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Changes in the Damping Ratio and Energy Transfer Ratio
Due to Damage in a Composite Beam

Malgorzata JAROSINSKA

Faculty of Civil and Environmental Engineering,
West Pomeranian University of Technology in Szczecin
Szczecin, Poland

e-mail: jarosinska@zut.edu.pl

This paper investigates changes in the modal parameters of a composite beam resulting
from damage introduced to the bottom flange of a steel I-beam. Variations in the modal
damping ratio and energy transfer ratio (ETR) are analysed. The results of experimental
tests and numerical analyses are presented. The beam was modelled using the rigid finite
elements (RFEs) method. The introduced damage caused small changes in the damping ratio.
In contrast, the ETR was found to be more sensitive to damage than the damping ratio in
the experimental results, exhibiting variations on the order of several tens of percent. In the
numerical simulation results, changes in the ETR were smaller, reaching a few percent.

Keywords: steel-concrete composite beam, damage detection, energy transfer ratio (ETR).
Copyright (© 2026 The Author(s).
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1. INTRODUCTION

The use of composite structures is a solution increasingly chosen by engi-
neers. The most common form of composite structure used in construction is
the steel-concrete system. Steel-concrete composite structures use the compres-
sive strength of concrete and the tensile strength of steel, resulting in an efficient
and lightweight structure. Interaction between concrete and steel is made possi-
ble by a shear connector welded to the steel beam. Thus, with suitable connection
between the concrete slab and the steel beam, slip between the two materials is
eliminated. This increases stiffness and strength of such a composite element. In
bridge structures, composite elements are readily used due to their favourable
functional properties and economic considerations. In the literature, one can find
papers in which researchers present solutions for innovative composite structures
such as hybrid girders [1-3] or girders with corrugated steel webs [4, 5]. Often,
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however, the most reasonable solution turns out to be the use of classic com-
posite beams. Steel-concrete composite beams are used in bridges as well as
in multi-storey buildings. Such beams may incorporate different types of con-
nectors such as welded headed studs, perfobond connectors, angle and channel
connectors, and many others [6].

It should be noted that in a dynamic industry and increased transport, en-
suring the safety of bridge structures during day-to-day use plays a key role.
Throughout their service life structures incur damage due to environmental
and/or human factors. This is why it is important to use structural health
monitoring (SHM) systems that allow the condition of the structure to be mon-
itored in real time. The topic of SHM has been taken up by researchers for many
years [7—10]. Changes in the dynamic response of a system can be a valuable
tool used for detecting damage occurring in a structure.

The energy transfer ratio (ETR) was proposed by LIANG and LEE [11]. It
determines the ratio of modal energy transferred during a cycle to the total
modal energy stored in the structure before that cycle. The energy transferred
between vibration modes exists for non-proportionally damped systems, i.e., in
systems where the proportional damping relationship given by CAUGHEY and
O’KELLY [12] is not satisfied:

(1.1) CM 'K =KM™'C,

where M, C, K are the mass, damping, and stiffness matrices, respectively.

It should be noted that proportional damping is often used in practice be-
cause it is the simplest damping model, but it cannot be applied to many real-
world structures. In fact, engineering structures belong to non-proportional sys-
tems. For such systems, the mode shapes are complex [13, 14]. Complex mode
shapes are vectors that represent vibrations whose points do not pass through
their equilibrium positions at the same time. This means that successive points
reach their maximum excursions at different times — they have different phases.
A complex mode shape is described by a real part and an imaginary part or,
by introducing polar coordinates, by amplitude and phase. For such a system,
there is a certain amount of energy transferred between the mode shapes and
ETR # 0. Many previous works have confirmed that the energy transfer ratio
is sensitive to damage. Studies conducted for steel-concrete bridge models with
damage, such as bearing damage and girder damage, in which ETR was ana-
lysed, can be found in [15-17]. In addition, it should be mentioned here that
the ETR can be determined globally (for the entire system under analysis) and
locally (for individual regions of the system).

Previous studies carried out on damage diagnostics in composite beams have
shown that changes in ETR as a result of damage are greater than changes in
other modal parameters, such as natural frequency or damping ratio. In [18], the
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authors presented the results of numerical analyses for a beam with composite
damage at one of its ends. In [19], also based on numerical studies, a compos-
ite beam with different types of damage was investigated: (1) damage to the
composite but in a different location than before, (2) damage to the concrete
slab, and (3) simultaneous damage to the composite and the concrete slab. In
a subsequent paper [20], the analysis of the composite damage of a beam was
presented both in terms of numerical and experimental tests.

The work presented here is a continuation of the analyses of the sensitivity of
ETR to damage in a steel-concrete composite beam. Earlier studies were carried
out for other beams and a different type of damage. The choice of the present
damage type was dictated by the desire to see how the parameters character-
ising damping behave as a result of damage to the steel part of the composite
beam. Results are presented both for numerical analyses and experimental tests.
The analysed beam had previously been tested for changes in natural frequen-
cies and curvature of the mode shape [21]. In this study, the focus is on assessing
the sensitivity of the damping ratio and the ETR to damage to the I-beam of the
beam. The paper presents the results of the analyses for a globally determined
ETR, that is, for the whole beam. As a multi-material system, the composite
beam is not proportionally damped. This is due to the fact that steel, con-
crete and connectors have different damping properties. For such systems, there
is an energy transfer between the vibration modes. The parameter that describes
this phenomenon is defined as the ETR and is analysed in this paper.

2. THEORETICAL BASIS OF THE ETR

The homogeneous equation of motion for an n-DOF is as follows:
(2.1) MX + CX + KX =0,

where M, C, K are the mass, damping, and stiffness matrices (nxn), and X, X,
X are the acceleration, velocity, and displacement vectors (n x 1), respectively.
Equation (2.1) can also be written in a modified form:

(2.2) Y +CY +KY =0,

where Y = M%?X. The matrices C and K are the damping and stiffness ma-
trices, respectively, defined as C = M~ 9°CM %% and K = M~ KM~5. For
the modified stiffness matrix K there is an eigenvector Q. For a system de-
scribed by Eq. (2.2), it is possible to determine a set of parameters for the i-th
mode, such as natural frequencies w;, damping ratios &;, and mode shapes P;.
When the system is proportionally damped, the relationship Q; = P; holds. For
non-proportionally damped systems, Q; # P; and the following relationship
exists [11]:
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(2.3) &i+3G = 0, =TS
Wi Qz Pz

where j = v/—1. The real part of the right-hand side of Eq. (2.3) is the traditional
damping ratio &;, while the complex part of the right-hand side of Eq. (2.3) is
the energy transfer ratio (;.

For proportionally damped systems, the vector P; is real and P; = Q;, and
therefore (; = 0 which indicates the absence of energy transfer between vibration
mode shapes. For non-proportionally damped systems, the vector P; is complex
and (; # 0, which means that there is energy transfer between the vibration
modes.

As can be seen from Eq. (2.3), in order to determine the ETR, it is necessary
to know the damping matrix of the system under analysis. If a model of the
system under study is available during experimental testing, the damping matrix
built for the computational model can be used. As reported in [16], it is also
possible to determine the ETR from experimental data alone. In the present
analyses, the ETR will be determined using the damping matrix specified for
the computational beam model described later in this paper.

More detailed information on the ETR can be found in [11, 15, 16].

3. EXPERIMENTAL STUDIES

The composite beam that was tested consisted of an IPE 160 steel I-beam
(S235JRG2 steel) with a span of 3200 mm, a reinforced concrete slab 600 mm
wide and 60 mm thick (C30/37 concrete), and perfobond shear connectors (Fig. 1).

3200

Concrete slab Perfobond shear connector A-A

A
-

[[00001]|00000]]00000]00}]00000}[00000][0000H

IPE160

A !

FiG. 1. Tested composite beam.

The analyses were carried out for a free-free beam. In this way, the influence
of boundary conditions on the results was eliminated. In order to minimize
the influence of support flexibility on the measurement results, the beam was
suspended by means of flexible steel cables from a steel frame.

Fifty-two measuring points were located on the beam — 39 points on the
upper surface of the concrete slab (visible in Fig. 2a) and 13 measuring points
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F1G. 2. View of the tested beam (a) and excitation points (b).

on the lower surface of the steel I-beam. An impulse test was carried out us-
ing a modal hammer. Accelerations were measured as system responses using
piezoelectric acceleration sensors. The LMS SCADAS III signal analyser and
LMS Test software (Lab 13A, 2015) were used for the tests. The beam was
tested twice — with a force pulse applied to one end of the beam, once along the
beam axis and once perpendicular to the surface of the concrete slabs (Fig. 2b).
It should be clarified that forcing the beam with a force pulse along the beam
axis was intended to determine the fundamental frequency of axial vibration,
which was later used to identify the beam model parameters in subsequent stages
of the study.

It should be mentioned that, although the beam was surveyed at 52 mea-
surement points, only the measurement points located along the midplane of
the beam — the measurement points located on the steel I-beam and the points
on the concrete slab directly above the I-beam — were considered for further
analysis. Data from points at the edges of the concrete slab were therefore not
used. This approach was adopted to enable the construction of a single-plane
model of the beam. The measurement points included in the analyses (along
with a description of the sensor numbering used) are shown in the Fig. 3.

x 8 12 16 20 24 28 32 36 40 44 48 52
lize] 2se | 256 | 2se | 2se | 25e | 2se | 2se | 25e | 2se | 2se | 256 | 2se |ize)
3240 L

F1G. 3. View of the analysed beam plane with sensor numbering.
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Table 1 lists the natural frequencies and the corresponding values of the
damping ratios for the first five flexural mode shapes. The initial axial vibration
frequency was f1,4,exp = 579.66 Hz.

TABLE 1. Natural frequencies and corresponding damping ratios.

fiexp [Hz] — 75.06 178.90 287.98 389.31 489.70
Eiroxp [J0] = 0.127 0.173 0.284 0.500 0.753

More detailed information on the tested beam is available in [21].

4. MATHEMATICAL MODEL OF A COMPOSITE BEAM

The rigid finite element method (RFEM) [22] was used to model the compos-
ite beam. This method has previously been used to model steel-concrete beams
with good results [23]. While discrete modelling of structures using RFEM is
less well known than the conventional FEM, it provides results that are in good
agreement with FEM [24]. The main advantage of RFEM is the significantly
smaller number of degrees of freedom of the system compared to the FEM
method, which enables easier and faster calculations. The core idea of RFEM is
to divide the system into rigid bodies, called rigid finite elements (RFEs), which
are connected by spring-damping elements (SDEs). A single-plane model was
constructed for the beam (Fig. 4). The steel and concrete parts were modelled
separately. In the steel section, the RFEs were connected by not a single, but
by three SDEs — located at the axis of the top flange, web and bottom flange.
This approach made it possible to introduce damage to the bottom flange of the
beam into the model. The use of RFEM in composite beams can also be found
in [24, 25].

