads for different geometries of structures. Different formulations
of the joints between particular beams are considered. The effectiveness of the
proposed solutions is proved by comparing the results with those obtained by
the FEM.

One of the most popular shapes of the beam is the H-section, since it is
the most effective one when bending load is considered. The H-section beam
under unequal end bending moments is investigated by GIZEJOWSKI et al. [11].
The influence of the slenderness of the element and moment distribution on the
critical state is analysed analytically. Two examples of frames made of H-section
and circular section are considered loaded with a static and dynamic loading.
The stability of columns and beams with H- and box-sections is analysed by
ZHOU et al. [12]. In the paper, the authors propose a beam-column element with
a plastic hinge included making it possible to analyse global and local buckling.
Only a single element is needed to predict the load-bearing capacity of columns
and frames. Plane frames made of I-sections are investigated analytically by
WEN et al. [13]. A new comprehensive approach based on the potential energy
method is proposed. Different formulas are used to compare their effectiveness
in determining the deformation of frames after the loss of stability. An numerical
approach to the stability analysis of I-beam is presented by YANG et al. [14].
A 1D FE is proposed to solve local and global buckling problems.

Crucial importance for the load-carrying capacity of frames has the con-
nection between particular beam-columns. Such a connection, in the form of
K-shaped braced shear panel, is investigated in the paper by XIANG et al. [15].
The proposed new connection system is tested in laboratory under seismic load
and its ability to dissipate energy is analysed. Experimental tests of frames are
also described by JUZA et al. [16]. A number of tests are carried out for portal
frames made of cold-rolled hollow sections. The influence of material nonlinear-
ity on the deflection of frames is shown. The results are also compared with
those from the FE analyses.

If a frame is composed of beams whose thickness is not small or beams that
are short, shear stresses play a significant role. The analysis of these stresses
is especially important when multilayered beams are considered. An example
of research in this area is the work by MAGNUCKI [17]. The author compares
the classical zig-zag theory with a new proposal of nonlinear shear deforma-
tion theory. It is shown that the stress distribution differs significantly between
models based on the two theories. The proposed approach refines the shear effect
in multilayered beams. The same theory was applied to analyse the vibrations of
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wide-flange H-beam in [18]. The shear coefficient is derived analytically, which
refines the formula for natural frequencies. It was shown that this coefficient
should be taken into account for short beams, and its application reduces the
value of the natural frequency.

In the present paper, the research on the application of the nonlinear shear
deformation theory described by MAGNUCKI [17, 18] is continued. Here, the
theory is applied to a thin-walled T-frame, shown in Fig. 1a, made of a horizontal
H-beam of length L, and vertical H-beam-column of length Lo rigidly connected
together. The joint connecting the two beams of the T-frame is shown in Fig. 1b,
where the dimensions of the H-section are presented that is the height of the
web — h, and the width of the flange — b.

a) b)

L2 Ly/2

X

Ly

~h |~

o)

Fi1G. 1. Scheme of a thin-walled T-frame loaded with a force F'.

The main goal of the paper is analytical and numerical FEM study of the
elastic global buckling problem of the T-frame under the action of force F' ap-
plied along the centroidal axis of the column.

2. ANALYTICAL MODEL OF THE H-BEAM

The detailed cross section of the H-beam is shown in Fig. 2. The thickness
of the flange equals t; and the thickness of the web is by. The radius between
particular parts of the cross section is equal to 7.

The analytical description of this cross section is formulated with considera-
tion of the following dimensionless quantities: n = y/b — coordinate, Sy = by/b,
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F1G. 2. Scheme of the H-beam cross section.

Xf =tg/b, p=r/b— dimensionless parameters. Thus, the dimensionless widths
w of the successive parts:

— the first interval of the upper part —1/2 <n < —(p+ 5o/2):

wi™ (1)

(2.1) wy ) = 2 = 2,

— the second interval of the upper part —(p+ £o/2) < n < —Bo/2:

w(up)
(2.2) @y (n) = 2()(77) = 2{Xf +p— \/— <77 + ;ﬂo)<n +2p+ ;Bo)},

— the middle part —(y/2 <n < By/2:

w(™P) (1) _h
b b’
— the second interval of the lower part 8y/2 <n < p+ fBo/2:

wP)
(2.4) wgp)(ﬁ) = 21)(77) = 2{Xf +p— \/<77 - ;%)(—7} +2p+ ;B())},

(23) () =
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— the first interval of the lower part p+ 5p/2 <n < 1/2:

2.5 ) = 20

— 9y
b Xf

The defined dimensionless widths allow the calculation of geometrical parame-
ters of the cross section, that is, the first moment, necessary for calculated shears
stress.

The scheme of the planar cross section deformation of this H-beam after
bending-buckling is graphically presented in Fig. 3.

i |
]L

F1G. 3. Scheme of the planar cross section deformation of the H-beam.

The longitudinal displacements u, based on the scheme (Fig. 3), and conse-
quently the normal €, and shear 7, strains, as well as normal o, and shear 7.,
stresses in the successive parts are as follows:
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— the first interval of the upper part —1/2 <n < —(p+ 5y/2):

(2.6)

(2.7)

(2.8)

(2.9)

(2.10)

— the second interval of the upper part —(p + 5o/2) <n < —05p/2:

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)

) = 0 [0~ S i),

2oy, i
P o) = =b |’y — AP |
u df(up)

ol () = BeSP) (2, ),

(up) I

zyl (1’777) - 2(1+ )’Ya:yl 77)7

uS™ (z,m) = —b [HZZ — flav) (n)@b(w)} :

u d? d
o) = = o'y~ 1P W 5.
u d (up)
B ) = V),

o (@, n) = E<SP (2, ),

(up) E_(w)
Txy2 (ZL‘ 77) 2(1 _i_l/)’yny (51;777),

— the middle part —8p/2 < n < Sy/2:

(2.16)

(2.17)

(2.18)

) = b 150 = 18 o).

dx d
d2v dy)
(mp) - _ av  p(mp), Y
£ o) = = s — 1%
(mp)
d
AP) (a,7m) = Vi P(z),
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(2.19) o) (z, ) = Ee™(z,n),
(2.20) TP) (3, ) = Fme) (2, 1),

2(1+v)

— the second interval of the lower part 8y/2 <n < p+ Bo/2:

dv
(2:21) P = b [0 = 18 o).
. Pv gy, d
(2:22) o) = = o'y - 1 W 5.
(Ip)
1 df,
(2.23) Yo (1) = —E(a),
7
(2.24) ag’)(x, n) = Eagg) (x,m),
(Ip) ___EF
(225) Twa (xa 77) - 2(1 + I/) Fya;yQ (xa 77)7

— the first interval of the lower part p+ Go/2 <n < 1/2:

dv
(2.26) P = b1 = 18 o).
2
(p) _ v ap), \dY
(2-27) ng (%77) =-b [Wd:v? - fdlp (n)dx],
df(lp)
(2.28) Yot (1) = = y(a),
U
(2.29) ol (z,n) = B (2, ),
(Ip) R (1
(230) szl (CE, 77) - 2(1 + 7/) r)/xyl (xa 77)7

where f(glllp) (n), (g;p) (n), fémp) (n), é;p) (n), (gllp) (n) are unknown dimensionless
deformation functions, v(x) is the deflection function, wug, is the longitudinal
displacement of the outside surfaces of the beam, ¢ (z) = ug,/h is the dimen-
sionless shear effect function, F is Young’s modulus, and v is Poisson’s ratio.

The unknown dimensionless deformation functions are analytically derived
in the successive parts and presented further. They are obtained by equating the
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shear stresses formulated above with Zhuravsky’s classical shear stress formula
and by taking into account the first moment of the cross section of the beam.
Details of this procedure can be found in [17, 18]. Thus, for particular parts of
the cross section there are:

— the first interval of the upper part —1/2 <n < —(p+ 5o/2):

u 1 4
231 0 =-cp+ g (1= 5 )

— the second interval of the upper part —(p + 5o/2) <n < —05p/2:

o(up)
u SZ
(2.32) ngp) (n) = =Cup — Cp2 + / (ip)(ni di.
—(otos2) 2 T

— the middle part —f5p/2 < n < By/2:

1

m b
(2.33) £ () = o (24h0522 + 305 — 4n2)n,

— the second interval of the lower part 8y/2 < n < p+ fo/2:

1 <(p)
SZ
(2.31) Ww=ca+ [ 220,
Bo/2 @y (1)

— the first interval of the lower part p+ 6o/2 <n < 1/2:

1 4
(239 W=cr+g(1-57)n

where the dimensionless coefficients are as follows:
—Bo/2
Coza = % [1 —4 (p + ;B?))] X+ / w,° (n)ndn,
—(p+Bo/2)

P+50/2f(1p)

Sz2 (n)d
wy” (1)

<P + ;5’0>,

9

1 b
Cp2 = ﬂ <12hcsz2 + 6(%) 607 Cpl = CpZ +

Bo/2
—Bo/2

22 (77) 1 4 1 2
—=——d = S I [ -
- 7, Cf Cp1 3 [ 3 (p 250
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and the dimensionless functions are given by

n
" 1 1_\? "
S( p)( )= 1 [1 -4 <p+ 250) X5+ / wy™ (n)ndn,

—(p+Bo/2)

n

71 —u
S ) = Cuoa 3 (8 — #77) (xs +9) / ™ (nyndn.
—(p+Bo/2)

These dimensionless deformation functions satisfy the continuity conditions
between the successive parts of the cross section.

To solve the stability problem, the principle of stationary total potential
energy will be used in the form 6(U., — W) = 0 (for details see [17]). The elastic
strain energy U, of the horizontal and vertical beam is defined as well as the
work W of external load. After substituting them into the principle of stationary
total potential energy and performing simple transformation, the system of two
differential equations of equilibrium for this H-beam is obtained in the following
form:

— d*v dyp _ My(z)
2- 27 o9 Yo I
(2.36) T = Oy = e
(2.37) A B I GO R
' Wdrd a2 TV bk
where the dimensionless coefficients are as follows:
1 1,\*| b b p%/Q
_ a3 - o - v v _(1 )
Bo/2
Bo/2 ) p+Bo/2 1/2
m 1 1
Coy = /nfé p)(n)dn+2ﬁ / nfe) (nyws® (n)dn-+2x s / o (n)dny,
—po/2 Bo/2 p+Bo/2
Bo/2 ) . p+B0/2 )
m 1 _(1
o= [ ] dn+2 S [ [0 0)] @y
—Bo/2 Bo/2

1/2

+ 2x5 / [fflllp)(n)rdn ,

p+B0/2
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. Bo/2 " 9
Cy = m / [h s22 T 3 (ﬁo )} dn
—B0/2
p+B0/2 [5(lp) 2 1/2
+29 0 [Szz (77)} d +be (174 2)2d
h P (n) 16 h " "
Bo/2 2 p+Bo/2

These two differential equations of equilibrium, (2.36) and (2.37), are funda-
mental in the analysis of the T-frame buckling problem.

3. ANALYTICAL MODEL OF THE THIN-WALLED T-FRAME TAKING INTO
ACCOUNT THE SHEAR EFFECT

3.1. PRE-BUCKLING STATE

The T-frame is a statically indeterminate structure. The disconnected beams
with the interaction force F,. are shown in Fig. 4. The detailed scheme of the

F

X ko

T777¢777 b
L2 E L2

&

L,

|
XZV‘

F1G. 4. Scheme of the interaction force F. of two beams.
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horizontal beam subjected to loading is shown in Fig. 5. The bending moment
based on this scheme is as follows:

(31) My(2) = 360 (F — )b,

where £ = x1/L; is the dimensionless coordinate (0 < & < 1/2) and \; = L1/b
is the relative length of the horizontal beam.

F
0
AN N
E
1 X ¢ 1
2(F-E) ! 7(F-E
o L2 L2 2
N

F1G. 5. Scheme of the horizontal beam with the load.

Thus, the equations of equilibrium, (2.36) and (2.37), expressed in terms
of the dimensionless coordinate &;, with consideration of Eq. (3.1), are in the
following form:

— d21) d1/)11
3.2 J—— — Cyp Ly ———
32 dgp T dg

SF_FC
1

A
&1 oh

1
2
d*v 1y

3.3 Cop—= — Cyli——
(3.3) vags ~ Gl e

b
+ CwA%Llﬁwn(gl) =0

Equation (3.2) and Eq. (3.3), after simple transformation, are reduced to a single
equation in the form:

>y 1 Cm/, F—F.

3.4 — Z ’
where a = ch;% is the dimensionless coefficient. The solution of Eq. (3.4)
is given by the following function:

1 cosh (a)\“/b h 1) Coy F—F,
cosh (O.5a)\1 b/h) J:Cy

This function satisfies the conditions: d¢1/d§1‘0 = 0 and ;(1/2) = 0. Substi-
tuting function (3.5) into Eq. (3.2), after integration and simple transformation,
one obtains the beam deflection line:

02
J.Cy

X F—F,
16J, Eb

)

(3.6) v(&) = [(51 - gﬁf') 3 fuw(&)
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where

sinh (04)\1 \/W§I>
aAlmcosh <0.5a)\1 Jb/ﬁ) '
Function (3.6) satisfies the conditions: dv/d§1‘1/2 = 0 and v(0) = 0. Thus, the
maximum deflection of the horizontal beam is as follows:
N F—F,

. — 1 sel) —/—/——
(3.7) v =1+C 1)48Jz Eh

fvw(gl) = 51 -

)

where the dimensionless shear coefficient:

12 1 > [h 1 b
3.8 Cor = o [1— =/ Btanh | ady/—
(38) ! A%b[ a/\l\/;an (20‘ 1\/;>

The shortening of the vertical H-beam-column under the action of force F,
(Fig. 4) is as follows:

2
70,'] w .
J.Cy

F. )\
3.9 ALy = —£2
(3.9) " EAn
where
p+B0/2
T _ 1 —(1p) b
A=Fy+24(1—-2 P+§50 Xf + wy - (n)dn 7
Bo/2

is the dimensionless cross section area, and Ao = Lo /b is the relative length of
the beam-column.