100 100 28 x 100 100 100

T & T ] RS o - e T T
e EN SR Lo LS B oo B Lo

E 6 @ 6 E

I I I | I I I
R e - = R (0 e R =2 e

| RFEsteel| ! || ! ! !
|50 | 100 100 | 27x100 | 100 100 | 50 |

sDE

F1G. 4. RFE model of the composite beam.
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For the description of the model, the parameters for the steel I-section and
the concrete slab were adopted according to Table 2, where F; is the Young
modulus of steel, v,/ is the Poisson ratio for steel/concrete slab, G is the
shear modulus of steel (Kirchhoff modulus for steel), p,/. is the density of
steel/concrete, Ay f/As . is the cross-sectional area of the beam flange/web,
and h. is the thickness of the reinforced concrete slab.

TABLE 2. Beam model parameters.

Steel I-beam Concrete slab
Es v Gs Ps As,f As,w v Pec hc
[N/m?] ° [N/m?| [kg/m®] [m”] [m?] “ | [kg/m®] [cm]
210-10° | 0.3 | 80.77-10° 7850 6.07-107%| 7.95-1074 | 0.2 | 24588 6.03

The three missing parameters describing the stiffness properties of the beam:
the Young modulus that considers the reinforcement E., and the stiffness of the
connection in both directions (X and Y') Ky and Ky were determined based on
parametric identification. The identification criteria included the best fit of the
first five flexural natural frequencies and the overall fit of the first axial natural
frequency obtained from experimental and numerical analyses. Table 3 contains
identified beam stiffness parameters and flexural vibration frequency values of
the beam determined for the model.

TABLE 3. Identified beam stiffness parameters and beam flexural vibration frequencies.

Ec KX KY fl,num f2,num f3,num f4,num fS,num
[GPa] [N/m] [N/m] [Hz] [Hz] [Hz] [Hz] [Hz]

28.7 8.10- 10% | 2.78- 10" 75.79 177.63 287.99 391.49 487.97

More detailed information on the model and the identification of stiffness
properties is available in [21].

In order to determine the damping properties of the beam, the material
loss factor p was used. The loss factor is a characteristic of the material from
which a component is made. For multi-material structures, it is a function of
the damping of the individual constituent materials from which the structure
is made. For the composite beam under consideration, three loss factors had
to be considered — for the steel, the concrete, and the connection. All three
components affect the damping properties of the beam.

For the Kelvin—Voight damping model, the relationship between the damping
coefficients and stiffness coefficients for the k-th spring-damping element (SDE)
is expressed as follows [26]:

4.1 k_ Mp(k)
(4.1) c wk
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For the beam tests, the loss factor for steel was assumed to have a constant
value of n, = 4 - 1074, In [27], it can be found that the loss factor for steel
is s = (2+6) - 107*. As the concrete slab is reinforced, its loss factor is also
influenced by the reinforcement used. Therefore, the loss factors for the con-
crete slab and the connection were determined by parametric identification. It
consisted of fitting frequency response functions (FRFs) obtained from numer-
ical model to those from the experimental studies. The analyses included the
first three resonances of the flexural mode shapes and one axial mode for four
selected measurement points. The choice of measurement points adopted for
identification was dictated by their locations on the beam.

Based on this identification, the values of the loss factors were obtained:
Ne =70 - 10~* for the concrete slab, and Neonn = 418 - 10~* for the connection.
Figure 5 and Fig. 6 show the FRFs obtained during the experimental tests and
those from the model after identification.

0.5| —— Model — RFE no. 40 0.5 Model —RFE no. 60
«we Experiment — point no. 10 <+ Experiment — point no. 42
b b
£ E o
50 100 150 200 250 300 350 50 100 150 200 250 300 350
SHz] f[Hz]
0.5| — Model - RFE no. 7 0.5|—— Model —RFEn0.27 [ ]
we Experiment — point no. 12 e Experiment — point no. 44 i
M T e 0.4 Err e T TR T e
Z 0.3 ‘ - z [IR] ] o e (O S M B S—
o o
Y i i a . Y
é 0.2 b , ,,,,,,,, A ,,,,,,,,,,,,, .E (0. | e e eet 2 e |
01 .; ; ' ' § ..... l o 0.1 “ : - : ...........
L { | i i N e
50 100 15 200 250 300 350 50 100 150 200 250 300 350
S1Hz] f[Hz]

Fic. 5. FRF obtained from experimental tests and from the model
with excitation in the Y-axis direction.

In order to check the compatibility of the model with the experimental re-
sults, the modal assurance criterion (MAC) values were determined for the first
five determined modes of flexural vibration. As the MAC values for the fourth
and fifth modes of vibration were below 0.8, these modes of vibration were not
taken into account in further analyses.
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1.2 12
—— Model — RFE no. 40 —— Model - RFE no. 60
| SES— R Experiment — point no. 10 | S R Experiment — point no. 42
08k - 0.8
7 06 T 061
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= 04 S04
0'2 | S— S—— S S — - 0'2 —
M M
200 400 600 800 1000 200 400 600 800 1000
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—— Model - RFE no. 7 —— Model — RFE no. 27
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08 x S e 4 08
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FiG. 6. FRF obtained from experimental tests and from the model
with excitation in the X-axis direction.

5. BEAM DAMAGE SIMULATION

Damage was introduced to the I-section steel beam by incising the bottom
flange over its full width (Fig. 7).

Fia. 7. Damage to the bottom flange.

The damage was located at two points — indicated in Fig. 8 by symbols A
and B. In the first stage, a flange incision was introduced at point 1 (damage D1).
In the next stage, a flange incision was introduced at point 2 (damage D2).
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A B

1225 |
1975

3200

F1c. 8. Locations of damage.

The numerical simulation of the damage consisted of changing the elastic
properties (the beam flange cross-sectional area A f = 0 and moment of inertia
of the flange about the Z-axis of the cross-section I, ; y = 0) of the correspond-
ing SDEs modelling the bottom flange. These properties were set: a) for damage
D1 at location 1, and b) for damage D2 at locations 1 and 2, respectively.

6. RESEARCH RESULTS

Changes in modal parameters as a result of damage were determined using
the index A;:

LTid — Tiwu

)

(6.1) A; =

Tiu

where z; ¢ and x;,, denote the modal parameter in the damaged and undamaged
states, respectively.

6.1. Damping ratio

The values of the damping ratio and their changes due to the introduced
damages D1 and D2, presented separately for experimental test results and the
numerical model, are presented in Table 4. The condition of the beam with-
out damage is denoted as D0. Changes in the damping ratio also illustrated
graphically in Fig. 9.

TABLE 4. Damping ratios before and after damage.

Beam state
Experimental test Numerical model
DO D1 D2 DO D1 D2
i Ciexp | Eiexp A, i exp A Einum | &inum A &inum A
(%] (o] | (% | (%] | [%] [%] [%] [%] [%] (%]

laex | 0.127 | 0.137 | 8.0 | 0.137 7.6 | 0.236 0.237 0.7 0.238 1.0
2fex | 0.173 | 0.186 7.9 | 0.265 | 53.5 | 0.473 0.467 1.1 0.462 2.2
3ex | 0.284 | 0.309 8.7 | 0.296 4.0 | 0.683 0.681 0.3 0.679 0.6
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Fic. 9. Changes in damping ratio before and after damage:
a) experimental test, b) numerical model.

As presented, small changes in the modal damping ratio were observed as
a result of the numerical damage simulation. The largest changes in the numeri-
cal analyses were only 2.2 %. Higher sensitivity was obtained during the experi-
ment, with changes of a few percent, except for one value reaching 53.5 %. It can
also be observed that the modal damping ratios determined from the numerical
model were higher than those obtained during experimental tests. The maxi-
mum changes in damping ratio appeared to coincide for both the experiment
and numerical analyses, occurring for the second mode shape at damage D2.

6.2. ETR

The ETR was determined from Eq. (2.3). A prerequisite for the determina-
tion of this ratio according to Eq. (2.3) is knowledge of the damping matrix C.
It should be noted that the C matrix determined for the numerical model was
also used to determine the ETR from experimental tests. The values of the ETR
and their changes due to the introduced damages D1 and D2 are shown in Ta-
ble 5. The condition of the beam without damage is denoted as D0. Changes in
the ETR are also graphically illustrated in Fig. 10.

TABLE 5. Changes in ETR index before and after damage.

Beam state

Experimental test Numerical model
Do D1 D2 DO D1 D2
i Giexp | Ciexp Ay Ciexp A; Cimnum | Ci,num A; Ci,num A
(Foo] | [%o] | [%] | (%ol | [%] | [%] (Zool | [%0] | [%o] | [%]
laex | 5.420 | 2.980 | 45.0 | 3.610 | 33.4 | 0.050 0.048 4.3 0.046 8.2
2fex | 1.712 | 0.587 | 65.7 | 1.011 | 40.9 | 0.108 0.106 2.3 0.103 5.0

3fex | 1.584 | 0.696 | 56.1 | 0.529 | 66.6 | 0.138 0.138 0.3 0.138 0.5

As shown, large changes in the ETR as a result of the damage introduced
were observed in the experimental tests — with all changes in the range of tens
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F1G. 10. Changes in ETR before and after damage: a) experimental test, b) numerical model.

of percent. These are significantly larger values than those obtained for the
damping ratio. Analysing the results of numerical tests — a few percent changes
in ETR were obtained, which still turned out to be larger than those obtained
for the damping ratio (except for for the third mode shape, where these changes
were at a similar level).

7. CONCLUSIONS

This paper aimed to assess the sensitivity of modal parameters character-
ising damping in non-proportionally damped systems. Damage was introduced
to the bottom flange of a steel I-beam in a steel-concrete composite beam. The
results obtained from experimental tests and from the numerical model were
analysed. The sensitivity of the damage introduced was assessed for two damp-
ing parameters — the damping ratio and the ETR. As a result of the experi-
mental tests and numerical analyses for the composite beam, a little sensitivity
of the damping ratio to damage introduced into the beam was observed. The
damping ratio is therefore not a good indicator of damage for the beam un-
der analysis. Regarding the ETR — it was observed that the ETR was more
sensitive to introduced damage than the damping ratio. Additionally, the ETR
was more responsive to changes in the composite beam than the damping ra-
tio. This suggests that perhaps the ETR could be used as a damage detection
tool. It should be mentioned that, although this paper analysed one type of
damage in a single composite beam, the method based on variations in ETR
due to damage can be applied to different structures using different numerical
modelling techniques. Studies by other researchers, in which ETR, changes were
analysed, were performed on composite bridge models [15-17], showing that the
method can be applied to a variety of structures. To estimate the energy transfer
for a vibration mode, it is necessary to know the frequency, mode shape, and
damping matrix. Consequently, various numerical modelling techniques can be
used to build the computational model. The determination of the ETR for non-
proportionally damped systems is based on changes in the complex mode shape
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of vibration. In order to avoid errors in phase determination, the method requires
a great deal of care when taking measurements. The presence of uncontrolled
measurement noise can affect the results obtained. Nevertheless, the continu-
ous development of technology provides new opportunities. New technologies
are also being introduced into SHM for engineering structures, allowing more
precise measurements. Perhaps, the ETR could be used as a potential tool for
damage detection.
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To improve the resistance of bitumen pavements to low-temperature cracking, this study
proposes a composite-modified bitumen based on styrene-butadiene-styrene (SBS) copoly-
mer and crumb rubber. This modified bitumen is also tested for its performance in a low-
temperature environment. The test results indicate that, after aging and freeze-thaw cycles
(FTCs), the creep rates (CRs) of both SBS-modified bitumen and the SBS/crumb rubber
composite-modified bitumen decreased. However, the CR of the SBS/crumb rubber composite-
modified bitumen was constantly lower than that of the SBS-modified bitumen. For example, at
—12°C, the CRs of the aged SBS-modified bitumen and SBS/crumb rubber composite-modified
bitumen were 0.44 and 0.37, respectively. When the bitumen mixtures underwent FTCs and
aging, their fracture energy densities (FEDs) drastically decreased. Nevertheless, the FEDs of
the SBS/crumb rubber composite-modified bitumen mixtures were higher than those of the
SBS-modified bitumen mixtures. These results indicate that the composite-modified bitumen
with SBS/crumb rubber has good rheological properties and freeze-thaw resistance, thereby
effectively ensuring the low-temperature performance of bitumen pavements.
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1. INTRODUCTION

As the most common pavement surfacing material, bitumen pavement (AP),
compared with other pavements, has the advantages of a smooth surface, com-
fortable driving, and easy maintenance and repair. However, in low-temperature
(LT) environments, the bitumen binding material is prone to cracking, which
seriously affects the performance and life of AP [1, 2]. The LT cracking problem
of AP can be improved by enhancing the rheological properties of bitumen. One
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typical bitumen modification that can successfully increase the ductility and
viscoelasticity of bitumen while lowering its temperature sensitivity is styrene
butadiene styrene copolymer (SBS copolymer) [3, 4].

In the 1840s, researchers first attempted to mix natural rubber into base bi-
tumen to prepare modified bitumen. Later, synthetic rubber and natural rubber
were used to modify base bitumen. However, it was not until the 1930s that the
preparation process of rubber-modified bitumen was more effectively improved.
In the 1960s, rubber powder obtained from waste tires began to be added to base
bitumen in some countries to prepare rubberized bitumen and apply it to road
construction. However, due to the poor compatibility between rubber powder
and bitumen, many undispersed rubber particles remain, resulting in disadvan-
tages such as high viscosity, poor flowability, and poor dispersibility of bitumen.
L1u et al. [5] proposed a method of using carbon nanotubes (CNTs) mixed
with SBS-modified bitumen to address the issue of early damage to bitumen
pavements. Their study analyzed the effects of different CNT concentrations
on the high-temperature (HT) and LT performance, as well as the aging be-
havior of SBS-A, through a series of experiments. The results showed that the
optimal concentration of CNTs was 1%, and the changes in modified bitumen
during aging were analyzed by infrared spectroscopy. TING et al. [6] proposed
a composite modified asphalt (MA) based on SBS and methylene diphenyl di-
isocyanate (MDI) to address the problem of poor stability of SBS-MA. MDI,
according to the experimental findings, acted as a phase compatibilizer between
bitumen and SBS, improving the composite-modified phase stability of bitumen
while decreasing its chemical softness and polarizability. DUARTE MENDONGA
et al. [7] addressed the problem of how to improve the elasticity of bitumen by
proposing a lignin-based MA. According to the testing results, the addition of
3% pine lignin and 9% eucalyptus lignin produced bitumen with the best me-
chanical qualities, indicating that lignin is an excellent alternative to synthetic
elastomeric polymers.

To address the issue of how to enhance the HT and LT properties as well as
the water stability of bitumen, L1 et al. [8] presented an MA based on bamboo
fiber. According to the experimental findings, bamboo fiber MA blends per-
formed better in terms of HT, LT, and water stability compared with SBS-MA.
With a fiber length of 7.25 mm and a content of 0.22 %, the optimum perfor-
mance of the bitumen was obtained. AMINI et al. [9] proposed a composite MA
based on titanium dioxide, aluminum trioxide, and multiwalled CNTs to improve
rutting and fatigue resistance of bitumen. The experimental results indicated
that this MA had higher viscosity, better aging resistance, and a fatigue life that
was 1.7 times longer than that of ordinary bitumen. CHEN et al. [10] proposed
to improve the performance of SBS-modified bitumen by grinding molybdenum
disulfide (MoS2) with polyphosphoric acid (PPA) in cyclic oil and mechanically
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activating the mixture to produce PPA-modified MoSs (OMS-PPA), which was
then mixed with SBS-modified bitumen. The results showed that, compared with
SA, the permeation temperature coefficient of SA-OMS decreased by 3.7 %, and
that of 1-SA-OMS-PPA decreased even more, i.e., by 7.1 %. After short-term ag-
ing, the generation of carboxyl groups and the rate of hardness were significantly
reduced.

In summary, the current research on MA has been quite effective, and many
different types of MA have been developed. However, most of the research on
MAs primarily focused on their mechanical properties, while their their freeze-
thaw cycles (FTC) resistance was relatively neglected. In view of the latter issue,
in order to improve the FTC resistance of bitumen and minimize the manufac-
turing cost of modified bitumen, the FTC performance of composite modified
bitumen based on SBS and rubber powder is analyzed. Moreover, to evaluate
the performance of the composite MA, the study also innovatively analyzes the
rheological and LT properties of the MA from both macro- and fine-scale per-
spectives.

2. METHODS AND MATERIALS

Gram-refined bitumen was selected as the matrix bitumen (MaA) for the ex-
periment. The SBS modifier used was 4303 star type. The rubber powder modi-
fier consisted of 40-mesh (380 um) rubber powder particles. The optimal dosages
of the SBS modifier and rubber powder modifier were determined through ex-
periments on three major indicators of bitumen: dynamic shear, bending, and
rheology in the early stage. The dosages of the SBS modifier and rubber pow-
der modifier were 3% and 20% of the mass of the matrix bitumen, respec-
tively. SBS-MA was prepared by blending SBS modifier into MaA. SBS com-
posite crumb rubber (CCR) MA was prepared by blending the SBS modifier
and the crumb rubber modifier into MaA. The coarse and fine aggregates used in
the preparation of the bitumen mixtures (AMs) were basalt, comprising 97 %
of the total. The mineral powder was limestone — 3% of the total and having
a fineness of less than 0.075 mm. The optimum oil /gravel ratios for the prepara-
tion of AMs with SBS-modified bitumen and CCR bitumen were 5% and 6 %,
respectively. The so-called oil-stone ratio refers to the mass ratio of asphalt (oil
content) to aggregate (stone content) in asphalt mixtures. It is an important
parameter in the design of asphalt mixtures, which has a significant impact on
their performance.

In preparing the AM specimens, the mixture was first pressed into
300 mm x 300 mm x 50 mm rutted specimens using the wheel milling method.
Then, the rutted specimen was cut into 250 mm X 30 mm X 35mm beams.
Moreover, a 4mm X 2mm notch was cut at the midpoint of the beamlet for
subsequent tests.



22 W. REN, P. L1

2.1. FExperimental design

Long-term aging (LTA) test of bitumen: 50 g of SBS bitumen and CCR bi-
tumen were each put into a sample tray, and then short-term aging was carried
out using a rotating film oven, with the heating time of 5h and temperature
of 163°C, with a rotating speed of 5.5rad/min. Then, the aged bitumen was
poured into a sample tray to achieve a thickness of 3.2 mm. Next, it was placed
into a pressure aging vessel (PAV) for 20 h for LTA simulation. The PAV tem-
perature was set at 100 °C and the pressure to 2.1 MPa [11]. When the aging was
completed, the bitumen samples were removed and placed in a stainless steel
cylinder with heating and stirring to remove air bubbles inside the bitumen.

LTA test of the mixture: first, the AM was baked in an oven for 4 h at 135°C
after being evenly spread at a thickness of 21 kg/m? in an enameled tray. Then,
the mixture was pressed into rutting specimens using the wheel milling method
and cut into small beams. Subsequently, the obtained trabecular specimens were
placed in a HT and LT alternating box heated under forced ventilation for 120 h
at a heating temperature of 85°C [12]. After heating, the door of the box was
opened, and the specimens were removed after cooling to room temperature.

Bitumen FTC test: first, 50 g of SBS bitumen and CCR bitumen were weighed
and evenly spread in a stainless steel cylinder (diameter: 122mm) to a thick-
ness of 3.2mm. Then, the stainless steel cylinder was filled with water and an
8% salt solution until the bitumen was fully submerged. Next, the stainless
steel cylinder was sealed using cling film and placed in a HT and LT alternating
chamber for freeze-thaw cycling. The freezing temperature was set at —20°C
for 2h, and the thawing temperature at 60 °C for 4 h. The number of FTCs was
5, 10, 15, and 20.

FTC test: the specimens were first placed in water or salt solution (8 %).
Then, the specimens were evacuated using a vacuum extractor to a vacuum
level of 97.3kPa, and the specimens were immersed under vacuum conditions
for 15min. After this, atmospheric pressure was restored and the immersion
was continued for an additional 1h. Then, the specimens were taken out and
placed in a specimen box, which was filled with water or the 8 % salt solution
until the specimens were fully submerged. Next, they were placed in a HT and
LT alternating chamber for FTC [13]. The freezing temperature and time were
—20°C for 8h. The melting temperature and time were 60°C for 16h. The
number of FTCs was 5, 10, 15 and 20.

2.2. FExperimental design of rheological and physico-chemical properties

Bending creep strength test: the test equipment was a bending beam rheome-
ter, and the test indices were stiffness modulus and creep rate (CR). The test
temperatures were —24°C, —18°C, and —12°C.
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Infrared spectroscopic tests: infrared tests were performed on different spec-
imens using a Fourier transform infrared (FTIR) spectrometer. The number of
scans and spectral acquisition intervals were 32 cm ™! and 650 cm ™! to 4000 cm ™!,
respectively, and the resolution was 4cm™!.