Based on the condition v;1 = ALy, which states that the deflection of the hor-
izontal beam is consistent with the shortening of the beam-column, one obtains
the force:

o (1 + Csel)ZA:l))
A48T Ay + (14 Cue) AN

(3.10) Fe

3.2. BUCKLING STATE

The form of the horizontal H-beam bending line of the T-frame after its
buckling is shown in Fig. 6. The bending moment, based on this scheme, in the
dimensionless coordinate & = x1/L; for the first interval (0 < & < 1/2), is as
follows:

(3.11) My (&) = =& Mo,

where My is the moment at the joint connecting the two beams.
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L2 L2
P T A < M,
ol Ve 90 x =
- LB _ A
M F--——— My
Ll X1 Ll
N

F1G. 6. Scheme of the deflection line of the horizontal H-beam.

Therefore, the equation of equilibrium (2.36) in the dimensionless coordi-
nate &1, with consideration of Eq. (3.11), is in the following form:

— d%v d1/112
12 —— — CyuL

However, Eq. (2.37) is of the form of Eq. (3.3), with the dimensionless func-
tion 12(&1). Solving Eq. (3.12) and Eq. (3.3), after simple transformation, one
obtains the dimensionless function:

cosh (aAl\/ﬂ 1) Cupy 1 My
cosh (0.5a)\1 \/[)/7> J.Cy M1 Eb3
and the rotation angle of the center of the deflection line:

12J, h Eb3’

2M0

= SN

(3.13) Y12(&) = — ¢ 1 -

(3.14) 0o = (14 Cse1)

where Cj; is the dimensionless shear coefficient consistent with Eq. (3.8).

The buckling line form of the vertical H-beam-column is shown in Fig. 7.
The bending moment, based on this scheme, in the dimensionless coordinate, is
as follows:

(3.15) Mp(§2) = —(1 = &2) Mo + Fev(§2),

where £ = x5/Ls is the dimensionless coordinate (0 < & < 1), Ao = Lo/b is
the relative length of the vertical beam-column.

Consequently, the equilibrium Eq. (2.36) and Eq. (2.37), in the dimension-
less coordinate &2, with consideration of the bending moment (3.15), are in the
following form:

_ d%v dio 2
(316) JZ@ — qu};LQ dé. [(]- - 52)M0 - FCU(£2)] )\2 Ebh7
d3v d21/12 b
3.17 Cyp—= — Cyps L1a——= + CyA2Lo— =0
(3.17) wdf’g’ L2 T + COyAd 2h¢2(§2)
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B)

Ly /

‘ 2
X
A

F1G. 7. Scheme buckling line form of the vertical H-beam-column.

These two differential equations, after simple transformations, are reduced to
a fourth-order differential equation in the following form:

(3.18) .

~ k(&) = ~(1 - &)a -3

v d% zAé‘<b>2Mo
et " 7.

b Copy — M b\
where k1 = az)\%ﬁ <1 -7 lej C> and ko = ozzj—Q (h) F'. are the dimension-
2 z

less coefficients, and F. = F,/Eb? is the dimensionless force.
Solving Eq. (3.18), taking into account the boundary conditions v(0) =
v(1) = 0, one obtains the buckling line of the vertical beam-column in the form:

(3.19) (&) = {1 g, Snl— fz)p]} 1 M,

sin(p) F.Eb’

where p = % \/ —k1 4+ \/k{ + 4k is the dimensionless coefficient. Consequently,
the rotation angle at the beginning of this line ({3 = 0) is as follows:

_ [ 11 M
~ [tan(p) F. o Eb3

_dv
Lad&s |

(3.20) fo
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By equating the rotation angles (3.14) and (3.20), one obtains the algebraic
equation:
)\1 )\2 b— P

3.21 14+Cs1)—=—-F.+1——=0
(3.21) (1+ 1)12JZh * tan(p)

Based on Eq. (3.21), the dimensionless critical force FQCR for the vertical beam-

column alone is determined, and consequently, taking into account Eq. (3.10),
one obtains the dimensionless critical force for the whole frame:

481, o —

————= | Fecr:
(1 + Csel)A)\?

(3.22) For= |1+

4. ANALYTICAL MODEL OF THE THIN-WALLED T-FRAME NEGLECTING
SHEAR EFFECT

This presented frame model is a simplification of the model presented in
Sec. 3 and is developed on the basis of the Bernoulli-Euler beam theory.

4.1. PRE-BUCKLING STATE

Equation (3.2), describing the horizontal beam bending in the first interval
(0 <& <1/2) (Fig. 5), without the dimensionless shear effect function ¢11(&1),
is in the following form:

—dv 1, GFO _FY
4.1 Jommy = 26N — 5
(4.1 a@ = N ER
where the superscript (o) in the forces refers to the variant without the shear
effect. After integrating this equation twice and taking into account the following
conditions: v(0) = 0 and dv/d& |, = 0, one obtains the deflection line in the
form:

A Fe) — F
8J, Eh

(4.2) v(&) = (3-4)&
Thus, the maximum deflection of this beam is as follows:

1 A Fe) — FL)
4. =v(=)=-"22 <.
(4.3) v =0 <2> 157, h

It is easy to see that this expression is the same as Eq. (3.7) for Cse; = 0, when
the shear effect is omitted.
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The shortening of the vertical H-beam-column under the action of the force
(Fig. 5) is in the form of Eq. (3.9). Based on the condition v; = AL, one obtains

the relationship between the forces FC(O) and F(©) in the form:

A1\3
(4.4) F©) = $F@>,
48T Ag + AN}
or
48T . \o
4.5 FlO = (14 =2222) plo),
(45) (1+ o )

It is easy to see that Eq. (4.4) is the same as Eq. (3.10) for Cse1 = 0, when the
shear effect is omitted.

4.2. BUCKLING STATE
Taking into account Fig. 6, and Eq. (3.12), without the dimensionless shear

effect function 112 (£1), the equilibrium equation is in the following form:

d2 2A]\4( )
(4.6) d§1 = SN

Integrating Eq. (4.6) twice and taking into account the conditions: v(0) = 0 and
v(1/2) = 0, one obtains the horizontal beam deflection line in the form:

A2 M
24.J, Eb2h’

(4.7) v(§)=-(1-4)&

and consequently, the slope of this beam deflection line is as follows:

dv _ (19¢ 1) A MY
Lydé, LV o4g, Eb2R

(4.8)

Thus, the rotation angle at the center of the deflection line is as follows:

dv A 1)
legl 1/2 N 12jzh 0

(4.9) 0y =

where M((]o) = Méo) /Eb? is the dimensionless moment. It is easy to see that
this expression is the same as Eq. (3.14) for Cse; = 0, when the shear effect is
omitted.
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Taking into account Fig. 7, and Eq. (3.16), without the dimensionless shear
effect function 15 (&2), after simple transformation, the governing equation is in
the following form:

d*v | A3 b—(o) A3 b—(0)
(4.10) ng+iﬁFC 0(52)—(1—@)725]\/[0 :

where Fﬁo) = FC(O) /Eb? is the dimensionless force. Solving this second-order dif-
ferential equation, taking into account two boundary conditions v(0) = v(1) = 0,
after simple transformation, one obtains the buckling line of the vertical beam-
column in the form:

sin |(1 — ©1) a7
(4.11) v (&) = {1 —&— [(1 &) p ]} M

sin (p(O)) F((:O) ’
p B . . . .
where p(©) = X\, R Is the dimensionless coeflicient.
The slope of this buckling line is as follows:
dv cos [(1 — fg)p(o)] M(()o)
4.12 =<¢-1 .
I R T

Thus, the rotation angle at the beginning of this buckling line is as follows:

dv pl Méo)
4.13 0y = = — _
( ) 0 Laod&y |, [tan (p(o)) LQF&O)

By equating the rotations angles (4.9) and (4.13), one obtains the algebraic
equation:

A1A2 b—(0) 1 p? —0

4.14 — +
(4.14) 127, 0 eor T )

(0)

Based on Eq. (4.14), the dimensionless critical force F, 4 for the vertical beam-

column is determined, and in accordance with Eq. (4.5), one obtains the dimen-
sionless critical force for the T-frame without shear effect:

—(0) 48.J. X2\ (o)
(415) FCR — <1 + — FC,CR‘
AN

It is easy to see that this expression is the same as Eq. (3.22) for Cse; = 0, when
the shear effect is omitted.
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5. ANALYTICAL STUDIES OF SELECTED T-FRAMES

Example analytical studies are carried out for a thin-walled T-frame made
of a horizontal beam with relative lengths Ay = 10, 15, 20, 30, 40, and a vertical
beam-column with relative length Ao = 40. Sizes of three standard H-beams are
shown in Table 1.

TABLE 1. Dimensions of the three selected standard H-beams.

Sizes | h [mm] | b [mm]| | by [mm] | ¢y [mm] | 7 [mm]
H-300 300 300 11.0 19.0 27.0
H-400 400 300 13.5 24.0 27.0
H-500 500 300 14.5 28.0 27.0

The values of the dimensionless critical forces calculated on the basis of
Eq. (3.21) and Eq. (3.22) for the case of shear effect taken into account and Eq. (4.14)
and Eq. (4.15), neglecting this effect are presented in Table 2, Table 3, and Ta-
ble 4.

TABLE 2. Critical forces of T-frame made of standard H-300 beams.

A1 10 15 20 30 40

10°F.cr | 1.24240 | 1.22063 | 1.19980 | 1.16123 | 1.12664
10°F b | 128132 | 1.25771 | 1.23422 | 1.19230 | 1.15505
10*Fcr | 1.39063 | 1.26442 | 1.21805 | 1.16648 | 1.12880

10°F5) | 143833 | 1.30273 | 1.25312 | 1.19771 | 1.15726

TABLE 3. Critical forces of T-frame made of standard H-400 beams.

A1 10 15 20 30 40

10°Feon | 1.55404 | 1.52748 | 1.50195 | 1.45453 | 1.41189
10°F 0, | 1.61894 | 1.58832 | 1.55942 | 1.50646 | 1.45940
10°For | 172912 | 1.57947 | 1.52337 | 1.46080 | 1.41446

10°F%) | 1.80787 | 1.64324 | 1.58217 | 1.51297 | 1.46206

TABLE 4. Critical forces of T-frame made of standard H-500 beams.

A1 10 15 20 30 40

10°F.cr | 1.79638 | 1.76636 | 1.73741 | 1.68347 | 1.63484
10°F %, | 1.88901 | 1.85329 | 1.81957 | 1.75777 | 1.70286
10°For | 1.99066 | 1.82430 | 1.76165 | 1.69048 | 1.63777

10°F%) | 210220 | 1.91526 | 1.84523 | 1.76512 | 1.70586
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By comparing the values of critical forces determined analytically with and
without taking into account the shear effect, it is easy to see that the shear
effect reduces the values of the critical forces. Differences between these values
of critical forces are specified in Table 5.

TABLE 5. Differences between the values of critical forces with and without the shear effect.

A1 10 15 20 30 40
AF(CP;—SOO)% 34 | 30 | 29 | 2.7 | 25
Afggzmo)% 46 | 40 | 39 | 36 | 34
Afélg—soo)% 56 | 5.0 | 4.7 | 44 | 42

Moreover, these results of the exemplary calculations are graphically pre-
sented in the next section and compared with the results of FE analyses.

6. NUMERICAL (FEM) STUDIES OF SELECTED T-FRAMES

As a comparative study a FE analysis is performed. A 3D model of the whole
frame is prepared. A linear buckling analysis is carried out using the Ansys!)
software. The material model is assumed to be linear elastic with the follow-
ing parameters: Young’s modulus £ = 200000 MPa and Poisson’s ratio v = 0.3.
The boundary conditions applied to the model are shown in Fig. 8a. All three

a)

b)

-

Fex [X10

1.4570
1.4565

1.4560
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1.4530
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0

200

300 400 500 600

Number of nodes [x10%]

F1G. 8. FE model of the T-frame: a) boundary conditions, b) mesh convergence study,

¢) mesh pattern.

1)Ansys, Inc., Academic Research Mechanical Release 2023 R2.
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ends of the frame are pin-supported. A remote displacement option was used
to achieve this condition, which was applied to the whole cross section and
realised at its centroid. At the bottom of the vertical part of the frame, dis-
placements along three axes are blocked. Rotation about the z-axis is allowed.
Both ends of the horizontal part can move horizontally and rotate about the
z-axis. To avoid rigid-body motion, the horizontal displacement is taken away
at one node at the mid-length of the horizontal beam. The force F' is applied to
the upper part of this beam, at the edge corresponding to the center line of the
web of the vertical part of the frame (see Fig. 8a).

To discretise the model of the frame, solid elements are used marked as
SOLID186 which were tetrahedral, second-order FEs with 10 nodes and 3 degrees-
of-freedom in each node — displacements in three directions. This choice pro-
vides the most effective model among those investigated, in which both tetrahe-
dral and hexahedral elements were taken into account. The negative influence
of using a single element over the thickness of the beam wall was also verified.
The number of elements was established based on the mesh convergence analysis
presented in Fig. 8b. It was decided to set the element size to 22, which gave
about 400 000 nodes for the H-300 frame with the parameter A\; = 10. It should
be noted that even for the two extreme cases considered, shown in Fig. 8b,
the difference in value of the buckling load is only about 0.2%. This comes
from the fact that the buckling mode has a global character and the analysis is
a linear one. The exemplary mesh used in all analyses is shown in Fig. 8c.

Typical buckling shapes corresponding to the H-300 frame are shown in Fig. 9
for selected lengths of the horizontal beam. The values of the buckling load for
all considered frames are presented in Fig. 10, together with the results given by
the analytical solution described in Sec. 5. They are given on the vertical axis
whereas the horizontal axis corresponds to the length parameter A\; — the higher

I
A /

F1G. 9. First buckling mode of the H-300 T-frame for different Aq:
a) A1 = 10, b) A1 = 25, ¢) A1 = 40 (scaled 10%).

a) b)
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F1G. 10. Comparison of dimensionless buckling loads obtained with analytical and numerical
approach: a) H-300, b) H-400, ¢) H-500.

its value, the longer the horizontal part of the frame. Regarding the analytical
solution, two curves are shown. One of them corresponds to the buckling load
for the whole frame — red line with circles, and the second one corresponds to
the buckling of the vertical beam only — blue line with diamonds. In the FE
analysis, only the whole frame was analysed and the results are marked with
black crosses.



Global Buckling of a Thin-Walled T-Frame with Consideration of the Shear Effect 289

7. DISCUSSION OF THE RESULTS

The presented results were obtained with the use of both the analytical
model and numerical approach. In both cases linear behaviour of the material
was assumed. In analytical model the shear stresses were taken into account.

For all considered examples, the shape of the frame after the loss of stability
was the same and consistent with those shown in Fig. 9, in which the presented
deformation is magnified 103 times for better visualisation. The vertical part
buckles such as the column hinged supported at the bottom and either hinged or
rigidly supported at the top. The latter depended on the length of the horizontal
beam. If the beam is short it behaves similarly to the fixed support, and the
rotation at this point is small. The longer the beam, the smaller its influence
on the behaviour of the column, which will deform as hinged/supported column
at both ends if the beam is long enough. This relationship is also visible in the
values of the buckling loads obtained from the analytical solution. The longer
the horizontal beam, the closer the value of the buckling load of the frame (red
line in Fig. 10) is to the value corresponding to the case when only the column
is considered (blue line). In the presented examples for A\; = 40, the buckling
load for the frame is only 0.2 % higher than that of the column. This means that
the influence of the horizontal beam on the stability of the whole structure is
negligible.

The distribution of the results given by the FE analyses (black crosses in
Fig. 10) is similar to those from the analytical solution. They are slightly above
the red curve. The smallest difference was noted for the H-300 frame with
A1 =40 and was equal to 3% and the biggest difference, 6 %, was observed
for the H-500 frame with A; = 10. However, the FE results are very close to
the analytical solution in which shear effect is omitted (green line — B-E) — the
discrepancy does not exceed 1%. Since the influence of the FE type on the re-
sults was eliminated and a number of boundary conditions were verified, the
agreement between the FE results and the B-E theory may be the result of
the linear nature of the buckling analysis, which is not able to capture the
shear effect phenomenon.

8. CONCLUSIONS

In the present work, the problem of stability of the T-frame was solved an-
alytically and numerically. The novelty of the analytical approach proposed in
the paper lies in the fact that the influence of shear stress on the deformation
of the frame is taken into account in the model definition. This makes the ana-
lytical calculations more realistic, especially when short beams are considered,
and at the same time makes the structure safer. The defined shear coefficient
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allows the contribution of shear stress to the critical load to be determined. The
presented formulae give more conservative results even when compared with
the numerical calculations since the inclusion of the shear effect reduces the
stiffness of the structure and thus lowers the value of the buckling load. The ob-
tained buckling loads are consistent for both approaches and the biggest differ-
ence between the analytical and numerical solution is equal to 6 %. Additional
FE analyses have to be performed regarding the compatibility of both methods
with emphasis on FE modelling details such as the type and number of elements
or the method of applying the load and supports.

The presented approach has a general form and can be applied to different
shapes of cross section. Further extensive investigation, including experimental
tests, may validate its correctness and explain the influence of shear stress on
the behaviour of engineering structures.
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Examining torsion in functionally graded materials (FGMs) is crucial because their prop-
erties vary spatially. FGMs with continuously graded architectures provide a robust basis
for investigating mechanical behavior. Current understanding of torsional response draws on
analytical, numerical, and experimental approaches. This review synthesizes how material gra-
dation influences stress distribution, stiffness, and failure modes, and compares advances in
FGM torsion across diverse models and geometries. The theoretical background is framed
by classical torsion theories, including the Saint-Venant theory, the Prandtl membrane ana-
logy, and the Vlasov formulations. We further discuss modeling with isoparametric finite ele-
ments and summarize established homogenization schemes for FGMs. A tabulated overview of
torsion-related results is also provided. The novelty of this review lies in its exclusive focus
on torsion in FGMs, the systematic tabulation of prior contributions, and a coherent ex-
position of homogenization models and torsion theories tailored to FGM structures. To our
knowledge, this is among the first reviews to focus specifically on torsion of FGM structures,
distinguishing it from prior overviews that address torsion only briefly. Methodologically, we
conduct a structured scoping review that screens peer-reviewed sources, classifies studies by
geometry, torsion theory, homogenization scheme, and numerical strategy, and synthesizes
observed trends. Finally, we present concise conclusions and future research directions. This
review covers analytical, numerical, and experimental studies of torsion in FGMs, identified
via a structured Google Scholar search and prioritized by citation impact and relevance.
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1. INTRODUCTION

The concept of functionally graded materials (FGMs) was developed in Japan
in the mid-1980s [1]. The established idea of materials providing a high through-
thickness thermal barrier was crucial for space shuttle construction; Japanese
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engineers and scientists proposed functionally graded variations in thermal co-
efficients [2]. Since then, the FGM concept has advanced steadily. The literature
on bending, tension, and compression is relatively extensive, whereas torsion
remains comparatively underexplored. The spatial variation of graded structure
in such materials underpins their usefulness in many automotive, aerospace, and
biomedical applications. Figure 1 presents an example of property gradation in
the z- and y-directions.

Fic. 1. Example of an FGM structure.

In the study of FGMs, one of the most important aspects is the behavior of
such materials under torsional loads. A thorough exploration of the FGM torsion
problem may yield substantial improvements and enable greater use of FGM lay-
ers in the design of parts that transmit significant twisting moments. These may
include structural elements such as support beams with various cross-sectional
areas, machine shafts, or even aircraft wings. Furthermore, the development of
precise numerical torsion models could reduce design costs and time, thereby
encouraging broader adoption of FGM structures in place of conventional ma-
terials. Therefore, a substantial task is to consider existing torsion theories and
reflect on their potential improvements.

Valuable issues related to torsion in FGM structures have been presented in
many articles. An analysis of the available literature shows that most torsion
cases are approximated as linear elastic composites, often treated as isotropic
models. Many of these works are based on anisotropic elasticity models devel-
oped by LEKHNITSKII [3]. HORGAN and CHAN [4] investigated the influence of
material inhomogeneity on the torsional behavior of linear elastic isotropic rods.
They extended the work of ROONEY et al. [5] and LEKHNITSKII [3] by formulat-
ing the shear modulus as a function of the cross-sectional position. BATRA [6]
solved the torsion problem for an FGM cylinder in compressible and incom-
pressible linear elastic materials with spatially varying moduli only in the axial
direction. ARGHAVAN and HEMATIYAN [7] formulated numerical models of FGM
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hollow tubes with arbitrary non-circular shapes. In another study, HORGAN [8]
extended the notation introduced by CHEN and WAI [9], deriving unified for-
mulas for the absence of warping effects in rods with elliptical cross sections.
BARRETTA and LUCIANO [10] demonstrated a novel analogy between the Kirch-
hoff plate problem and the Saint-Venant torsion problem.

In recent years, numerous papers have examined the influence of torsion on
FGM nanotubes and nanobars. L1 and Hu [11] analyzed the behavior of 2D FGM
microtubes under torsion using the modified couple-stress theory. BARRETTA
et al. [12] investigated the torsion of FGM nanobeams based on the Eringen
nonlocal elasticity theory. Moreover, many recent studies employ the Saint-
Venant torsion theory, as evidenced by the work of NIKMEHR and LASHKAR-
BOLOK [13] and DARILMAZ et al. [14]. The number of studies on beams with
circular and square cross sections is substantial, whereas cases involving shafts
with triangular, regular polygonal, and other non-circular cross sections are less
frequent. The results of AKINLABI et al. [15] on torsion in triangular cross sec-
tions indicate clear room for expansion of this topic.

Furthermore, many investigations rely on finite element methods (FEM).
GANCZARSKI et al. [16] offered a different perspective by solving torsion for
Al-Ti FGM non-circular shafts using the finite difference method (FDM). Their
work highlights significant potential for future research employing methods other
than the FEM. In addition to aerospace and automotive applications, the torsion
and shear-stress behavior of FGM structures is also relevant to the medical and
energy sectors. Consequently, research in this area can support the design of
innovative components across these industries.

Considering the current advances in the torsional behavior of functionally
graded (FG) materials, we would like to highlight several of the most important
findings from studies conducted in recent years. HAO et al. [99] analyzed bursting
oscillations arising from bending—torsion coupling in cantilevered FGM conical
sandwich panels driven by a static preload and slow in-plane harmonic forcing,
and demonstrates with a nonautonomous, temperature-graded model that the
onset is governed by symmetry-breaking pitchfork bifurcations. In turn, subse-
quent studies address the torsional behavior of nanotubes, nanorods, and micro-
tubes. Using modified couple stress theory with radial, axial gradation, AGHAZ-
ADEH et al. [100] derived, numerically solved, and validated torsion equations
for bidirectional FG microtubes, quantifying how phase profile and geometry
control twist and shear under distributed torque.

In turn, CIVALEK et al. [101] presented an exact nonlocal-elasticity solution
for the torsional free vibration of restrained FGM nanotubes — modeling end
restraints with torsional springs, deriving a characteristic matrix for natural
frequencies, validating the results against prior studies, and quantifying the ef-
fects of the FG index and the length scale. SHAKHLAVIET et al. [102] studied
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von Karman nonlinear torsional vibrations of FGM carbon nanotubes via non-
local elasticity, deriving Hamiltonian equations, computing clamped—clamped
free natural frequencies using the method of multiple scales, and quantify-
ing the FG index, size, amplitude, and mode effects for design applications.
BENI [103] examined the size-dependent, coupled electromechanical torsional
behavior of porous, functionally graded flexoelectric microtubes and nanotubes.
BARATI and NORouzI [104] presented a nonlocal model for the static torsion
of bidirectional FG microtubes under a longitudinal magnetic field — deriving
the governing equation via the principle of minimum potential energy, validat-
ing the generalized differential quadrature method (GDQM) against a Galerkin
solution, and showing that the torsional angle depends on the nonlocal param-
eter. Finally, ZAREZADEH et al. [105] developed a nonlocal elasticity model for
an FG nanorod on a torsional foundation under an axial magnetic field deriv-
ing the Navier equations and applying the Hamilton principle, solving them
with GDQM, and showing that size effects, introduced through the nonlocal
length scale, soften the response and reduce the natural frequencies.

Taking these considerations into account, issues related to the torsion prob-
lem, existing torsion theories, and torsion modeling methods are discussed and
compared, together with a critical perspective on the topic.

2. FGM TORSION PROBLEM

The torsional behavior of FGM structures is crucial for understanding their
response and for designing proper and effective elements. The use of FGMs
can provide improved performance and a more favorable stress gradient, which
may result in better-designed components. The torsion of highly anisotropic or
orthotropic materials differs markedly from that of isotropic structures. Nonho-
mogeneity, and thus variation of properties in all directions, makes the modeling
process significantly more difficult. Another important problem is the definition
of the graded composition. The most popular homogenization methods are based
on linear approximations of the modulus of elasticity and the Poisson ratio. For
the torsion of FGMs, it is possible to obtain the Kirchhoff modulus through ho-
mogenization, as shown by Reuss, Voigt, Hashin—Strikman, and Mori-Tanaka in
their works. In contrast, isotropic torsion is much easier to analyze. The distri-
bution of shear stresses is relatively straightforward for shafts with an isotropic
and homogeneous microstructure. For a circular shaft, shear stresses are dis-
tributed linearly across the cross section and are an increasing function of the
radius. This is not the case for twisting shafts with a graded structure, since
differences in elastic moduli, and consequently various Kirchhoff modulus, lead
to a significantly different distribution of shear stresses across the cross section
(see Fig. 2).
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Radial shear stress (k=0)

-0.8

Fi1G. 2. Shear stress distribution in an isotropic round shaft and a FGM shaft
with a metal core and ceramic inner surface, after [17].

The next issue of concern is the angle of twist. For an isotropic shaft with
uniform torsional stiffness, the angle of twist is identical at every point on the
surface of a circular bar. By contrast, for a functionally graded structure — even
under linear homogenization — the torsional stiffness of each layer differs, which
in turn affects the total angle of twist of a shaft subjected to a torque M (see
Fig. 3).

F1G. 3. Angle of twist in an isotropic shaft.