Contact angle measurement test: first, the bitumen was heated until it was
molten, and then it was put on a slide. After that, the slide was heated on
a hot plate and left to flow naturally. The heating temperature was 120°C.
After cooling, the bitumen was placed in a sealed container and set aside. Next,
the basalt aggregate was cut into cubes with a side length of 1 cm and polished
to a smooth surface. The polished basalt specimens were then placed in an
oven for drying at 45°C for 6 h [14]. After the basalt specimens cooled to room
temperature, they were removed and placed in a sealed container for backup.
Then, the contact angle of the specimens was measured by dropping a liquid
drop onto the specimen surface to be tested using the probe of a contact angle
measuring instrument.

Atomic force microscopy (AFM) test: for the test, the scanning mode of the
AFM was PeakForce QNM, the scanning frequency was 0.977 Hz, the scanning
range was 20 um x 20 wm, and the probe used was Bruker RTESPA-150.

2.8. LT cracking property test

Constrained specimen temperature stress (CSTS) test: first, epoxy resin ad-
hesive was utilized to bond the ends of the AM beamlet specimen to the ends
of the test system. After the epoxy resin adhesive solidified, the specimen was
kept at 5°C for 6 h. Then, the specimen was cooled at a rate of 10°C/h and the
temperature-stress curve was measured until the specimen fracture.

Three-point bending test (TPBT): the specimen was placed flat in the bend-
ing test fixture to form a simply-supported beam, and a dynamic hydraulic servo
universal testing machine was utilized to apply the load. The loading speed
was 1 mm/min, the test temperature was —12 °C, and the acquisition frequency was
10 Hz. It should be mentioned that the specimen was first coated with matte
white paint throughout the collecting procedure in order to prevent specimen
reflection. Moreover, a roller was used to make black spots on the surface of the
specimen as markers to ensure accurate data acquisition.

2.4. Anti-rutting test

Rutting plate specimens were prepared using the bitumen mixture and rut-
ting tests were conducted using the SYD-0719C-2 fully automatic rutting tester.
Constant wheel pressure and uniform wheel speed were maintained during the
experimental loading process. The rutting plate specimen together with the test
mold were placed on the testing device, with the test wheel placed at the center
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of the specimen. The travel direction of the test wheel was consistent with the
rolling direction, and the test duration was 1h. The test was stopped when
the rutting deformation reached 25 mm.

3. RESULTS

3.1. LT rheological characterization of composite MA

To evaluate the rheological properties of CCR bitumen, flexural creep strength
tests were conducted on virgin, aged, and FTC-treated MA. The specimens were
analyzed using infrared spectroscopy. The basic properties of CCR. bitumen are
shown in Table 1.

TABLE 1. Basic properties of CCR bitumen.

Item Unit Value
Needle penetration dmm 52.5
Softening point °C 228
Ductility cm 85.7

As can be seen in Table 1, the penetration, softening point, and ductility
of the CCR bitumen are 52.5 dmm, 228 °C, and 85.7 cm, respectively. Figure 1
displays the stiffness modulus of the MA at various temperatures.
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F1a. 1. Stiffness modulus of MA at different temperatures and treatments: a) stiffness modulus
of SBS-MA, b) stiffness modulus of CCR-modified asphalt. Note: Wx and Sx represent x FTCs
in water and salt solution, respectively.

In Fig. 1a, compared to the virgin SBS bitumen, the stiffness modulus of
SBS bitumen after LTA and water/salt FTCs increased significantly and was in-
versely proportional to the temperature. Among the samples, the PAV-aged SBS
bitumen had the largest stiffness modulus, with values of 145 MPa, 495 MPa, and
949 MPa at —12°C, —18°C, and —24°C, respectively. In Fig. 1b, the stiffness
modulus of CCR bitumen, after both aging and FTC, increased compared to the
original CCR bitumen. Furthermore, as the temperature decreased, the modulus
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rose. Among the samples, the PAV-aged CCR bitumen at —24°C showed the
largest stiffness modulus of 412 MPa. Under identical conditions, the stiffness
modulus of the CCR bitumen was lower than that of the SBS bitumen. The
aforementioned findings suggest that the CCR, bitumen has superior LT rheo-
logical characteristics compared with the SBS bitumen. Figure 2 depicts the CR
of the MA at various temperatures.
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F1G. 2. CR of MA at different temperatures:
a) CR of SBS-MA, b) CR of CCR-MA.

In Fig. 2, the CR of MA, after aging and FTC, decreased compared with
the original MA. The most significant reduction in the CR of the aged bitumen
was at least 10.9 %. In addition, the CR of the MA decreased as temperature
decreased. However, by comparing Fig. 2a and Fig. 2b, it can be observed that
the change in the CR of CCR bitumen is relatively small compared to that of
SBS bitumen. For example, after the aging treatment, the CR of SBS bitumen
and CCR bitumen at —12°C was 0.37 and 0.44, respectively. These results show
that the CCR bitumen has better strain relaxation ability compared with the
SBS bitumen. The CR/stiffness modulus ratios of MA at different temperatures
are displayed in Table 2.

In Table 2, the CR/stiffness modulus ratios of both SBS bitumen and CCR bi-
tumen decreased significantly after aging and FTC. Taking the PAV-aged bitu-
men at —12°C as an example, the CR /stiffness modulus ratios for SBS and CCR
bitumen were 257.4 and 571.6, representing reduction of 60.2 % and 49.5 %, re-
spectively. Meanwhile, with the decrease in temperature and the increase in the
FTCs, the CR/stiffness modulus ratios of both SBS bitumen and CCR bitumen
decreased. In addition, under the same conditions, the CR/stiffness modulus ra-
tio of CCR bitumen was always higher than that of SBS bitumen. For example,
at —18°C, the CR/stiffness modulus ratios of SBS bitumen and CCR bitumen
after aging were 58.6 and 160.6, respectively. These results demonstrate that
CCR bitumen exhibits excellent LT deformation capability compared with SBS
bitumen. Figure 3 displays the infrared spectra of various MA samples before
and after aging.
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TABLE 2. CR/stiffness modulus ratio (10°/MPa) of SBS- and CCR-MAs
at different temperatures.

Bitumen type Processing method —-12°C —18°C —24°C
Original 647.3 179.7 57.6
PAV 257.4 58.6 16.9
W5 441.5 79.8 25.5
W10 429.2 7.7 23.5
SBS-MA W15 411.4 73.8 21.6
W20 393.1 68.6 21.0
S5 414.2 74.3 23.4
S10 389.6 70.4 21.7
S15 379.5 63.8 19.9
S20 355.1 64.2 18.0
Original 1134.9 384.6 133.6
PAV 571.6 160.6 55.8
W5 884.3 270.3 96.2
W10 849.2 253.2 94.0
CCR-MA W15 818.5 245.3 92.4
W20 786.2 240.7 87.9
S5 846.9 263.2 90.3
S10 810.4 245.3 88.5
S15 792.3 240.7 82.3
S20 761.7 222.2 80.5
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Fi1c. 3. Infrared spectrum before and after aging of different modified bitumen:
a) infrared spectra of asphalt samples, b) infrared spectra of asphalt before and after aging.

In Fig. 3a, the absorption peaks of MaA, crumb rubber MA, SBS bitumen,
and CCR bitumen are basically located at the same position, i.e., at wave num-



Evaluation of the Characteristics and Application of SBS Composite-Modified... 27

bers of 2918.2cm™! and 2849.5cm™! in the functional group region. All these
absorption peaks are generated by the stretching vibration of methylene and
its derivatives. Comprehensive analysis suggests that bitumen mainly contains
alkanes, cycloalkanes, and aromatic compounds. In Fig. 3b, after aging, the ab-
sorbance of both SBS bitumen and CCR bitumen decreased compared with
the original samples, with the reduction in the SBS bitumen absorbance being
more significant. Among them, the aging SBS bitumen disappeared at a wave
number of 966.5, while the aging CCR bitumen’s wave peaks did not change sig-
nificantly. It can be concluded that the polybutadiene and polystyrene of SBS
bitumen are decomposed during aging, while there is no significant change in
the CCR bitumen. These results indicate that the CCR bitumen has better anti-
aging properties than the SBS bitumen. Figure 4 displays the infrared spectra
of SBS and CCR bitumen prior to and following FTCs.
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F1c. 4. Infrared spectra of bitumen before and after cyclic FTCs:
a) SBS asphalt, b) CCR asphalt.

In Fig. 4a, the absorption peaks of the SBS bitumen at wave numbers of
1599.7 and 1694.6 changed significantly after FTC. This indicates that the aro-
matic hydrocarbon components of the SBS bitumen changed after FTC. More-
over, both cycloalkanes and unsaturated chains are oxidized, resulting in water-
induced aging of the bitumen. In Fig. 4b, the infrared spectral changes of the
CCR bitumen after FTC are basically the same as those of SBS bitumen, but
the magnitude of change is smaller. This indicates that, compared with the SBS
bitumen, the CCR bitumen has better freeze-thaw (FT) resistance. The func-
tional group indices before and after FTC are shown in Fig. 5.

In Fig. 5a, the hydroxyl index of both SBS bitumen and CCR bitumen
increased significantly after FTCs. Among them, the hydroxyl index of SBS
bitumen is basically above 0.013, while that of CCR, bitumen is in the range of
0.010 to 0.012. It can be concluded that the hydroxyl functional group changes



28 W. REN, P. L1

a) b)
—4— SBS-W SBS-S —e— CCR-W —#— CCR-S —o— SBS-W —#— SBS-S -4 CCR-W CCR-S
0.016 0.08

0.014 ———g——8 % 007
3 0.012 2 0,07 _— : ¢ s
2 0,010

2 004 e

Z 0% S 0.06 =
S 0.006 g
2 0.004 £ 0.05
0.002 < 00§
0.000 ) ) ) ) ) 0.04 ) )
0 5 10 15 20 0 5 10 15 20
Number of cycles Number of cycles

Fi1G. 5. Functional group indices before and after cyclic FTCs:
a) hydroxyl index, b) aromatic ring index.

of CCR bitumen after FTCs are small. In Fig. 5b, the cycloaromatic index of
both SBS bitumen and CCR bitumen also increased significantly after FTCs.
Among them, the cycloaromatic indices of two SBS bitumen samples are above
0.065, while those of CCR bitumen are around 0.060. This reveals that FTC
have less effect on the cycloaromatic functional groups of the CCR, bitumen. In
order to investigate the mechanism of changes in the rheological properties of
composite-modified bitumen, the microstructure was analyzed using fluorescence
microscopy, and the results are shown in Fig. 6.

a) b) I c)

F1G. 6. Fluorescence microscope test results of modified bitumen:
a) matrix asphalt, b) SBS asphalt, ¢) CCR asphalt.