Therefore, when a round shaft is considered, the distribution of shear stresses
and the angle of twist present a substantial challenge. An even greater prob-
lem arises for noncircular cross sections such as rectangular, elliptical, polyg-
onal, or asymmetrical shapes, where, even for isotropic and homogeneous ma-
terials, obtaining accurate calculations and distributions of shear stresses and
angles of twist requires multiple approximations and experimental methods.
The first assumptions regarding torsion are based on the Prandtl membrane
analogy. The membrane analogy is used to visualize the Prandtl stress function
for any contour of a twisted shaft’s cross section. The values of the Prandtl func-
tion at specific points within the cross section that follows a defined contour are
related to the distance from this cross section to a membrane surface. This
membrane is stretched across the cross-sectional contour and subjected to a uni-
form pressure acting perpendicular to the cross section. The Prandtl membrane
analogy plays a significant role in describing the torsion of FGM structures.
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The torsion equation is derived from the stress in a thin membrane subjected
to the applied pressure p, which is always perpendicular to the membrane surface
(see Fig. 4).

1.0 -1.0

F1G. 4. Prandtl membrane analogy for anh elliptic isotropic cross section,
visualization based on [18].

The analysis of an isotropic material is based on a Poisson-type partial differ-
ential equation that describes the torsional behavior of a shaft, thereby relating
it to the membrane stress T'. The following equation applies:

(2.1) Viw= -2

where p is the distributed pressure across the membrane, analogous of torque, and
T is the equivalent torsional stiffness.

In the case of FGMs, the mathematical formulation is more complicated,
since the material properties, such as the Young modulus F, the Poisson ra-
tio, and consequently the Kirchhoff modulus G must depend on the functions
p(y,z) and T'(y, z), which describe the change in material properties along the
directions of gradation, according to the following equation:

2, __ _p(y,Z)
(2.2) Viw = T(y.2)

where p(y, z) and T'(y, z) are functions describing the local material properties.

The application of Eq. (2.2) allows the changes in mechanical properties to
vary in both the z- and y-directions. This approach is crucial for tailoring ma-
terial behavior under mechanical stresses to specific directional requirements,
thereby enhancing the design and functionality of advanced material systems
such as FGMs, as shown in Fig. 5.

Numerous analogies for various FGMs can be found, among others, in the
work of BARRETTA and LucIiaNoO [10], who established a new analogy between
the orthotropic FGM Saint-Venant beam and the Kirchhoff plate. These stud-
ies demonstrated the aforementioned relationship and expanded upon earlier
assumptions, see [19-27]. During the simulation of torsion processes in graded
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F1G. 5. Material gradation in a circular cross section.

materials, a number of approximation-related issues arise. To address these,
numerous theories are employed, typically assuming material heterogeneity in
one direction of the coordinate system. These approaches are discussed in the
following sections.

3. ANALYTICAL TORSION MODELING METHODS

Modeling of FGMs primarily involves applying variable material properties
along a single direction. To describe behavior under a twisting moment, ex-
isting torsion models are predominantly used with extensions that account for
the property gradient in one direction and the dependence of changes in specific
properties such as the Young modulus, Kirchhoff modulus, Poisson ratio, and
density on variations along the chosen direction. The most widely used develop-
ments in torsion modeling include the classical Saint-Venant torsion model, the
Prandtl membrane analogy, and the Vlasov model. These models are described
further in the context of their application to FGMs.

3.1. SAINT-VENANT THEOREM

The beginnings of mathematical modeling of structures made from gradi-
ent materials can be traced back to issues raised by Saint-Venant. The Saint-
Venant principle, although originally developed for homogeneous and isotropic
materials, can also be applied to the analysis of FGMs. These materials are
characterized by a gradual change in composition or structure, which leads to
variations in their mechanical and thermal properties along a specified direc-
tion. The Saint-Venant formulation follows several assumptions. The shaft cross
section rotates approximately as a rigid entity around a twist axis. This implies
that during torsion the cross section retains its shape with minimal distortion,
and every point on it moves in the circular trajectory around the twist axis.
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The shaft features a prismatic cross section, meaning it is constant and uniform
along its entire length. This uniformity simplifies the analysis since the same
geometric and material properties apply to every cross section. Additionally,
there is warping of the cross section that remains constant across all sections
along the shaft length. Warping refers to the out-of-plane displacement of points
in the cross section, accounting for the fact that in real materials the cross sec-
tion is not perfectly rigid. These restrictions impose several limitations on the
torsion model itself, especially when considering nonhomogeneous materials such
as FGMs. Overcoming some of these limitations allows for a more comprehensive
simulation of shaft torsion.

In FGMs, the Saint-Venant principle is particularly useful because it allows
simplification of stress analysis in regions far from the point of load application.
Despite the variable characteristics of the material, this principle assumes that
local effects of loads, such as stress concentration or detailed stress distribu-
tion around the points of force application, diminish quickly as one moves away
from the source of the load. Most examples are based on torsion analysis intro-
duced by Saint-Venant. The characterization of torsional behavior is challenging
for FGM structures. The original theory of torsion is based on isotropic shafts
with a constant angle of twist. When it is applied to FGM structures, it is cru-
cial to account properly for the spatial variation of material properties across
the volume. FGMs are designed so that their mechanical, thermal, or electri-
cal properties change gradually in response to specific application requirements.
The Poisson-type equation is presented as follows [28, 29]:

grad G

(3.1) Vi + ( > -V = —2GH.

The Poisson-type torsion equation is a partial differential equation in which,
to describe changes in the Kirchhoff modulus GG, the material properties must
depend on variations in one direction. V2@ denotes the Laplacian of the Prandtl
function in the shaft cross section, (VG/G) - V@ represents the spatial variabil-
ity of the Kirchhoff modulus G across the volume, and —2G6 captures the effect
of the Kirchhoff modulus and the boundary-condition terms. The Saint-Venant
torsion formulation relies on the dependence of the torsion function on material
properties that vary in one or more directions. Because Saint-Venant theory is
limited for FGM materials, it is necessary to improve and extend it to describe
their torsional behavior more comprehensively and accurately. An important
aspect is the proper treatment of material properties that vary with coordinate
direction (usually a single direction), together with a fuller account of mate-
rial inhomogeneity, which requires consideration of the equilibrium equations
and boundary conditions. Another promising direction is the development of
validation experiments to confirm and calibrate the theory.
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3.2. PRANDTL MEMBRANE ANALOGY

The Prandtl torsion model addresses the torsion of prismatic shafts and pri-
marily describes the distribution of shear stresses in prismatic shafts subjected to
a twisting moment. Initially, the membrane analogy was applied only to isotropic
and homogeneous materials, but over time it has been extended to nonhomo-
geneous materials such as FGMs. The Prandtl membrane analogy relates the
torsion of a prismatic rod to a thin elastic membrane that is hypothetically
stretched and conformed to the given cross section subjected to torsion. In the
case of FGMs, applying this theory requires accounting for material dependence
along the directions of gradation, x and y. For isotropic and homogeneous shafts,
the Poisson-type equation is given by [30, 31]:

(3.2) V3$ = 2G4,

where @ is the Prandtl function, G is the shear modulus (constant for homoge-
neous materials), and 6 is the angle of twist per unit length.

In the case of FGM materials, to obtain the correct Prandtl function it is
necessary to treat the Kirchhoff modulus as dependent on the spatially varying
material properties, G(x,y). This requires modifying the classical Prandtl equa-
tion by allowing G to depend on the z- and y-directions. After this modification,
the Poisson-type equation for FGMs is as follows:

(3.3) V- [G(z,y)VP] = —2G(z,y)0.

After modifying the differential equation and making it dependent on the deriva-
tives of the material properties in the x- and y-directions, the equation is as
follows [31]:

(3.4 5 (e |+ 5 lewngy

=-2 0.
ox Ox oy Oy Glz,9)

The membrane analogy offers several advantages. It enables a relatively
straightforward determination of shear stress distributions in cross sections of
rods subjected to torsion and provides a clear visualization. It is applicable to
various cross-sectional shapes, which makes it highly useful. For FGMs, how-
ever, applying the membrane analogy introduces computational complexity. The
use of complex material models can make analytical solutions difficult to obtain
and, in some cases, unattainable.

3.3. VLASOV TORSION MODEL

Another commonly used torsion model is the Vlasov torsion model. It ex-
tends the Saint-Venant model by incorporating the effects of warping restraint.
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In this model, warping is not negligible, which introduces additional depen-
dencies required to obtain accurate results. The theory is mainly applied to
thin-walled beam elements, where the warping effect is particularly evident and
significant.

The Vlasov torsion theory primarily accounts for warping effects in cross
sections and for the interaction between cross-sectional torsion and bending
deformation. Another key concept is the shear center, defined as the point where
shear stresses do not induce additional torsional effects [32, 33]. The torsion
equation for a thin-walled beam with cross-sectional warping, as presented by
Vlasov, is given by [33-35]:

0 00 030

where G(x) is the shear modulus dependent on the direction of property changes,
Ji is the polar moment of inertia of the cross section, E(x) is the Young modulus
dependent on the direction of material property changes, I, is the warping
constant (warping moment of inertia) for the characteristic cross section, and
0 is the angle of twist of the given cross section. Many studies address the torsion
problem for FG thin-walled beams. A few representative works are outlined
further.

ADDESSI et al. [35] presented a comparison of the impact of warping effects
on various thin-walled cross sections according to the Vlasov and Benscoter
theories. They developed numerical models and compared the resulting predic-
tions. Additional contributions include three works by MURIN et al. [36-38],
which present a series of extensions on the application of thin-walled theory
to FGM beams, the role of warping during torsion, and the influence of graded
property variation on the distribution of mode shapes, bimoment, and shear
stresses in thin-walled beam cross sections.

4. MODELING METHODS

Due to the complexity of calculations and the sophisticated material models
required to represent variable material properties, FGMs are of great interest in
the contemporary scientific community. The potential for continuous improve-
ments and the development of stiffer, stronger materials that can be applied
across diverse industrial environments motivates researchers to conduct new ex-
periments and studies on modeling the mechanics of various FGM structures.

The most commonly used methods for modeling structures with graded prop-
erties are the FEM and the FDM. With advanced numerical models, researchers
can represent the behavior of FGM beams under loads, isolate the effects of
cross-sectional warping, and analyze shear stress distributions during torsion,
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shear deformations, and mode shapes with reasonable accuracy. Every numer-
ical model involves some degree of approximation and assumptions; therefore,
it is never fully consistent with reality. FGMs, and the simulation of property
variation in at least one direction, require homogenization and property approxi-
mation using established cross-sectional homogenization formulas. The accuracy
of such models and simulations may be questioned because many publications
do not include validation or calibration of the models. Further, issues related to
these problems and the current state of knowledge in the scientific community
are presented.

The internal structure of each FGM can be designed in different ways. Owing
to variations in properties and their spatial distribution within a given structure,
one can distinguish materials with different gradient architectures. Achieving
a specific gradient profile depends on the manufacturing method used for the
FGM. The following types of gradients are distinguished: (c), (f) — composition
gradient; (d), (g) — orientation gradient; and (e), (h) — fraction gradient, as
shown in Fig. 6.

Discrete
gradation

Continuous
gradation

Material characteristic

Spatial dimension

F1a. 6. FGM with various types of gradient, visualization based on [53, 54].

FGMs can be categorized into discontinuous and continuous types, as il-
lustrated schematically in Fig. 6a and Fig. 6b. In discontinuous FGMs, the
composition and microstructures change in a stepwise manner, typically across
an interface. In continuous FGMs, the composition and microstructures vary
gradually and continuously with position. Figure 6 schematically depicts vari-
ous types of FGMs. Additionally, graded structures may occur throughout the
entire material or within specific localized regions [54].
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4.1. FEM MODELING

Modeling of FGMs can be performed using two different approaches within
the finite element formulation. The first is the classical method, which models
finite elements that are homogeneous and isoparametric, following the princi-
ples used in commercial software such as Ansys. This approach is based on the
formulation of isoparametric finite elements, which are defined by a prescribed
shape functions and then used to approximate both the element geometry and
the unknown field. In this method, the displacement vector and the coordinate
vector are expressed as functions [39, 40, 42]:

n n
(41) 11;-3 = Z Niuea X = Z Nixia
i=1 i=1

where N; is the shape function, u; is the nodal displacement, and n is the
number of nodal points of the element. Here are examples of shape functions for
a triangular element:

(4.2) Ni=1-&—n,  Ny=¢  N3y=n,
where £ and 7 are the natural coordinates within the triangular element.
The constitutive relation between the stress tensor 0° and the strain is given
by [40, 42]:
(4.3) o° = D€’

where D¢ is the constitutive matrix and €° is the strain obtained from displace-
ment. Thus, €® can be formulated as [40]:

(4.4) e’ = B°u®,
where B® is the strain-displacement matrix of the shape function, and u® is the
nodal displacement vector.

The main static equation based on the principle of virtual work is given
by [40, 42]:
(4.5) F°¢ = k®u®,
where k° is the force vector described with integration formula [40, 42]:

(4.6) k® = / (B°)TD°B°dn°,
e
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where the superscript T describes the transpose and £2¢ is the domain of ele-
ment (e). This type of classical formulation provides homogenous material prop-
erties, thus stiffness matrix remains constant. When the domain is discretized
into finite elements, continuity between elements with different material proper-
ties is preserved, ensuring consistency of the properties at the Gauss integration
points [39].

The next method of numerical representation is based on [41] and called
isoparametric graded finite elements. This method involves interpolating ma-
terial properties at each integration point from the material properties at each
node using isoparametric shape functions, which have identical properties in the
given coordinate system (z,y):

n n
(4.7) T = ZNifUia y= ZNiyia
=1 i=1

and for the displacements:

n n
(4.8) u = Z N,;ui, v = Z Nwi.
1=1 i=1

Using these properties, the Young modulus £ = FE(x) and the Poisson ratio
v = v(x) functions can be interpolated using the isoparametric concept, as
shown in Fig. 7:

n n
(4.9) E=) NiE;, v=)Y Nuw
=1 =1

Isotropic FGMs Orthotropic FGMs
G(x,y) Gji(x, y)
v(x,y) vilx,y) i.j=1,2,3

n2

Fic. 7. Isoparametric formulation for isotropic and orthotropic FGMs,
visualization based on [41].

This consideration presents the isoparametric formulation for an isotropic
material. For an orthotropic material, it involves formulating four elastic param-
eters: the Young modulus F11 = FEii(z), Ei2 = Ejo(x), the shear modulus
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G12 = Gi2(x), and the Poisson ratio v12 = v12(z). The final formulation is given
as [41, 43], as shown in Fig. 7:

By = ZNi(Ell)z‘, By = ZNi(EQQ)z‘,
i—1 i=1

(4.10)
G2 = ZNi(Gm)i, Vg = ZNi(VIZ)i-
i=1

=1

Another considered model is one that varies depending on the volume frac-
tion V' and the material phase p. For this type of model, the isoparametric for-
mulation is carried out in the classical manner according to a given function
with exponent VP, where the values V? correspond to the values at the nodal
points [41, 43]:

(4.11) VP=> NVP.
i=1

4.2. HOMOGENIZATION RULES

Due to the variable internal structure in terms of mechanical properties such
as the Young modulus, the Poisson ratio, and the Kirchhoff modulus in torsion,
each object must be approximated according to spatially varying properties.
This is necessary to obtain accurate analyses and results. Material approxima-
tions or FGM models that represent property variation are described in various
ways. To model material behavior under torsion correctly, it is essential to ideal-
ize mathematically the internal substructures of the materials and, consequently,
the variation in volume fractions of its constituents within each unit length or
volume of the FGM. The material model may be represented as a particulate
model with defined mixing phases, or as a multilayer model in which each layer
follows a graded approximation of properties. The first model presented is the
Voigt material model [47], which describes changes in material properties in
terms of changes in volume fraction. The expression for the Young modulus is
given by the following equation [47]:

(4.12) EY = E\Vi + EaVa,

where V| and V5 are the volume fractions of the two materials. Thus, the sum
of the fractions must satisfy:

(4.13) Vi=1-W.
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According to Voigt, the fraction V; can be written as

(4.14) v =(05+ %)k

where k is the positive power-law exponent and z/h is the dimensionless coor-
dinate ratio. The resulting relation for the Young modulus is

(4.15) EV(2) = By + (By — B) [1 - (0.5 + Zﬂ .

Accordingly, the dependence of the Kirchhoff modulus on the phases is [47]:
(4.16) GV(Vf) = G1Vf + Go(1 — Vf),

where G1 and G9 are the Kirchhoff moduli of the two constituent materials.
The next model is the Reuss model [44-46], which assumes a uniform stress
distribution throughout the material. The Young modulus £ = E(V}) is given by

—R E1Ey
4.17 EN(Vy) = ,

where £ and E3 are the Young moduli of the two materials and V; is the same
volume-fraction function as in the Voigt model. The corresponding Kirchhoff
modulus is [46]:

—R G1G2
4.18 G (Vi) = .

The next model considered is the Mori—Tanaka material model. In this approach,
the homogenized composite consists of two phases: inclusions that are uniformly
distributed and assumed spherical, and a matrix that is randomly oriented. The
influence of the Poisson ratio on the overall behavior is typically considered
negligible and taken as constant. The Kirchhoff modulus according to the Mori—
Tanaka scheme is [48, 49]:

T B Vf(Gz — Gl)Gl
(4.19) GV =0t TG anh s Gy
where

420) 8 6(K1 +2G)

5(3K1 +4Gy)’
and K is the bulk modulus.
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HASHIN and SHTRIKMAN [51] proposed narrower bounds using the principle
of minimum potential energy and polarization concepts, thereby defining rigor-
ous upper and lower bounds for homogenized properties. The upper bound of
the Kirchhoff modulus is [50, 51]:

—HS+ . (Gl - GQ)Vf
(4.21) W)= GG 1)
where
1+v
(4.22) (= 31—0)

The lower bound is [50, 51]:

(G —G1)(1 - Vy)
1+ ¢Vi(Ge/G1 — 1)

HS—

(4.23) G (Vi) =G+

Each of these theories specifies the Kirchhoff modulus as a function of the vol-
ume fraction. As shown in Fig. 8, the Voigt and Reuss models yield substantially
wider bounds than the Hashin—Shtrikman bounds, which provide tighter con-
straints. These bounds depend solely on the volume fractions of the phases and
are therefore scale-independent.

—HS_Lower
——HS_Upper Phase 2 =
Voigt
Reuss

Shear Modulus (GPa)

; : i : ; :
0.0 0.2 0.4 0.6 0.8 1.0
Volume Fraction

F1G. 8. Shear modulus between two phases as a function of volume fraction, after [52].

Another material model is the exponential material model (EMM). In this
formulation, properties vary according to an exponential function, producing
smooth transitions through the FGM thickness. This approximation can be ap-
plied to properties such as the Young modulus, the Kirchhoff modulus, or thermal
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conductivity. If the property variation through the thickness is exponential, the
Kirchhoff modulus can be approximated as [53]:

(4.24) G (2) = Gy exp(B2),

where § = %ln (%), and GG and Gg are the Kirchhoff moduli of the two ma-
terials, A is the thickness, and z is the coordinate varying from 0 to h.

The power-law material model is also widely used for FGMs. The volume-
fraction variation of an FGM layer can be represented as

(4.25) V=1 - (Z2)

where f(z) denotes the volume fraction of one constituent; accordingly, the
other constituent has fraction 1 — V. Once the local volume fraction is known,
pointwise properties follow from the rule of mixtures. In particular, the Kirchhoff
modulus G(z) within the layer is [53]:

(4.26) G = GV 4 Go(1 = V),

where G1 and G9 are the Kirchhoff moduli of the two materials.

Another important model is the linear variation model. Here, the Poisson
ratio v(z) is taken as constant, while the Young modulus and the Kirchhoff
modulus vary linearly with the gradation. The elastic modulus E(x) and the
Kirchhoff modulus G(z) are expressed as [41]:

(4.27) EMa)=E+yz, G ™Ma)=G+9z,
where x is the graded coordinate, and ~ is the parameter of nonhomogeneity
defined by [41]:

(4.28) V=—— Y=,

where W denotes the width of the graded region.

The final model is the sigmoid material model. It uses two functions to rep-
resent the change in properties with gradation, effectively partitioning the beam
into two regions and describing the behavior in each. For one coordinate direc-
tion, changes are defined on the domains —h/2 to 0 and 0 to h/2, where h is
the graded height. The expressions for the Young modulus are

k
—SMM 1 /=2 1
1—-(Z4+Z

2<h+2>

(4.29) E (2) = By + (B — E»)




310 M. KUMOR, A. GANCZARSKI

for —h/2 < 2z <0, and

_ Ei—E 1\*
(4.30) M) =By + % <Z + >

for 0 <z < h/2.

4.3. ACCURACY OF RESULTS

Modeling FGM properties typically uses either homogeneous or heteroge-
neous finite elements. Kim and PAULINO [41] were the first to model FGMs
using heterogeneous elements, moving beyond classical homogeneous elements
for, which only midpoint responses match the FGM solution.

Partitioning the domain into equal segments and assigning homogeneous
elements does not accurately represent heterogeneous behavior, as shown by
HERNIK [39]. In contrast, using heterogeneous elements that account for spatial
variation in the Young modulus and Kirchhoff modulus at each point along the
graded layer leads to markedly improved simulation outcomes in FGM regions.
Figure 9 and Fig. 10 show z-direction displacements and the differences between
homogeneous and heterogeneous finite elements.

1.0
—— Exact analytical solution
--o- Graded mesh solution
-~ Homogeneous mesh solution
0.8 X

i
o

S
'S

Normalized tensile stress (5,

o
N

0.0 02 0.4 0.6 08 1.0
Dimensionless coordinate (X/L)

Fi1G. 9. Stress-distribution differences among exact, graded, and homogeneous elements,
visualization based on [41].

According to KiM and PAULINO [41], employing heterogeneous elements
yields more accurate stress and deformation predictions in tensile tests. Mesh
refinement reduces discrepancies between homogeneous and heterogeneous for-
mulations for all considered cases [41].
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1 ANSYS 11.0SP1L

displacement in x direction

non-dimmensional y coordinate

1 2 3
non-dimmensional x coordinate

nodal displacement in x direction

F1G. 10. Differences in z-direction displacement for homogeneous versus heterogeneous finite
elements, after [39].

5. COMPARISON OF ACHIEVEMENTS

5.1. ACHIEVEMENTS

The torsional mechanics of structures made from FGMs presents a range of
challenges across various formulations, including homogenization of the material
model, mixing rules for individual graded phases, and approaches to homoge-
nizing the gradation direction itself. Many studies model gradation along the
longitudinal direction for beams or rods, while others focus on homogenization
of the cross section. Over time, approaches to analyzing FGMs have evolved.
Numerous limitations have been identified when using homogeneous elements in
FEM, including inaccuracies in representing gradient variations. The compari-
son presented in Table 1 summarizes advances in the torsion of FGMs developed
over the past several decades, with the aim of compiling these results in a concise
form for comparison.

5.2. COMPARISON

The torsional response of structures and bars made from FGMs has been
extensively studied, with the literature emphasizing their importance for un-
derstanding material behavior under complex loading conditions. Foundational
work by ROONEY and FERRARI [5] made a significant contribution through
the analysis of FG shafts with rectangular cross sections. They examined the
torsion and bending of bars with variable shear modulus, determined stiff-
ness bounds, and presented solutions for specific cases such as laminates and
cylindrical bars. The results were used to evaluate graded material properties.
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Their subsequent paper [56] focused on the torsion of bars with inhomogeneous
shear modulus and arbitrary geometry, where the modulus varies across the
cross section as a function of coordinates with the additional assumption of con-
stancy at the boundary. Solutions were also presented for the torsion of a circular
cylindrical bar with angular symmetry.

Further studies by HORGAN and CHAN [4] extended the analysis to isotropic,
linearly elastic bars with functional gradients, providing deeper insight into
stress and strain fields. Their additional works [8, 57] addressed rotating bodies
and yielded exact solutions for a power-law variation of the Young modulus,
showing that stress distributions differ from homogeneous cases and that maxi-
mum stresses are not always located at the center. TING et al. [58] investigated
the design of neutral cylinders under torsion, considering cylinders with multiple
coatings or a graded shear modulus in the cross section. A multilayer cylinder
with piecewise-varying shear modulus was generalized to a graded cylinder with
continuous radial variation of the shear modulus. The warping field of the neu-
tral graded cylinder is governed by a second-order differential equation, with
solutions obtained using the Frobenius method. SINGH et al. [59] studied tor-
sional vibrations of FG finite cylinders and demonstrated resonance behavior
influenced by material gradation, improving the understanding of vibrational
responses in graded structures.

BATRA [6] provided exact solutions for torsional behavior in FG cylinders,
refining theoretical models, while SOFIYEV and SCHNACK [60] examined the
stability of FG cylindrical shells under dynamic torsional loads and highlighted
the effects of transient stresses. LI et al. [61] analyzed a cylindrical crack in
a FG interlayer between two coaxial elastic cylinders under torsional impact.
The shear modulus and density of the FGM layer varied continuously. The
problem was solved numerically, and the dynamic stress intensity factor was
computed, showing that increasing the FGM gradient can significantly reduce
this factor.

Continued contributions by HORGAN [4, 8, 57] on anisotropic, linearly elastic
bars with functional gradients, together with the study by GHOLAMI BAZEH-
HOUR and REZAEEPAZHAND [64] on multilayered tubes with non-circular cross
sections, provided additional depth for complex geometries. VASILIEV [65] pres-
ented an analytical solution for the torsion of a circular punch on a transversely
isotropic elastic half space with a FG coating. WANG et al. [66] provided exact
solutions for transient torsional responses of a finitely long FG hollow cylinder
under free—free, free—fixed, and fixed—fixed boundary conditions. SHEN et al. [67]
developed a size-dependent shaft model within the framework of nonlocal strain
gradient theory, accounting for radial power-law variation in a two-constituent
FGM and investigating small-scale effects on static and dynamic torsion, includ-
ing material length scale and nonlocal parameters.



Torsion of Functionally Graded Material Structures: An Overview 317

HUANG et al. [69] proposed a method for elastoplastic buckling of cylindrical
shells made of FGMs under axial and torsional loads, with properties varying
according to a power law. The Ritz method and stress-state analysis were used
to determine the critical condition and the location of the elastoplastic inter-
face. TSIATAS and BABOUSKOS [70] provided solutions for the elastic-plastic
torsion problem of FG bars with arbitrary cross sections and property variation
across the section, introducing a simplified nonlinear procedure using the BEM
and the AEM. Elastostatic analyses by MURIN et al. [71], as well as the study by
BARRETTA et al. [73] on torsion in nonlocal viscoelastic nanobeams, highlighted
novel modeling techniques for FGMs. LIAGHAT et al. [72] examined material
tailoring for FG rods under torsion, and BARRETTA et al. [73] presented closed-
form solutions for the torsion of linearly elastic isotropic beams with axial and
cross-sectional inhomogeneities. New solutions were derived by analyzing ax-
ial distributions of longitudinal and shear moduli, and the effects of warping
and shear modulus variation on the torsional behavior of elliptic and equilateral
triangular beams were discussed.