As shown in Fig. 6, the matrix bitumen appears as a homogeneous phase.
SBS has a dense network structure, while SBS particles absorb light oil and
expand, rapidly increasing in volume and gradually expanding and splitting,
forming a visible network structure that envelops the bitumen in a grid-like
structure. However, due to the poor stability of this structure, the modifica-
tion effect of SBS bitumen is relatively moderate. In the CCR bitumen, rub-
ber powder and SBS are dispersed in the bitumen, and SBS particles serve as
anchor points interwoven with the flocculated rubber powder. Together, they
form a relatively stable spatial structure, dispersed in the bitumen through cou-
pling, which improves the rheological properties of the bitumen.
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3.2. Adhesion characterization of composite MA

To investigate the adhesion properties of MA, the study was conducted to
test the contact angle and atomic force to understand the adhesion and the
Derjaguin—Muller—Toporov (DMT) modulus of the bitumen. Figure 7 displays
the test results of the bitumen contact angle.
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F1G. 7. Test results of the bitumen contact angle:
a) contact angle of SBS asphalt, b) contact angle of CCR asphalt.

In Fig. 7a, the contact angle of SBS bitumen after both aging and FTC is
higher than that of the original sample. In the case of distilled water, for exam-
ple, the contact angles with the original and aged samples are 97.8° and 99.6°,
respectively. In Fig. 7b, the contact angles of CCR bitumen are all higher than
those of the original samples. Similarly, in the case of distilled water, the contact
angles with the original and aged samples are 96.0° and 97.6°, respectively. By
comparing SBS-MA and CCR-MA, it is possible to determine that, under iden-
tical circumstances, the SBS bitumen has a wider contact angle than the CCR
bitumen. With distilled water and ten FTC cycles as an example, the contact
angles of SBS and CCR bitumen are 98.9° and 96.7°, respectively. According to
the contact angle, the work of adhesion of bitumen can be calculated. Figure 8
presents the findings.
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F1G. 8. Cohesion work of bitumen: a) asphalt, b) asphalt and aggregate.
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In Fig. 8a, the work of cohesion for the CCR bitumen is higher than that
of the SBS bitumen under the same conditions. For example, the cohesive
polymerization function of SBS bitumen and CCR bitumen after five FTCs
is 53.6mJ/m? and 61.8mJ/m?, respectively. In Fig. 8b, the cohesive polymer-
ization function between CCR bitumen and aggregate is higher than that of
SBS bitumen under the same conditions. Taking the aged bitumen as an ex-
ample, the work of adhesion between SBS bitumen and aggregate and between
CCR bitumen and aggregate is 62.7 mJ/m? and 66.5mJ/m?, respectively. The
microscopic adhesion and the DMT modulus of the bitumen are shown in Fig. 9.
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F1G. 9. Microscopic adhesion force (a) and DMT modulus (b) of bitumen.

In Fig. 9a, the adhesion force of bitumen is significantly reduced after treat-
ment by either aging or FTC. In addition, the adhesion force of the CCR bi-
tumen is greater under the same conditions. For example, the adhesion forces
of SBS bitumen and CCR bitumen after aging are 18.9 nN and 27.4 nN, respec-
tively. In Fig. 9b, the DMT modulus of the bitumen is significantly reduced after
treatment by aging or FTC. Moreover, the DMT modulus of the CCR. bitumen
is smaller under the same conditions. For example, after five FTCs, the DMT
moduli of SBS bitumen and CCR bitumen are 354.0 MPa and 236.0 MPa, respec-
tively. These results indicate that the CCR bitumen has better cracking, aging
and FT resistance. In order to investigate the mechanism of changes in CCR
bitumen performance, the phase structure of the modified bitumen was analyzed
using scanning electron microscopy, and the results are shown in Fig. 10.

As shown in Fig. 10, the surface of the matrix bitumen is smooth and free of
impurities, with a linear morphology that is close to a homogeneous structure. In
the SBS-modified bitumen, the SBS modifier is in a dispersed phase; however,
due to the difficulty of forming a stable structural system between the SBS
particles and the bitumen, the modification effect is relatively average. In the
CCR-modified bitumen, the particle distribution of the modifier is denser, and
a thicker gel-like substance is formed at the interface, which indicates that the
rubber powder and SBS undergo sufficient vulcanization and swelling reactions
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1 um :
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F1G. 10. Scanning electron microscope images:
a) matrix asphalt, b) SBS-MA, ¢) CCR-MA.

in the bitumen. This enhances the tensile deformation resistance and elastic
recovery ability of the bitumen under external force.

8.8. LT cracking characterization of composite MA mizes

The study used both TPBTs and CSTS tests to evaluate the LT cracking
properties of MA mixes. The results of the restrained specimen temperature
stress test are shown in Fig. 11.
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F1G. 11. Results of the temperature stress test on restrained specimens for:
a) SBS-MA, b) CCR-MA.

In Fig. 11a, the freeze-off temperatures of AMs after aging and FTC are
significantly higher compared with those of the original SBS-AMs. The FT tem-
peratures of SBS-MA mixture (SBS-MA), SBS-MA-PAV, and SBS-MA-W5 are
—30°C, —22.5°C, and —27.7°C, respectively. In Fig. 11b, the freeze-off temper-
atures of CCR-AMs are also significantly increased after aging and FTC. The FT
temperatures of CCR-MA mixture (CCR-MA), CCR-MA-PAV and CCR-MA-
W5 are —34.3°C, —27.1°C, and —32.5°C, respectively, which are lower than



32 W. REN, P. L1

those of SBS-AMs. The aforementioned findings suggest that the CCR bitumen
better resists LT cracking. Figure 12 displays the TPBT results of the beams.
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F1G. 12. TPBT results of small beams: a) FED, b) critical fracture toughness (CFT).

In Fig. 12a, the FEDs of AMs are significantly reduced after both aging
and FTC. However, the FED of CCR-AMs is higher than that of SBS-AMs.
For example, the FEDs of SBS-MA-PAV and CCR-PAV are 0.005 MPa and
0.012 MPa, respectively. In Fig. 12b, the CFT of AMs is significantly reduced
after both aging and FTC. However, the CFT of CCR-AMs is higher under
the same conditions. For example, the CFTs of SBS-MA-PAV and CCR-PAV
are 0.24 N/mm and 0.52 N/mm, respectively. These results indicate that CCR
bitumen has better toughness and cracking resistance. The study statistically
analyzes the FED and CFT in order to understand the sensitivity of these
parameters to each of the influencing factors. The sensitivities of the influencing
factors are shown in Table 3.

TABLE 3. Sensitivity of influencing factors.

Influence factor Index Coeflicient of variation [%)]
Preburning Fracture energy density 0.42
Critical fracture toughness 0.39
FTC Fracture energy density 0.37
Critical fracture toughness 0.36
FT type Fracture energy density 0.09
Critical fracture toughness 0.07
Types of bitumen Fracture energy density 0.27
Critical fracture toughness 0.22

In Table 3, both FED and CF'T are most sensitive to aging, with coeflicients
of variation (COVs) of 0.42 and 0.39, respectively. The next most sensitive factor
is the number of F'T cycles, with COVs of 0.37 and 0.36, respectively. In addition,
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both FED and CFT are least sensitive to F'T type, with COVs of 0.09 and 0.07,
respectively. The results of the rutting test are shown in Fig. 13.

B Dynamic stability @ Rut depth

Value [mm]
o Ll N w S (8] (2]
—

SBS-MA CCR-MA
Asphalt type

F1G. 13. Track test results.

As shown in Fig. 13, compared to SBS-MA, CCR-MA has greater dynamic
stability and smaller rut depth. The dynamic stability of SBS-MA and CCR-
MA is 3.27 times/mm and 5.07 times/mm, respectively, and the rut depths are
2.35mm and 1.94mm, respectively. These results indicate that the rubber-
powder composite SBS can effectively improve the deformation resistance of
bitumen materials. In terms of economic benefits, although SBS-modified bitu-
men has good road performance, its high cost limits its large-scale application.
CCR composite-modified bitumen can reduce the amount of SBS modifier while
maintaining bitumen performance by adding rubber powder, thus lowering pro-
duction costs.

4. DISCUSSION

A composite MA-CCR bitumen based on crumb rubber and an SBS modifier
was created, and its rheological characteristics and LT cracking capabilities were
examined in order to extend the life of AP and lower the likelihood of its cracking
under LT conditions. The experimental results indicated that both SBS bitumen
and CCR bitumen exhibited a significant increase in the stiffness modulus after
aging and FTC. Furthermore, as the temperature dropped, the stiffness modulus
rose. However, compared to SBS bitumen, the stiffness modulus of CCR bitumen
under the same conditions was smaller.

Taking the aged bitumen as an example, the stiffness modulus of SBS bi-
tumen and CCR bitumen at —24°C was 949 MPa and 412 MPa, respectively.
Furthermore, the change in the CR of CCR, bitumen was negligible in compari-
son to that of SBS bitumen. Using aged bitumen as an example, the CR values
at —12°C were 0.37 and 0.44 for SBS and CCR bitumen, respectively. This
suggests that the CCR bitumen has a higher capability for strain relaxation
compared to the SBS bitumen.
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Compared to the MA based on nano ZnO and SBS proposed by L1 et al. [15],
the MA with CCR exhibited better FTC resistance and creep performance.
Specifically, the creep performance of the MA based on nano ZnO and SBS was
improved by about 5% compared to that of the SBS MA, whereas the creep
performance of CCR-MA improved by about 19 % compared with the SBS bi-
tumen. This improvement was due to the mixing and solubilization between the
SBS modifier, crumb rubber modifier, and bitumen, which resulted in a physical
cross-linking structure [16, 17].

An investigation of the infrared spectra of various bitumen was carried out in
order to better understand the mechanism underlying the changes in MA prop-
erties. The outcomes indicated that SBS bitumen and CCR bitumen mainly
contained alkanes, cycloalkanes and aromatic compounds. After aging, the ab-
sorbance of both SBS bitumen and CCR bitumen decreased compared with
the original samples, with the decrease in SBS bitumen absorbance being more
pronounced. Specifically, the wave peak of aged SBS bitumen disappeared at
a wave number of 966.5, while the wave peak of aged CCR bitumen did not
change significantly. It can be concluded that the polybutadiene and polystyrene
in aged SBS bitumen were decomposed. This led to an increase in the content
of hydroxyl, aromatic ring, and sulfinyl groups, which weakened its LT per-
formance, while there was no significant change in CCR bitumen. After FTC,
the aromatic hydrocarbon fractions of both SBS and CCR bitumen changed.
Moreover, both the cycloalkanes and unsaturated chains were oxidized, which
caused water aging of the bitumen; the degree of water aging of CCR bitumen
was smaller [18].

In addition, fluorescence microscopy results showed that, compared to the
SBS-modified bitumen, in the CCR-modified bitumen, SBS particles serve as an-
chor points interwoven with flocculated rubber powder, and the two form a rel-
atively stable spatial structure dispersed in bitumen through coupling, thereby
improving the rheological properties of the bitumen. At the same time, scanning
electron microscopy revealed that in the CCR-modified bitumen, the particle dis-
tribution of modifier was denser, and a thicker gel-like material was formed at
the interface. This indicates that the rubber powder and SBS undergo sufficient
vulcanization and swelling reactions in bitumen, enhancing the tensile deforma-
tion resistance and elastic recovery ability of the bitumen under external forces.

To investigate the adhesion properties of the MA and the LT characteristics
of its mixtures, the study conducted contact angle and atomic force tests, as well
as CSTS tests and TPBTs. The findings showed that the cohesion function of the
MA was reduced after both aging and FTC; however, under the same conditions,
the cohesion function of CCR bitumen was higher than that of SSB bitumen.
For example, the cohesive polymerization function of SSB bitumen and CCR
bitumen after five water FTCs was 53.6mJ/m? and 61.8 mJ/m?, respectively.
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Meanwhile, the DMT modulus of bitumen was significantly reduced after
aging or FTC treatment. Moreover, the DMT modulus of CCR bitumen was
smaller under the same conditions. Taking five water FTCs as an example,
the DMT modulus of SBS bitumen and CCR bitumen was 354.0 MPa and
236.0 MPa, respectively. This is because aging and FTC would convert viscous
components of bitumen into elastic components, leading to reduction of its de-
formation ability. SBS and crumb rubber in CCR bitumen reduce the effects of
temperature, water, salts, and other factors on the viscous component, so the
CCR bitumen exhibits better deformation capacity [19, 20].

Through comparison with YANG et al. [21], it can be observed that after
FTC, there was a noticeable increase in surface cracking in bitumen cold-recycled
mixtures, along with an increase in the width and number of main cracks. In
addition, this observation is supported by the progressive decrease in the fa-
tigue life (number of cycles) at the full-field maximum horizontal strain and
the notable increase in the average volume of air voids and intermediate voids.
Similarly, the results of WANG et al. [22] also demonstrated that after FTC, the
mechanical properties of AMs were greatly reduced and key particles in the AM
structure were significantly displaced.

The FED and CFT of the AMs decreased significantly after aging and FTC,
while the freeze-fracture temperature increased significantly. This was due to
the fact that aging increased the polar components in the bitumen, making it
more prone to fracture. Meanwhile, freezing pressure generated by freezing and
thawing increased the porosity of AMs, allowing liquids to enter the pore inte-
rior. Additionally, upon thawing, positive pressure occurred, which consequently
caused the AM’s strength to decrease. In terms of LT cracking, CCR-AMs out-
performed SBS-AMs. This is attributed to CCR-AMs’ superior ability to release
stress in the form of deformation, and the higher energy required for crack prop-
agation.

5. CONCLUSION

This study proposed a composite MA based on SBS and crumb rubber to
improve the frost resistance of APs, and evaluated the MA’s performance. The
results showed that after LTA and water/salt FTCs, the CR of the MA de-
creased. Among these, the CR of aged bitumen was reduced most significantly,
by at least 10.9%. In addition, the CR of the MA decreased with decreasing
temperature. However, compared with the SBS bitumen, the change in the CR
of the CCR, bitumen was relatively small. Taking the bitumen after the aging
treatment as an example, the CR of SBS bitumen and CCR bitumen at —12°C
was 0.37 and 0.44, respectively.
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In addition, the freeze-off temperatures of AMs after aging and FTC in-
creased significantly, but the freeze-off temperature of CCR-AMs was always
higher than that of SBS-AMs. For example, the freeze-off temperatures of SBS-
MA-W5 and CCR-MA-W5 were —27.7°C and —32.5 °C, respectively. These re-
sults indicate that CCR bitumen has good rheological properties and excellent
LT cracking resistance.

CCR composite-modified bitumen can be applied in highway pavement con-
struction to improve road durability and service life due to its excellent HT
stability and LT crack resistance. At the same time, the composite-modified
bitumen can also be used for waterproof and anti-corrosion coatings on break-
waters and piers to resist seawater erosion.

The current study only analyzed the performance of CCR bitumen with
a single SBS and rubber powder content, which limits the comprehensiveness
of the research results. Future research will expand to CCR bitumen with dif-
ferent doping levels, systematically analyzing the effects of different proportions
of rubber powder and SBS on bitumen performance to determine the optimal
mixing ratio. This will help optimize the mechanical properties and durability of
bitumen while reducing costs and providing a scientific basis for the widespread
application of bitumen pavements.
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1. INTRODUCTION

Self-supporting arch halls made of doubly corrugated thin-walled steel pro-
files are becoming increasingly popular in the Polish and European markets. An
analysis of recent projects completed by system providers, as presented in [1],
indicates that the most commonly constructed buildings in our region are sports
halls and agricultural structures, including warehouses, livestock buildings, and
shelters. Examples of projects completed in 2024 by the World Technology
Group [2] using the ultimate building machine (UBM), as described in [3], are
presented in Fig. 1 and Fig. 2. Both agricultural and sports facilities often require
local structural modifications to meet their functional requirements. In sports
halls, skylights (Fig. 3) and ventilation openings are commonly introduced. In
agricultural buildings, suspended conveyors, screw carriers, or other equipment
are frequently installed. The impact of such local modifications on global struc-
tural behavior is typically not considered during the design process. A probable
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F1c. 3. Skylights in sports halls.

reason for omitting the influence of these modifications on structural behavior
is the lack of a dedicated design methodology, as previously discussed in various
studies, such as [4-6].

2. PURPOSE AND SCOPE OF WORK

The aim of this study is to present and compare selected design methods for
this type of structure, currently used by engineers or proposed by researchers.
A literature review and an analysis of structural design approaches in this field
appear necessary, considering the number of structures currently being built,
the consequences of structural failures, and the noticeable variation in design
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approaches observed by the authors. Systematizing knowledge of the fundamen-
tal behavior of self-supporting arch halls will provide a foundation for further
research on the impact of local modifications on overall structural performance.

3. REVIEW OF DESIGN METHODS

The selected design methods are presented further. Both methods used in en-
gineering practice (simplified methods) and those proposed in scientific research
(advanced methods) are described. Based on the authors’ own research and the
conclusions of many researchers (e.g., [7]), it should be emphasized that such
structures require the use of second-order theory because they exhibit strong
nonlinearity.

3.1. Simplified methods

Based on an analysis of projects involving single-shell structures, it has been
determined that two primary methods are predominantly used. These methods
are classified as simplified due to their lower level of complexity compared to the
approaches recommended by researchers specializing in this type of structure.
Simplified methods include:

— method no. 1: based on a 1D linear analysis of a single isolated profile and
an evaluation of its capacity utilisation factor according to the provisions of
the Eurocode standards [8-10]. The cross-section of the profile is analyzed
without transverse corrugations and is most often classified as Class 4.
The buckling length coefficient is assumed in accordance with Annex D of
the standard [11];

— method no. 2: commonly used in everyday design practice is based on a ge-
ometrically nonlinear 1D analysis performed for a single profile, with trans-
verse corrugations omitted, similarly to the first method. The shape of the
arch is deformed by introducing imperfections defined in Annex D of [11].
Following [14], the utilisation factor for capacity assessment is determined
at the cross-sectional level, without considering the global buckling fac-
tor of the arch.

3.2. Advanced methods

Methods proposed by numerous researchers are classified as advanced be-
cause they exhibit a higher level of complexity compared to those used in ev-
eryday engineering practice. Advanced methods include:

— method no. 3: a design approach proposed in [7], based on 1D models with

variable stiffness, which is the result of local buckling of the compressed
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cross-sectional webs. The necessity of considering additional bending mo-
ments arising from the shift in the center of gravity was also highlighted;

— method no. 4: based on the finite element analysis of shells and takes into
account the influence of deformations on the distribution of internal forces.
This approach has been proposed by many researchers, including [18, 19];

— method no. 5: described in the monograph [20], based on a 1D model
represented by a single profile, characterized by variable axial and bending
stiffness depending on the bend radius and stress level. The stiffness values
are determined using proposed formulas that account for normal forces,
bending moments, and the failure force acting at the centroid of the cross-
section. Determining these stiffness values requires laboratory-scale tests
or numerical analyses of small-scale shell models. This method has been
validated against shell models and laboratory tests, demonstrating a high
degree of result convergence.

4. DISCUSSION

The use of method no. 1 raises doubts for the following reasons. In [12], it
was shown that ignoring transverse corrugations can lead to a significant over-
estimation of the load-bearing capacity of the element. The buckling length
coefficients given in [10] most frequently do not correspond to the cases consid-
ered, especially in relation to UBM technology, which is becoming increasingly
popular due to the possibility of introducing a variable bending radius of the
arch. Furthermore, in [7], it was observed that the buckling length coefficient
should be determined while considering the variable stiffness of the arch. When
designing in accordance with this approach, the additional stresses in the struc-
ture resulting from changes in its geometry under load are not considered [13].

In relation to the assumptions of method no. 2, based on the results shown
in [15], self-conducted measurements of actual imperfections were conducted on
structures with shapes corresponding to those defined in [11]. The measure-
ments were carried out after the arches were installed, before additional loads
and under wind-free conditions, using a Leica 3D Disto laser rangefinder [16].
The results indicate significantly greater deformations in the real structures than
those assumed in the standard [10]. The in-plane measurements of the arch are
illustrated in Fig. 4 and Fig. 5, while the out-of-plane ones are illustrated in
Fig. 6. The results are presented as follows: line (1) represents the theoretical
arch shape; line (2) represents the curve derived from imperfections according
to [11] and static calculations under self-weight; and line (3) represents the curve
obtained from actual measurements. The measurement results are provided for
sections 1 to 5, which are located at 30-degree intervals. The displacements are
measured relative to line 1 (red line — the theoretical shape without imperfec-
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—Sec. 3

—Sec. 3

Measurement point

71mm-lateral displacement

Measurement point

F1a. 6. Lateral displacements — measurement in the support zone (a) and ridge zone (b)

tions). Furthermore, the measurements revealed a tendency for profiles with
larger spans (L > 18 m) to undergo lateral (out-of-plane) displacements in the
ridge zone (the top zone — the highest part of the structure), as shown in Fig. 6
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The red points shown in Fig. 6 indicate the locations of successive measurements
taken in the vertical plane. The red numbers in Fig. 6 correspond to the measure-
ment point identifiers. As shown in Fig. 6, the maximum measured out-of-plane
displacement of the panel is 71 mm. These findings highlight potential discrepan-
cies between assumed and actual structural behavior, indicating that the imper-
fections prescribed in [11] may underestimate the real deformations that occur in
self-supporting arch halls. Table 1 presents the measured imperfection values of
the halls illustrated in Fig. 4, Fig. 5, and Fig. 6.