Ongoing efforts by BAYAT et al. [74] on generalized solutions for hollow
cylinders, R1zov’s [75] elastic-plastic fracture analysis, and RAHAEIFARD’S [76]
studies on size-dependent torsion illustrate substantial advances in predicting
FGM behavior under diverse conditions. AMINBAGHALI [77] analyzed the influ-
ence of torsional warping on the elastostatic behavior of thin-walled twisted
FGM beams with longitudinal material variation and secondary deformations
due to the twist angle. MURIN et al. [78] examined the effect of spatially varying
properties on the warping torsion of I-section FGM beams using the reference
beam method and the FGM-warping tension (WT) finite element. Extended
stress equations accounting for secondary torsional moment and warping were
applied, reinforcing the importance of torsional analysis for the development of
these materials.

Future research directions include expanding understanding and application
of FGMs under torsional loads. Promising areas are the development of multi-
functional FGMs that combine torsional resistance with enhanced thermal or
electrical performance, and the advancement of modeling techniques to capture
interactions among torsion, bending, and axial loads in complex geometries.
Experimental validation and improved materials characterization are essential
for representing gradients accurately in practice. Experimental torsion testing
of FGM shafts faces significant reliability challenges. Residual stresses arising
from manufacturing (e.g., additive manufacturing (AM), sintering, deposition)
and non-ideal material interfaces across graded transitions can distort the mea-
sured response. Maintaining perfect coaxiality and geometric tolerances is dif-
ficult, even small deviations introduce parasitic bending, compromising data
quality. In thin-walled specimens, warping effects are pronounced and often am-
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plified by gradation further obscuring a pure shear state. Finally, the absence
of standardized torsion test protocols for FGMs hinders cross-laboratory valida-
tion and benchmarking. Investigation of fatigue and long-term durability under
cyclic torsional loading is also important, with direct implications for aerospace,
automotive, and civil engineering. While significant progress has been achieved,
substantial opportunities remain to improve the design and application of FGMs
across engineering disciplines.

6. CONCLUSION AND FUTURE RESEARCH

Torsion in FGMs can be described reliably within classical theories, provided
they are generalized to account for the spatial variability of elastic parameters.
It is essential to introduce G(zx,y), E(z,y), and v(x,y) explicitly into the torsion
equations and to model gradation consistently. Here are the concise conclusions
and brief research pointers:

— generalized classical theories in the context of torsion: Saint-Venant,
Prandtl, and Vlasov formulations remain applicable when the spatial vari-
ability of G, F, and v is explicitly incorporated and appropriate boundary
conditions are enforced;

— gradation modeling: Voigt, Reuss, Hashin—Shtrikman, and Mori—Tanaka
schemes as well as power law or exponential profiles are useful; in prac-
tice, the tighter Hashin—-Shtrikman bounds and Mori-Tanaka estimates
typically yield more stable predictions of torsional stiffness;

— numerical methods: isoparametric graded finite elements (per Kim—Paulino
formulation) capture heterogeneity more faithfully than classical piecewise-
homogeneous meshes and provide a robust basis for torsion analyses of
FGMs;

— future research: a promising direction is to implement torsion modeling
in commercial solvers such as Ansys, moving beyond the prevalent Ansys
parametric design language (APDL)-based studies. Representing material
gradation with isoparametric graded finite elements offers a more rigorous,
scalable path for complex geometries. Further steps include coupling tor-
sion models with additive manufacturing process simulations to quantify
porosity and residual-stress effects, and expanding experimental valida-
tion, especially for FGM shafts and thin-walled members where warping
complicates the realization of pure shear state. Future work should also
assess fatigue and creep under torsion, develop multifunctional FGMs [96]
that add thermal, damping, or conductive capabilities, and advance model-
ing [97, 98] that can capture coupled torsion-bending—axial behavior with
explicit material, geometric nonlinearities and anisotropy.
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The aim of this paper is to study the post-buckling behavior of nanorods, taking into
account small scale effects. In this paper, the buckling of a nanorod column subjected to a tip
load is investigated. The nanorod is on a clamped support at one end, while the other end
is simply supported and subjected to axial compression. At this end, the nanorod is movable
only in the horizontal direction. The governing differential equation describing the behavior of
the nanorod is derived from the moment—curvature relationship, in analogy with the classical
Euler—Bernoulli beam theory, together with the equilibrium equations, including the effects
of nonlocal elasticity, as well as the corresponding boundary conditions. A numerical shooting
method is derived and employed to solve the differential equations in this problem. The results,
including nonlocal elasticity, reveal that nanorods have decreased structural stiffness and show
a significant effect of geometrical parameters on the stability of buckled nanorods, emphasizing
the importance of accounting for their interaction in the design of nanostructural systems.
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1. INTRODUCTION

For a slender elastic beam under axial compression, the classical Euler theory
predicts a bifurcation of the straight configuration of the beam when the critical
load is reached. The elastica problem was experimentally investigated by Pieter
van Musschenbrock, see [1], and then mathematically studied by Bernoulli and
Euler, see [2]. Finally, it was solved by Euler in 1744, who obtained nine classes
of solutions of the elastic curve and named them elasticae, see [3]. Motivated by
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recent progress in experiments on nanorods, here we study how these elastica
solutions change upon adding nonlocality to the model, described by a single
nonlocal parameter p.

Over the years, many researchers have been interested in the elastica prob-
lem, and there exist many studies focused on various aspects of this issue.
KIRCHHOFF [4] found an analogy between the equations describing the equi-
librium state of an elastic rod and those describing the dynamics of a simple
swinging pendulum. BORN [5] studied the exact elastica curves in his Ph.D. the-
sis. NISHINARI [6] partially analyzed the nonlinear dynamics of elastic rods and
applied the soliton approach to analyze the nonlinear deformation of real elastic
rods, clarifying the physical meaning of the assumed velocities. CHUCHEEP-
SAKUL and MONPRAPUSSORN [7] studied a highly nonlinear problem of insta-
bility of a flexible elastic pipe transporting fluid. They based their analysis on
the inextensible elastica theory of rods, and the solution was obtained by us-
ing elliptic integrals and the numerical shooting method. VASSILEV et al. [§]
presented the fluid membrane equilibrium shape equation in the form of a gen-
eralization of Euler’s elastica. KIBACH et al. [9] investigated the post-buckled
free vibration problem of an elastica around one of its vibration modes. The main
contribution of their work is the detection of nonlinear frequencies of the elastica,
i.e., its different backbone curves, around one of its post-buckled configurations,
without any assumptions on the order of magnitude of curvature, rotation, or re-
sponse. The detected nonlinear frequency relationships provide tools for tuning
parameters of the elastica in order to achieve specific types of behavior around
one of its buckling and vibration modes.

In the paper by TALONI et al. [10], a general expression for the strain energy
of a homogeneous, isotropic, plane extensible elastic body with an arbitrary
undeformed configuration was derived. This expression appears to be suitable
for one-dimensional models of polymers or vesicles, whose natural configuration
is characterized by locally changing curvature. The authors discuss the relevance
of their model for describing real biological non-homogeneous filaments. LEANZA
et al. [11] determined the axial buckling behavior for an elastic beam or rod with
uniform natural curvature. In the elastica problems, this significantly enriches
the variety of buckling behaviors exhibited by rods or beams that are straight-
ened by pure bending and clamped at their ends. While the classical elastica
displays stable post-buckling behavior, the elastica with natural curvature ex-
hibits a wide range of behaviors from stable to highly unstable. The stability of
the interesting limiting case, in which the maximum uniform natural curvature
is imposed on a rod or beam clamped at both ends, has also been determined
via initial post-bifurcation analysis.

PHUNGPAINGAM and CHUCHEEPSAKUL [12] analyzed the behavior of
a variable-arc-length elastica subjected to end loading with a rotational spring
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joint within the span length of the elastica. LAI et al. [13] investigated the buck-
ling behavior of the compression of high-strength concrete-encased steel columns
through experimental, numerical and analytical analyses. WANG et al. [14] stud-
ied the instability of an elastica under bilateral displacement control at a ma-
terial point. FRALDI et al. [15] studied both compressive and tensile buckling
in the case of human finger luxation, demonstrating that the phenomenon can
be interpreted as an elastic bifurcation in a natural system. HATHAIPICHITCHAI
et al. [16] investigated the post-buckling behavior of a variable-arc-length elasti-
ca pipe caused by internal fluid transport motion, including the effect of pres-
sure variability. CURATOLO et al. [17] employed a modified Euler elastica model
for optimizing catapult mechanism conditions due to the catapult emerging in
a soft rod. WANG and QIU [18] proposed an extended elastica-plastica theory
for Euler-Bernoulli beams. MATSUTANI [19] studied the mechanics of elastica
as a model for the shapes of supercoiled DNA. The elastica problem has been
intensively investigated over the years and has played a major role in the devel-
opment of mathematics, including Jacobi elliptic functions and also numerical
methods.

In recent decades, nanotechnology has been a main subject of interest for
researchers from all over the world. Materials such as thin films, nanorods, and
nanotubes may exhibit unusual properties not noticed at the macroscale [20].
Modeling and optimization of nanoscale devices require an extended charac-
terization of material at such a small scale. The elastica issue at the nanoscale
has also become of great interest over time. WANG and FENG [21] measured
the mechanical properties of compressed nanowires based on the Euler buckling
model. MORADI et al. [22] examined the mechanical behavior of polystyrene
nanorods using the classical Fuler—-Bernoulli beam model.

Recently, further studies at the nanoscale have been undertaken, mainly
based on Eringen’s nonlocal elasticity theory. This theory assumes that the stress
at a point is a function of the strains at adjacent points in the continuum [23].
This approach has become an efficient tool for the analysis of the influence
of size effects in small-scale structures. Thongyothee and CHUCHEEPSAKUL [24]
investigated the stability of nanobeams, including small-scale effects and surface
stress. CHALLAMEL et al. [25] studied the elastica problem using an equivalent
nonlocal continuum approach and compared it with a discrete physical model.
LEMBO [26] researched post-buckling configurations of nanorods with various
end conditions using Eringen’s nonlocal theory. A comparison of results for
nonlocal and classical rods showed a significant impact of the nonlocal parameter
on the post-buckling behavior of rods.

TANG and QING [27] numerically examined the effects of nonlocal param-
eters on static bending, elastic buckling, and free vibration of Timoshenko
beams under different boundary and loading conditions. Their study showed
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that a consistent softening effect can be obtained. HUSSAIN and NAEEM [28]
applied Eringen’s theory to calculate the frequency of single-wall carbon nan-
otubes (SWCNT). The outcome revealed that increasing the nonlocal parameter
results in significantly reducing the natural frequencies of the SWCNT. BERECKI
et al. [29] compared Eringen’s two-phase local/nonlocal model with Eringen’s
differential model in order to perform bifurcation analysis of a nanotube through
which a nanostring passes.

It is also worth mentioning that an interesting result was obtained using the
integral (stress-driven) form of nonlocal elasticity theory. DARBAN et al. [30]
investigated size-dependent buckling of cracked nanocantilevers, with results
applicable to a wide range of mechanical nanosensors. In [31], Darban analyzed
nonuniform beams with multiple sub-beams. The model was based on a stress-
driven nonlocal theory, which can be applied to control the flexural response of
a nanobeam. In [32], Darban’s approach provides explicit solutions for displace-
ments and deflections, showing how size effects alter beam stiffness and behavior
relative to classical theory using a variational approach and a transfer matrix
method.

Although Eringen’s nonlocal theory provides valuable analytical frameworks,
most practical problems — especially those involving complex boundary con-
ditions or nonlinear constitutive terms — require robust numerical techniques
for their solution. Several computational methods have therefore been devel-
oped and applied within the nonlocal elasticity framework. The finite difference
method (FDM) and the finite element method (FEM) remain the most fre-
quently used numerical tools for static and dynamic analyses of nonlocal beams
and plates, as reported by REDDY et al. [33], PHADIKAR and PRADHAN [34].
The differential quadrature method (DQM) has also been implemented success-
fully for solving higher-order nonlocal governing equations, providing excellent
accuracy for small-scale effects [35].

In addition, variational and Galerkin formulations were proposed by CHAL-
LAMEL and WANG [36] to handle mixed local-nonlocal boundary conditions and
to study bifurcation phenomena. For nonlinear problems, especially in buckling
and post-buckling regimes, the shooting method has proven to be a reliable ap-
proach, offering high numerical stability and physical interpretability [37, 38].
Recently, a stress-driven nonlocal theory based on the Bernoulli-Euler model
was presented for size-dependent free vibrations of nanobeams with multiple
edge cracks [39].

These numerical developments confirm that, while the classical analytical
formulations of the nonlocal theory remain essential for model validation, the
integration of advanced computational techniques is crucial for studying complex
geometries, heterogeneity, and boundary interactions in nanostructures. The nu-
merical solution of Eringen’s nonlocal beam equation requires a robust and ac-
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curate method capable of handling nonlinear second-order boundary value prob-
lems (BVPs) with boundary conditions prescribed at opposite ends of the spatial
domain. As demonstrated in several recent works (e.g., [40]), classical numeri-
cal approaches such as FDM or collocation schemes often fail when applied to
highly nonlinear systems, especially those involving nonlocal constitutive terms.
In the case of Eringen’s beam, the governing equation contains nonlinear de-
nominators of the form (EI — puF cos(6(s))) — 1(EI — pF cosf(s)) — 1, which
can lead to local singularities and numerical instabilities when using grid-based
methods.

As shown, there are plenty of works that focus on the elastica problem. Elas-
tica theory plays an important role in the study of large displacements of slender
rods. However, the majority of these studies are still limited to purely elastic
material. In [41], the traditional elastica theory was extended to an elastica-
plastica theory. However, buckling analysis remains not fully understood, espe-
cially at the nanoscale. This paper is, therefore, devoted to studying the influence
of nonlocal theory on the post-buckling behavior of nanorods. The validity of
the method proposed in this paper is confirmed through comparison with ex-
isting researches. The current results are expected to be useful for predicting
nanorod strength and for the design of nanostructures and nanodevices related
to nanorods.