TABLE 1. Measurement of the shape of an arch-hall with a span of 19 m.

Displ Displ
Analyzed Location along P acement isplacement
in-plane [mm|] out-of-plane [mm|]
structure the panel
Case 1* Case 2" Case 17 Case 2™*
Sec. 1 acc. to Fig. 4 109 138 0 27
Structure no. 1 | Sec. 2 acc. to Fig. 4 126 204 0 51
ac“;rodi?é (ZCC') Sec. 3 acc. to Fig. 4 93 188 0 71
. Sec. 4 acc. to Fig. 4 42 69 0 45
Sec. 5 acc. to Fig. 4 7 —61 0 20
Sec. 1 acc. to Fig. 5 109 52 0 15
Structure no. 2 Sec. 2 acc. to Fig. 5 126 185 0 29
acc. to Fig. 5 | Sec. 3 acc. to Fig. 5 93 194 0 42
Sec. 4 acc. to Fig. 5 42 132 0 32
Sec. 5 acc. to Fig. 5 7 43 0 19

*Case 1 refers to the comparison between the ideal shape (line 1 acc. to Fig. 4 and Fig. 5) and
the deformed shape obtained from calculations after introducing imperfections and applying
self-weight (line 2 acc. to Fig. 4 and Fig. 5).

**Case 2 refers to the comparison between the ideal shape (line 1 acc. to Fig. 4 and Fig. 5)
and the actual shape obtained from measurements (line 3 acc. to Fig. 4 and Fig. 5).

With respect to advanced methods, method no. 3 does not provide a defini-
tion of the geometric characteristics for elements with transverse corrugations.
As demonstrated in [17], these characteristics differ from those of elements with
flat walls and additionally depend on the introduced bending radius. Method
no. 4 may soon become the industry standard, given technological advancements
and the increasing computational power of standard computers. However, the
authors emphasize that further refinement is needed, particularly in defining
the geometry of doubly corrugated profiles. Currently, panel geometry is most
often defined based on 3D scans. This approach complicates comparative ana-
lyses, which structural designers frequently conduct during the design phase to
select the most optimal solution. Moreover, it requires access to the analyzed
profiles, which are not commonly available in most design offices.
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Based on the authors’ literature study, method no. 5 presented in [20], ap-
pears to be the most optimal approach given the current state of knowledge.
Further study of this method is recommended for designers working with such
structures.

5. COMPARISON OF SELECTED METHODS

Comparing the results obtained using conventional (simplified) methods with
those of the suggested (advanced) methods is not a common practice, especially
when the analyzed structure is subjected to loads defined by design standards.
In [20], it was stated that engineering methods overestimated load capacity by
25% and underestimated the deflection by more than three times. However,
these results were obtained for a single case of symmetric load rather than for
a combination of primarily asymmetric loads. The following section presents the
results of the authors’ own analyses. The first analysis concerns a structure with
constant bending radius, the geometry of which is shown in Fig. 7, subjected
to the loads illustrated in Fig. 8. Finishing materials assumed as 0.3kN/m?.
Wind loads were applied in accordance with standard [21] for the following as-
sumptions: localization Poland, 1st wind zone, and 4th terrain category. Snow
loads followed standard [22] for the following assumptions: localization Poland,
and 2nd snow zone. The analyzed model is a 1D bar model with pinned sup-
ports and a cross-section of the UBM240 system, as shown in Fig. 9.

28274

(=)
=3
&

9000

N

|
18000

F1G. 7. Analyzed structure.

x

Load case 1: Load case 2: Load case 2:
Self-weigh and finishing Snow load Wind load
material load

F1G. 8. Analyzed load cases.
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Fic. 9. Analyzed cross-section: UBM240 ¢t = 1.40 mm, S320GD+Z.

Calculations were performed for load combinations according to standard [§],
using the simplified methods (no. 1 and no. 2) described above, as well as method

no. 5. Figure 10 illustrates the use of the arches’ capacity. Table 2 provides
a summary of the results.

Method no.1 Method no. 2
(simplified) (simplified)

Method no. 5
(advanced)

F1G. 10. Results obtained — utilization of capacity for the load combination.

TABLE 2. Obtained results.

Obtained results
Design Displacement Uy Displacement U, Utilization of capacity UC
method Value Section™ Value Section™ Value Section™
[mm] [m/m] [mm] (m/m] (%] [m/m]
Method no. 1
1.4 .67/28.2 48. 17.32/28.2 . .71/28.2
(simplified) 8 6.67/28.27 8.8 7.32/28.27 57.0 0.71/28.27
Method no. 2
2 77/28.2 . 17.41/28.2 . 4.61/28.2
(simplified) 86 6.77/28.27 50.6 7.41/28.27 58.0 61/28.27
Method no. 5| 5605 | 593/28.27 | 304.7 |16.93/28.27| 180.0 4.71/28.27
(advanced)
*Section measured from the right support.
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Due to the increasing popularity of self-supporting roofs with a variable
bending radius, a second analysis was performed for a structure with the ge-
ometry shown in Fig. 11. An analogous approach to that in the first case was
adopted. Figure 12 illustrates the loading method, while Fig. 13 presents the
utilization of the arches’ capacity. Table 3 provides a summary of the results.

8000

20000

F1G. 11. Analyzed structure.

Y yyvvvyy
Yy

-
S

X > x

Load case 1: Load case 2: Load case 2:
Self-weigh and finishing Snow load Wind load
material load

F1G. 12. Analyzed load cases.

1062
169

Method no.1 Method no. 2
(simplified) (simplified)

Method no. 5
(advanced)

F1G. 13. Results obtained — utilization of capacity for the load combination.
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TABLE 3. Obtained results.

Obtained results

Design Displacement U, Displacement U, Utilization of capacity UC
method Value Section™ Value Section™ Value Section™
[mm] [m/m] [mm] [m,/m] (7] [m/m]
Method no. 1
(simplified) 73.6 5.30/28.34 64.6 16.77/28.34 80.0 2.90/28.34
Method no. 2
(Simplifiod) 794 | 545/2834 | 685 |16.82/28.34| 84.0 3.69/28.34
Method mo. 51 7141 | 397/9834 | 580.7 |15.19/28.34| 2560 | 3.72/28.34
(advanced)

*Section measured from the right support.

6. SUMMARY

Designing self-supporting arch halls made of doubly corrugated thin-walled
steel profiles based on inadequately adjusted methods can lead to a significant
overestimation of load-bearing capacity and an underestimation of deflections.
The discrepancy in the results essentially excludes the possibility of using sim-
plified methods given the current state of knowledge. More research, focused
on considering local modifications, real imperfections, and tendencies toward
lateral displacements, seems necessary to be conducted.
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Graphical methods remain an important tool in the theory of mechanisms due to their
ability to visually convey fundamental kinematic principles. They are particularly useful in the
early design stages and in educational contexts, where intuitive understanding is essential.
Among the applications of graphical synthesis methods, mechanisms that require a link to
momentarily stop at specific angular positions — commonly referred to as angular reversal po-
sitions — are of particular interest. While various analytical and numerical methods exist for
designing such mechanisms, they typically focus on dwell positions of rotational or translational
links and rely on optimization techniques, often at the cost of geometric transparency. This
paper presents a graphical synthesis method for a four-bar linkage designed to achieve two pre-
scribed positions at which the coupler reverses its direction of rotation. This specific problem
has not been previously addressed in the literature. It arises in mechanisms used for emptying
containers, where the coupler carries the container and must instantaneously pause at two dis-
tinct angular positions to ensure stable discharge. Unlike many graphical methods, which may
involve ambiguity due to trial-and-error selection of geometric parameters, the proposed tech-
nique ensures a unique and geometrically consistent solution while also allowing the Grashof
conditions to be satisfied. This contrasts with many numerical methods, where constraint verifi-
cation is often deferred until the final stages. The construction proposed here is both practically
relevant and introduces a novel graphical approach, broadening the scope of synthesis methods
to encompass mechanisms exhibiting link dwells in planar motion and reaffirming the relevance
of graphical approaches.

Keywords: mechanism synthesis, graphical methods, angular reversal, dwell mechanism,
instantaneous center of rotation.
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1. INTRODUCTION

The design of a new machine is typically preceded by an analysis aimed at
the optimal realization of its intended utility functions. Mechanism synthesis
offers the necessary tools for this process: selecting a suitable structural scheme
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and determining the link dimensions to achieve the desired motion, subject
to structural, geometric, kinematic, and dynamic constraints. When a designer
selects a mechanism type for a given task and seeks optimal dimensions, the
problem becomes one of dimensional synthesis. Early synthesis methods were
developed graphically. Despite their inherent limitations, they retain both sci-
entific and didactic value — especially in fostering the geometric intuition that is
crucial to engineering practice. Although numerical methods prevail in modern
research, graphical methods continue to offer insight into the underlying steps of
the problem-solving process, making them foundational in engineering education
and design practice.

Historically, many pioneering engineering achievements were the result of
gradual evolution and refinement of earlier concepts. Graphical methods have
long played a central role in technical problem-solving. In the 17th century,
René Descartes introduced analytical geometry, and Galileo Galilei studied mo-
tion, laying the groundwork for later graphical representations. Newton’s Prin-
cipia Mathematica employed geometric reasoning to show that the trajectory of
a body under an inverse-square central force is a conic section [1, 2]. Gaspard
Monge developed descriptive geometry [3], which became essential for mecha-
nism analysis. Other notable graphical contributions include Culmann’s method
for structural analysis [4], the Cremona method for trusses [5], and Mohr’s cir-
cle for the visualization of stress and strain [6].