The paper is divided into five sections. In Sec. 2, we formulate the elastica
problem in the presence of nonlocal strain in the form of a second-order ordinary
differential equation. We also discuss the value of the critical load causing the
loss of structural stability. Section 3 presents our numerical solution using the
built-in shooting method in Wolfram Mathematica, combining adaptive Runge—
Kutta integration with iterative boundary-condition correction. In Sec. 4, we
report the results and analyze the influence of the nonlocal parameter. Section 5
provides concluding remarks. In Appendix, an analytical solution for the local
nonlinear elasticity theory is provided.

2. ELASTICA PROBLEM

First, in order to study scale effect in the elastica problem, Eringen’s nonlo-
cal theory is applied. Then, a numerical study of this problem is shown. More-
over, the critical load value calculations are demonstrated.

2.1. NONLOCAL THEORY FORMULATION

The nonlocal stress-gradient theory combines aspects of both nonlocal elas-
ticity and stress-gradient theories, thereby considering both long-range inter-
actions and higher-order stress gradients. Within this framework, the stress state
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at a point x is influenced by the strains at all other points in the body. In partic-
ular, the nonlocal stress-gradient theory can be reduced to both classical nonlo-
cal elasticity theory and stress-gradient theory, hence offering a comprehensive
method that encompasses both theoretical concepts. The nonlocal elasticity the-
ory was initially formulated by ERINGEN [42] and ERINGEN and EDELEN [43]
by means of an integral constitutive equation. Within the framework of contin-
uum mechanics, the nonlocal elasticity theory proposed by Eringen has become
a widely used approach for modeling structures at the nanoscale.

The only nonzero strain in the Euler—Bernoulli beam theory, accounting for
the Kirchhoff assumption, is [24]:

dU1 dQUQ

2.1 o du dhu
(2.12) © dz y da?

= E€zz0 T YK,

where €;,0 = % is the extensional strain and yx represents the bending strain.

Eringen’s theory can be expressed either in an integral form, which explicitly
accounts for long-range interactions, or in an equivalent differential form that
is often more convenient for analytical and numerical treatment. In this paper,
Eringen’s differential form is examined, and the governing equations for the

nonlocal model can be written as [44]:

d?c
(21) Oy — MU d.%;z = Eewwa

where 0z, €24, F, and p denote the normal stress, normal strain, Young’s mod-
ulus, and the nonlocal parameter, respectively. The model of an elastic medium
based on the equation of state (2.1), and its relationship with Eringen’s nonlo-
cal theory, was also analyzed by ROMANO and BARRETTA [45], and by other
researchers, e.g., NOBILI and PRAMANIK [46]. BARRETTA et al. [47] identified
a simple constitutive strategy for nanotechnological applications using an im-
proved differential law with contributions from FERNANDEZ-SAEZ et al. [48]. The
newly developed method is consistent with the integral method [47]. The present
work is motivated by the enhanced Eringen’s differential model for all boundary
conditions developed by BARRETTA et al. [47]. It has to be emphasized, however,
that the connection between the differential and integral forms is still an open
question. The equations are based on a specific assumption about the propaga-
tor (kernel) in the integral form. Several recent works have investigated various
forms of propagators and the constitutive boundary conditions they imply, see,
e.g., [49-58].

Both approaches — integral and differential — require the use of material and
geometric parameters, and their clear interpretation is necessary for accurate
analysis. The effect of nonlocality is incorporated into the constitutive differ-
ential Eq. (2.1) by the nonlocal parameter p. The nonlocal parameter value
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depends on the material and the geometry of the element and it is largely de-
termined experimentally; however, the exact value of the nonlocal parameter p
is still not known. Here, we take it as a free parameter in order to study its
influence. Table 1 provides a literature overview of the main terms used for the
nonlocal theory description; here, ey denotes a material constant, a is an internal
characteristic length, which can represent a granular size or the distance between
C-C bonds [59], and e is a characteristic magnitude of the structure, for exam-
ple, the nanotube diameter [60].

Table 1 summarizes different ways in which researchers have introduced the
nonlocal parameter in Eringen’s nonlocal elasticity theory, highlighting the lack
of a single universal definition. The reported values vary depending on the
adopted model, material characteristics, and the methodological choices. Im-
portantly, research in this field is still very active, and new studies continue
to refine the interpretation and application of the nonlocal parameter to im-
prove predictive models for advanced nanomaterials. In this study, we aim to
evaluate the nonlocal parameter value to contribute to the ongoing discussion,
provide further insights into its proper application, and establish hypotheses for
subsequent experimental validation.

The standard theory for describing the buckling phenomenon is the well-
established Euler theory. This is the starting point of our calculations, and we
present it in Appendix. In Euler’s theory, we describe the deflection and change
in the curvature of the compressed rod due to the applied force. Equation (A.7)
and Eq. (A.8) can be used to plot elastics to calculate the deflection and displace-
ment of the rod’s end. In this work, we use Eringen’s theory to describe the de-
flected shape of the nanorods, where the moment-curvature equation (Eq. (A.3))
is modified into [44]:

do(s) 1 d2Mm
(2.2 o) EI(M ude),

where M is the bending moment at any point along the rod axis, and the
nonlocal part is expressed by the second derivative of the moment.

The study introduces a differential version of Eringen’s nonlocal beam theory
for elastic materials, constructed separately from the original integral frame-
work. Our aim now is to solve Eq. (2.2) and obtain a solution that can esti-
mate the influence of the nonlocal parameter © on the elastica shape.

The small segment shown in Fig. 1 is consistent with the calculations pre-
sented further and is provided for discussion. In this work, we adopt a reference
frame that is more suitable for our purposes; however, we wish to emphasize that
it is the reverse of the one used in [24], due to adaptation to the coordinate sys-
tem applied here.
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yﬂ

X

F1G. 1. Small segment of the compressed nanorod shown in the present reference frame
(based on [24]).

The equilibrium equations relating the gradients of the normal force IV, shear
force @), and bending moment M along the arc-length s to the curvature  are
as follows:

dN

(2.3) e k@,
dQ

(2.4) qs —kN,
dM

(2.5) - =@

Then, in Eringen’s notation:

dM _ dM ds

2.6 —=— — =1Q.
(2:6) dx ds dx nQ
The factor % is not defined; however, it is established that strain may be

expressed in this form, namely:

(2.7) 0(s) = Fes),

where E, 0(qs), and €(qs) denote Young’s modulus, normal stress, and strain,
respectively.

The normal strain can be measured as the difference between the current
and reference configurations along the axis, and the unknown factor 42 can be

dz
denoted as n:

ds dzx

2. e g |
(2.8) @) =y " ae "
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As is well known, the stress o(gs) can be expressed in terms of the axial
normal force N and the cross-sectional area A as:

N
2. -
(2.9) Ods) =
We can now express Eq. (2.7) as follows:
N

2.1 —=FE(n-1
(2.10) T =Em-1),
(2.11) N +1

. =T .

The bending behavior is described by the bending moment M. As it is pre-
sented in Fig. 2 for the loading considered, this moment is caused by the axial
force F' acting at the deflection usa(s):

(2.12) M = Fus(s).
y A
x 1 0
§ n
Uz

\/ o Xo F> Fcr X
e ° X

A C B

[Z30
/ -

Fic. 2. Compression of the rod due to the applied force F'.

The corresponding shear force ) is obtained as the derivative of the bending
moment with respect to the arc-length coordinate s. Making use of the kinematic
relation between deflection and rotation angle of the cross-section 6(s) leads to:

dM F'LLQ(S) .

2.1 = = =F .
(2.13) Q 15 d 1s sin f(s)
We can now express Eq. (2.3) as follows:

-1 dQ -1 d )
(2.14) N = dz<5) P dz<5) P (F'sinf(s))

-1 de
= - Fcosf(s) d(s) = —F cosf(s).
s
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We can express n as

N _ Fcosf(s)
Then:
dM dM ds N
(2:16) dx—cu'(u—”Q—<m“)'Q-
Then, we can obtain:
d’M d [QN 1 d@
2.1 = (= = — — (QN)+ —=
@10 " T @ (EA +Q> A S
1 dQ dN dQ
—M(dx'N*MQ)*m
Subsequently, the derivatives are determined:
d _ dQ@
(2.18) qe ds 1T kNN,
dN dN
2.1 —_—=— = .
(2.19) I = dp "= ne

Then, using Eq. (2.18) and Eq. (2.19), we obtain:

d2M

1
L (o 1) — wN = 2 (0 (0%~ N%) = s

(2.20) o

Then, using Eq. (2.2), we obtain:

(2.21) dzf) - —% (M — (ElA (dgf)n (@* - N2)> - dgf)nN»,

d(s) [ 2 a2y L TEN M
. 1 - — — ) =
(2:22) ds ( mrEa’ (@ — N+ ED’
(2.23) do(s) _ M ! .
ds EI \1- gz (@~ N + %7

This expression is identical to that given in [24].
Now, we seek the second derivative of  with respect to s:

d26 1 d M
(2.24) Fr _EIdS< ) 2 2 WN>'
1 — gz (Q° = N?) + %5
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Expanded versions of Eq. (2.24) after substituting the physical quantities are as
follows:

d?0 1 d [ Fua(s)
(2:25) T2 Bl ds < )
d2¢ 1 d [ Fua(s)
(2:26) dsr‘EIds( T )
where
. i o  F3cosf(s) 2F3cos?6(s) 9 o
1 _ —9F
¢ EIEA ( FA ' EA cos™0(s)

n pF?cos6(s)  pFcost(s)
FEIEA EI ’

uk? n pE3 cos 0(s) B 2uF3cos0(s)  3uF2cos?6(s) _ pFcost(s)

br=1- EIEA EIEAEA EIEAEA EIFEA EI

To the best of our knowledge, Eq. (2.26) with the second derivative has not been
presented in the literature. It is worth mentioning that for g = 0, Eringen’s
theory reduces to the classical Euler’s theory (see Eq. (A.2)).

2.2. CRITICAL LOAD VALUE

According to Euler’s theory, we can calculate the critical load causing the
loss of the stability of the structure using the following formula [75]:

(2.27) FPoop=FEI (?)2

where n = 0,1, 3...

From the engineering point of view, it is very useful to apply this formula
to obtain a discrete set of values of the load for a particular material to pre-
vent buckling phenomena. However, in nonlinear elasticity theory, the critical
load value is not a constant and depends on the elliptic integral of the first kind
K(k), related to the initial angle a = 0(0). We can calculate it using Bigoni’s
formula [76]:

(2.28) P, =EI (%)2 [QK (sin %)] g

Equation (2.28) is used in Sec. 3 in order to estimate the reference axial force
value.
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3. NUMERICAL SOLUTION OF THE ELASTICA PROBLEM

3.1. METHOD

In this section, we adopt the shooting method, as implemented in Wolfram
Mathematica, to obtain the solution of the second-order nonlinear differential
equation governing the nonlocal Eringen’s beam (Eq. (2.26)). This approach
converts a boundary value problem (BVP) into an equivalent initial value prob-
lem (IVP), which is iteratively solved until the boundary conditions at both
ends of the beam are satisfied.

The shooting method was chosen because of its numerical stability and robust-
ness when dealing with nonlinear differential equations containing trigonometric
terms and variable coefficients in the denominator, such as in Eringen’s model.
Alternative approaches, such as finite difference or collocation methods, often
lead to convergence issues near points where the denominator in Eq. (2.26)
becomes small. In contrast, the shooting method allows direct control over the
boundary conditions and provides stable convergence even for strongly nonlinear
systems.

In the numerical implementation, the built-in solver NDSolve was used with
the option: Method — ‘Shooting’. This solver internally applies an adaptive
Runge—Kutta algorithm of variable order (Dormand—Prince/Fehlberg type). The
algorithm automatically adjusts both the integration step and the order accord-
ing to the local truncation error, ensuring high accuracy while maintaining com-
putational efficiency.

3.2. IMPLEMENTATION DETAILS

The final algorithm was implemented as a BVP, solved by the built-in shoot-
ing method in Wolfram Mathematica. The governing system consisted of three
first-order differential equations:

(3.1) 0'(s) = K(s),

F
EI — puF cosf(s)

(3.2) K'(s) = sinf(s),

(3.3) uh(s) = sind(s),

with mixed Dirichlet—von Neumann (clamped—pinned) boundary conditions:
(3.4) 0(s=0) =aq,

(3.5) 0'(s=1)=0,

(3.6) uhy(s =1) = 0.


https://www.wolfram.com/mathematica
https://www.wolfram.com/mathematica
https://www.wolfram.com/mathematica
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These boundary conditions are motivated by recent experiment on nanorods
reported by MANECKA-PADAZ et al. [77]. The algorithm treats the initial cur-
vature £(0) as a shooting parameter. For an assumed value of £(0), the system
is integrated from s = 0 to s = [ using an adaptive Runge-Kutta scheme
(Dormand-Prince type [78, 79]). After each integration, two residuals are eval-
uated:

(3.7) Ry =0 (I;5(0)),
(3.8) Ry = uy (15 £(0)).

The initial slope £(0) is then iteratively corrected using a secant or Newton-type
update until both residuals satisfy the prescribed tolerance (|Ryl, |Rz| < 107°).

This procedure ensures that the end of the beam satisfies both mechanical
and geometric constraints simultaneously. The adaptive step-size control built
into the solver prevents numerical instabilities near regions where EI— pF cos 6(s)
approaches zero, ensuring smooth convergence even for relatively large values
of the nonlocal parameter . The critical value . decreases with increasing
value of initial angle & = 0(0). This hybrid approach combines the accuracy
of adaptive integration with the flexibility of iterative boundary correction, of-
fering excellent numerical stability and control of the solution error. Moreover,
the adaptive step-size control allows the solver to handle regions with steep
curvature gradients or strong geometric nonlinearity without loss of accuracy.

The choice of the shooting method is also justified from a physical standpoint.
Unlike mesh-based numerical techniques, which require additional artificial con-
straints, the shooting method directly mirrors the physical process of ‘matching’
the beam shape to the boundary conditions. This makes it particularly suitable
for bifurcation-type problems and for analyzing stability modes of nanobeams.

3.3. MODEL PARAMETERS AND REFERENCE FORCE

In the numerical simulations, the material and geometric parameters were
chosen to represent a slender nanobeam of length [ = 1000nm. The selected
values correspond to realistic mechanical properties of nanostructures such as
silicon nanobridges or carbon nanotubes and are consistent with earlier studies
based on the Euler—Bernoulli beam model.

Numerical simulations were performed for a normalized beam model with the
parameters [ = 1000nm and EI = FA =1, m =1, and p € {0;0.01;0.02,0.03;
0.04;0.05}. The parameters EI and EA were selected to ensure compatibility
with the local Euler-Bernoulli model in the limit g — 0, allowing direct compar-
ison between classical and nonlocal solutions. To provide a consistent basis for
comparison between local and nonlocal models, the reference axial force F' was
defined according to Eq. (2.28) mentioned in Subsec. 2.2. Employing Euler’s
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critical force as the reference value ensures both physical and numerical consis-
tency between the local and nonlocal formulations. This choice allows a direct
evaluation of how the nonlocal parameter p modifies the effective stiffness and
the beam curvature distribution. As p increases, the computed results reveal
a clear structural softening effect: the deformation becomes more developed and
the effective rigidity Fl.g = EI—uF cosf(s) decreases, confirming the expected
nonlocal influence predicted by Eringen’s theory.

The values of EI and EA for a circular cross-section (as in Fig. 1) can be
calculated as

Erxd*
3.9 EI =
(3.9) o
2
(3.10) pa=rd
4
4. RESULTS

The numerical results obtained with this method showed good agreement
with the classical Euler-Bernoulli solutions for y = 0. For increasing values of
the nonlocal parameter u, a clear structural softening effect was observed. This
effect manifests as a reduction in the effective stiffness and a smoother distribu-
tion of curvature along the beam length, confirming the expected influence of
nonlocality within Eringen’s framework. The resulting solutions 0(s) and u}(s)
were subsequently used to reconstruct the beam profile y(z).

In Fig. 3, we see that as the nonlocal parameter p increases, the angle 6
increases along the curvilinear coordinate s. For equal increments in p, this
change becomes more pronounced at higher values — there is a smaller differ-
ence in § between u = 0.01 and p = 0.03 than between p = 0.03 and p = 0.05.
With increasing initial angle a@ = 6(0), this effect becomes less evident, and
the @-profile becomes more slender. For larger « (i.e., & = 95° and 118°), the
trend reverses: a critical point appears (the larger the «, the earlier it occurs),
beyond which 6 falls below the prediction of the local theory as s varies. In the
0’ plot, the influence of y on the rod curvature is substantial and it intensifies
with increasing initial angle a. Further quantitative analysis of the results shown
in Fig. 3 is presented in Table 2. To satisfy the boundary conditions, it was nec-
essary to assume an extension of the nanorod, denoted as §l. For each pu, the
necessary change in beam length 4l is reported. We see that dl increases with
and is largest for the smallest initial angles a.

As it is presented in Fig. 4, the shape of the elastica y(x) also changes no-
ticeably under the nonlocal theory. A softening of the compressed rod is evident
— the larger the nonlocal parameter y, the more compliant the rod becomes to
shape change. The curves obtained under the nonlocal theory resemble those
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F1a. 3. Set of bending angles 6§ and their derivatives as functions of the curvilinear coordinate s.
We present four pairs of plots for four different initial angles o = 6(0). In each panel, results
for different values of nonlocal parameters p are shown.

corresponding to higher angles in the local theory (e.g., for a = 95°, disregard-
ing the boundary condition, the deformation pattern is similar to that of the
local theory for 120°).
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TABLE 2. Quantitative analysis of the results shown in Fig. 3.

u a = 35° a="T75° a = 95° o =118°
Al [nm] | A/l [%] | Al [nm] | Al/1[%)] | Al [nm] | Al/l [%] | Al [am] | Al/1[%)
0.01 49.71 4.97 46.80 4.68 43.85 4.39 37.87 3.79
0.03 | 144.64 14.46 128.81 12.88 118.45 11.85 101.40 10.14
0.04 | 183.35 18.34 163.45 16.35 150.79 15.08 129.75 12.98

118

ET

0

Fic. 4. Influence of the nonlocal theory on the shape of the elastica for given values
of the initial angle a.
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Further quantitative analysis of the maxima’s position is presented in Ta-
ble 3. It can be observed that the nonlocal theory implies an earlier onset of de-
formation, with a broadly similar overall form (though not identical, as evi-
denced by the left-side inflection of the rod). The maximum deflection does not
occur at midspan (the problem becomes asymmetric, in contrast to the local
formulation), and this tendency is most prominent for small initial angles. This
is analyzed in detail in Table 3, where it can be seen that maximum is shifted
from the midspan (s = 500nm) to higher values of s. Moreover, we observe
a small left-hand-side inflection, which is more pronounced for smaller values of
the initial angle and for larger values of u. For each initial angle, we extract also
a critical value of the nonlocal parameter p., (last row in Table 3), where the
theory on our level of approximation breaks down. This is because the domi-
nator in Eq. (2.26) approaches zero. The values of p, decrease with increasing
initial angle .

TABLE 3. Quantitative analysis of the maxima position and the critical value of the nonlocal
parameter fic;.

a = 35° a=T75° a = 95° o =118°
g Tmax | Ymax | Smax | Tmax | Ymax | Smax | Tmax Ymax Smax Tmax Ymax | Smax
0.00 | 454.3]186.9|500.0|304.0|346.3 | 500.0 | 201.8 | 389.503 | 500.0 73.04|402.4 | 500.0
0.01471.0|209.1|525.0|294.6 | 381.1 | 523.5 | 176.5 | 422.697 | 522.0 30.3 |427.3|518.8
0.03 [488.9|278.7|575.3|247.6|456.3 | 564.8 | 104.3 | 484.667 | 559.0 —64.1 |468.5|550.2
0.04478.6332.6598.3|210.5{493.4|582.3| 60.3|512.3 574.57| —114.2 |486.1|563.7
Lher 0.0967 0.0809 0.06978 0.0551

5. CONCLUSIONS

There are two main results that we obtained in this work. Firstly, we de-
rived the nonlocal constitutive laws within Eringen’s theory. These are equa-
tions for the derivative of the beam curvature, and their form is very similar
to that of the classical Euler’s elastica. This allows for a direct comparison of
the two theories. One observes that the nonlocality appears in the denominator,
which, in principle, may lead to instability. The second main result is that we
have solved these equations numerically using the shooting method. The devel-
opment and application of a novel numerical approach are a valuable outcome
in themselves, as demonstrated by the widely cited work of CIVALEK et al. [80].

The computed results reveal a clear structural softening effect — the defor-
mation becomes smoother, and the effective rigidity Fl.g = EI — uF cos6(s)
decreases, confirming the expected nonlocal influence predicted by Eringen’s
theory. We applied mixed boundary conditions at both ends, corresponding to
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physical situations encountered in experiments for nanorods. Interestingly, while
classical Euler’s elastica shows symmetric bending, within the Eringen’s theory
there is clear asymmetry: the maximum curvature is shifted toward the left side
of the beam. This effect can be considered a hallmark of the presence of nonlocal
elasticity when the beams are measured experimentally.

Increasing the nonlocal parameter 1 and the initial angle o brings the system
closer to instability, which manifest as singular behavior in the curvature deriva-
tive. Further extension of the theory is required to mitigate this effect. If one
considers that elastica theory is an effective continuum description that emerges
upon averaging microscopic degrees of freedom, then one may suspect that in-
cluding anharmonicity of the underlying lattice could prevent the occurrence of
excessively large local curvature.

Eringen’s theory remains a subject of ongoing debate, particularly with re-
spect to its differential formulation. The specific values of the nonlocal param-
eter p, which directly accounts for nonlocality in a given structure, are not
yet well established. Since the problem has not been fully explored, a promis-
ing direction for the authors’ future work is the implementation of constitutive
boundary conditions, especially in studies that incorporate experimental data
for specific materials. As described in Subsec. 2.1, constitutive boundary condi-
tions are mathematically derived for a given propagator, and they allow to build
a connection between differential and integral formulations of the theory. It is
not clear what is their relationship to physically observed boundary conditions.
In the future, one could add constitutive BCs into the shooting optimization
procedure and/or investigate which propagators are imposed by a given physi-
cal setting. We believe these directions are fascinating future avenues for further
research on nonlocality in nanostructures.

APPENDIX

EULER’'S FORMULA

We consider a simply supported, elastic, inextensible circular rod of length [,
subjected to a compressive load F applied at point B, as shown in Fig. 2. During
compression, the rod changes its curvature and we can denote « as the initial
angle at point A, u; is the displacement of the end of the rod at the right support
from point B to C, and uy is the deflection at point X. The vectors t and n are
the tangent and normal directions at point X, respectively.

The governing differential equation for the elastica can be expressed as [44]:

(A.1) 0(s)" + A\?sinf(s) = 0,

where 6 is the angle of inclination of the tangent t to the elastica at point X,

A2 = %, F' is the axially applied load, F is Young’s modulus, I is the moment
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of inertia, and s € [0,] is the nondimensional arc-length parameter defined by
its centerline.

From basic geometric considerations relating to the displacement vector
(from point X to X), we obtain the standard relation between curvature and
the rotation angle of the tangent:

do
A2 =—.
(A.2) 15
The moment-curvature relationship can be expressed as [66]:
do M
A3 =~ = .
(8.3) ds FEI

The boundary conditions for a simply supported beam are:

(A.4) u1(0) =0,
(A.5) 'LLQ(O) = UQ(Z) = O,
(A.6) 0'(0) =0'(1) = 0.

These boundary conditions describe the theoretical framework of the clas-
sical Euler’s buckling case, in which a slender elastic rod is subjected to axial
compression between two hinged supports. In this formulation, the supports pre-
vent transverse displacements while permitting free rotation, thereby providing
a coherent mathematical representation of the problem. In our approach, we aim
to obtain the elastica shape for a given initial angle and bifurcation mode m.
In this case, the system of equations describing the elastica determines the cor-
responding coordinates x and y for each chosen point X along the rod axis.

Taking into account the boundary conditions (Eq. (A.4), Eq. (A.5), and
Eq. (A.6)) and using elliptic integrals, we can solve the governing Eq. (2.1),
obtaining the solution presented in [76]:

(A.7) r=-s+ ;{E [am (sA + K (k), k), k] — E [am (K (k), k), k] },

(A.8) Y= —%cn (sA+ K(k), k),

where z,y € (0,1) are the coordinates along the rod axes, E(k) is the incomplete
elliptic integral of the second kind with E(z, k) f V1 —Eksin?tdt, k = sin 5
« is the initial angle with « = 0(0) and 0 < a < T, and K(k) is the complete

elliptic integral of the first kind, defined as K

f V1- k251n
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Using Eq. (A.7) and Eq. (A.8), the solution for a given initial angle o and
mode m can be plotted. In Fig. A1, the elastica curves are shown for various
values of the initial angles (o = 30°, 60°, 90°, 120°, 170°, and 179°) and for bi-
furcation modes m = 1,2,3, and 4. These results illustrate the post-critical
behavior of the compressed rod. Figure Al visualizes how the nonlinear post-
buckling shapes evolve with different bifurcation modes m. Higher values of m
lead to more complex deflection patterns and richer branches of solutions. The
first mode (m = 1) is the most critical case, because it occurs at the lowest load
and produces the largest midspan deflection. In the second mode (m = 2),
the rod bends into two half-waves with a node at the midpoint. The midspan
deflection is approximately half that of the first mode (m = 1) and occurs sym-
metrically upward and downward along the axis. It needs four times the critical
load value of the first mode. In the third mode (m = 3), the rod exhibits three
half-waves with two interior nodes. The midspan deflection is around three times
smaller than that in the first mode m = 1, requiring nine times the critical load
value. In the fourth mode (m = 4), the rod deforms into four half-waves with

m=4

F1G. Al. Various shapes of elastica for given initial angles o and m-th modes of bifurcation.
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three internal nodes. The maximum deflection is about one-quarter of that in the
first mode (m = 1), while requiring a sixteen-fold increase in the critical load.
The inherent symmetry of the problem is clearly reflected in these deformation
patterns.

These particular initial angles (0°, 30°, 60°, 90°, 120°, 170°, 179°) were
selected to illustrate the full spectrum of elastica behavior. For small angles
(0° to 30°), the rod shows relatively gentle deflections with smooth, gradu-
ally increasing curvature. Medium angles (60° to 120°) highlight the stronger
nonlinear character of the elastica, with curves bending more significantly and
beginning to form loops, particularly in higher buckling cases. Very large angles
(170° to 179°) correspond to extreme cases, where the rod shape approaches self-
intersecting loops and folding. Because of its expected relevance for future ex-
perimental validation, the analysis concentrates mainly on the first buckling
mode.
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