The early 20th century is often regarded as the golden age of graphical
methods. During this period, graphical methods for the analysis and synthesis
of mechanisms were intensively developed [7-10, 12]. Designing a mechanism to
meet specific motion and functional requirements is inherently more complex
than performing a mechanism analysis. In the field of mechanism synthesis and
analysis, graphical methods were widely used until they were gradually sup-
planted by numerical approaches. The complexity and diversity of geometric
transformations applied in mechanism design are well illustrated by the graphi-
cal techniques used in the synthesis of four-bar linkages for path generation with
four or five prescribed precision points. With regard to geometric approaches,
BURMESTER [9] and CACCARELLI and KOETSIER [17] introduced fundamental
graphical techniques for the synthesis of linkages in the late 19th century. Other
methods were subsequently developed to address motion generation problems.
One widely adopted approach is Freudenstein’s method, particularly for solving
the three-position motion generation problem [15]. Additionally, the Roberts—
Chebyshev theorem demonstrates that three distinct four-bar linkages can be
constructed geometrically to produce the same coupler curve [7]. A comprehen-
sive overview of graphical synthesis methods can be found in [11, 13-16]. AR-
TOBOLEVSKY [11] applied his general theory of mechanism structure to advance
graphical methods for the kinematic and kinetostatic analysis of mechanisms.
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He also developed general methodologies for mechanism synthesis. Contempo-
rary researchers continue to apply graphical methods to the synthesis of mecha-
nisms with significant engineering applications [14, 16]. LAKSHMINARAYANA and
RAO [18] performed a geometric synthesis of an RSSR crank-rocker mechanism
designed for a prescribed oscillation angle and quick-return ratio. Furthermore,
the study presented in [19] introduces a geometric synthesis method for func-
tion generation in a steering control mechanism with four discrete positions.
This steering linkage forms a critical component of the steering systems used in
most modern land vehicles.

The enduring inclusion of graphical methods in modern textbooks reflects
their unique ability to visually communicate kinematic concepts. Dwell mecha-
nisms — mechanisms that maintain a stationary position at specified points for
a finite period of time — are particularly important in industrial applications. Nu-
merous analytical and numerical synthesis methods have been developed for such
mechanisms [20-37], primarily focusing on the dwell of links that move in purely
translational or rotational motion. In most cases, these synthesis methods guide
the coupler through several prescribed positions without imposing additional
kinematic constraints. The graphical synthesis of a six-bar dwell linkage mecha-
nism is presented in [38]. Although the core of this approach consists of geometric
constructions, analytical equations were derived to optimize the solution.

This study considers the synthesis of a four-bar linkage with two prescribed
angular reversal positions of the coupler — a problem not previously reported in
the literature. More precisely, the mechanism under consideration is not classi-
fied as a dwell mechanism, since the motion stop is instantaneous. The appli-
cation considered is a container-emptying mechanism, in which the container
is mounted on the coupler, and stable discharge requires the coupler to pause
at two distinct positions. In the basic case, the coupler rotates by /27 during
discharge when the input link rotates through a predetermined angle. This con-
figuration serves as the basis for generalization to coupler rotations in the range
1w < § < 7. The method guarantees the uniqueness and correctness of the
solution and ensures that the Grashof conditions are satisfied. Unlike many ex-
isting graphical methods, in which arbitrary choices of selected parameters may
lead to invalid results, the proposed construction systematically avoids such
ambiguities. In contrast to optimization-based computer methods, where con-
straint violations are often detected late in the process, this graphical approach
integrates all constraints from the outset.

2. FORMULATION OF THE PROBLEM

The objective is to construct graphically a four-bar linkage that guides a con-
tainer so that it rotates exactly by an angle 127 < ¢ < 7, caused by the rotation
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of the driving link through a given angle m 4+ «, where 0 < a < 1/27. To ensure
an effective functionality, it is required that the coupler carrying the container
operates between two extreme positions, as shown in Fig. 1:

— position (b) (container mounting),
— position (b') rotated by an angle § (container unloading),

and that in these extreme positions the instantaneous angular velocity of the
coupler wy is 0. Moreover the crank O A must complete a full revolution; there-
fore, crank-rocker mechanism is being designed. The instantaneous center of
rotation (ICR) of the coupler lies at the intersection of the axes of the rotating
links (crank and rocker). When the coupler changes its direction (wj is zero),
the ICR lies at infinity. In these extreme positions, the crank and rocker are
mutually parallel. Given the freedom of choice, it is assumed that in position (b)
the coupler is perpendicular to the input link. The active link rotates through
an angle of m + «, and as a result, the coupler rotates counterclockwise from
position (b) to position (b'). In position (V'), the instantaneous angular velocity
of the coupler wy, is zero, and a return rotation to position (b) follows while
the active link completes a full rotation about O;. In position (b), the direction
of the coupler’s velocity changes, meaning its instantaneous angular velocity is
also zero. When the coupler is in position (b), the passive rotating link (rocker [)
must be aligned parallel to O1A. Then, the ICR of the coupler — denoted as C —
lies at infinity. Similarly, when the coupler is in position (b'), the passive rotat-
ing link (I) must be aligned parallel to O;A’. Then, the ICR of the coupler C’
also lies at infinity. Since the transition of the coupler from position (b) to po-
sition (b') is required to occur over a prescribed input crank rotation angle, the
task corresponds to a time-prescribed motion synthesis problem. The schematic
of the problem is shown in Fig. 1.

(b) — axis of the coupler in the st position

(I) —axis of the output rotating link in the 1st
position

(b") — axis of the coupler in the 2nd position

(I') — axis of the output rotating link in the 2nd
position

®, — angular velocity of the coupler
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Fic. 1. Geometrical illustration of the problem.
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3. GEOMETRICAL CONSTRUCTION

3.1. Case 1: 6 =1m

The method begins with a base case in which the coupler rotates by 1/2,
and then generalizes to the range 12w < 0 < 7. In the first approach, let us
take that 0 = 1/27r. Arbitrarily chosen quantities in a current step are labeled in
green. Quantities determined in a current step are marked in blue, and quantities
to be determined are in red.

1. Draw a pivotal joint O1, choose an arbitrary length a of the driving
rotating link, and sketch the link O;A in its horizontal position O1A
and in the position O1A’, rotated by an angle 7 + a (Fig. 2a).

2. Draw the vertical line (2) passing through point A. Draw another
line (1), rotated by the angle § = 1/27, passing through A’. Draw arcs of
radius b = a centered at points A and A’ in order to find the locations
of points B and B, respectively (Fig. 2b).

The lines (3.1) and (3.2) represent the extreme positions (b) and (V') of the
coupler, i.e., positions at which its instantaneous angular velocity is 0.

3. Connect points B and B’ with line (3) and measure the angle v between
line BB’ and the vertical line (Fig. 2¢).

Note that always v > 1/2a (a brief proof is provided in Sec. 4).

4. Shift point B to the right by A so that segment BB” (4) forms an angle
of /2 with the vertical line (Fig. 2d).

As a consequence, a difference occurs between the coupler lengths |A’B”| and
|AB| of A. The locations of points B and B” have to be corrected in order to
ensure that the coupler length is equal in both positions. For this purpose, an
additional construction is required.

5. Draw a vertical segment of length A (Fig. 2e). From the upper end of
this segment, draw a line parallel to BB”. From the lower end, draw
a line at an angle of 1/47, extending until the two lines intersect. From
the intersection point, draw a line perpendicular to A. The intersection
of these perpendiculars divides A into h and y.

The shaded triangles formed are congruent, ensuring that A = h + y.

6. Line BB” (4) is translated parallelly (line 5) so that point B” is shifted
to the left along A’B” by y; in consequence, B is lowered by h. The
newly determined positions of the points are labeled as B! and B,
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7. To avoid introducing superfluous notation, we relabel the actual posi-
tions of points B! and B’ as B and B/, respectively. Draw the horizontal
line (parallel to O1A) passing through point B, as well as the line sym-
metrical to the BB’ (Fig. 2f). These two lines intersect at the rocker
pivot Og. This completes the construction.

F1aG. 2. Following steps of the synthesis procedure in the case when § = 1/2;
a) step 1, b) step 2, ¢) step 3, d) step 4, e) steps 5 and 6, ) step 7.

It is evident that |O2B| = |O2B’|. Note that BB’ must be inclined at 12«
to the vertical line (step 4) so that O2B' is parallel to O1 A’ and O2B is parallel to
0O1A, as required at the angular reversal positions. The resulting mechanism is
shown in Fig. 3.
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F1c. 3. Resulting mechanism for case 1.

3.2. Case 2:0 > 1w

Let us consider the general case in which the coupler rotates by an an-
gle 12m < § < m, caused by the rotation of the driving link though a given
angle ™ + a.

1. Perform steps (1), (2), (3), and (4) as in the case of the first construction,
keeping in mind that line (1) is rotated by an angle § > 1/27 (Fig. 4a
and Fig. 4b).

The difference between the coupler lengths |A’B”| and |AB| equals A. The
quantities h and y are determined from additional constructions.

2. Draw a vertical segment ab of length A (Fig. 4c). From the upper
end (a) of this segment, draw a line parallel to line (4). From the
lower end (b) of the segment, draw a line at an angle 7 — ¢ (parallel to
line (1)) until it intersects the previous line. As a result, the auxiliary
quantity x is determined.

3. Then extend segment A by a specified value x (Fig. 4d). From the upper
point (a), draw a new segment ad of length A at an arbitrary angle.
Connect points (¢) and (d), and then from point (b), draw a segment
parallel to the line passing through points (¢) and (d). In this way, the
segment ad is divided into parts of lengths h and y.

4. In the main diagram (Fig. 4e), move line (4) in parallel so that point B
is shifted along AB by a distance h. As a result, point B” is shifted
along A’B” by y. This way we find the correct locations of points B
(= B!) and B’ (= B').

5. The rocker pivot Os lies at the intersection of the horizontal line passing
through point B and the line symmetric to BB’ (Fig. 4f). The resulting
mechanism is shown in Fig. 5.
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F1aG. 4. Following steps of the synthesis procedure in the case when /27 < § < m;
a) steps 1 (1-3), b) step 1 (4), c) step 2, d) step 3, e) step 4, f) step 5.

F1G. 5. Resulting mechanism for case 2: /27 < § < 7.
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Note that, by similarity of triangles, the construction shown in Fig. 4c reflects
the proportion:
h A
(3.1) —=—.
y x
By combining the equality A = h + y with Eq. (3.1), we obtain the following
proportion:

A+z A
3.2 - =
(32) rr_2
geometrically presented in Fig. 4d. This way, using Thales’ theorem, we find A
and y.

4. ANALYSIS OF THE SOLUTION

It should also be noted that for given values of o and §, the only dimension
selected arbitrarily is the angle between the driving link O; A and the coupler AB
in the initial position. For simplification of the solution procedure and the analy-
sis of the solution’s validity conditions, this angle is assumed to be 1/2 7, although
other values are also permissible. The dimension b, initially chosen arbitrarily, is
ultimately determined — similarly to dimensions ¢ and d. A change in dimension a
does not affect the mechanism’s structure, as it leads to a proportional change
in the remaining dimensions. This results in an affinely transformed mechanism.
However, a solution does not exist for all possible values of & and §. The solution
space is constrained by the Grashof conditions, and by the requirement to avoid
a defective solution due to the so-called branch defect (which is equivalent to
circuit defect in the case of a crank-rocker mechanism) [35].

Let us determine the range of angles o and ¢ for which the construction
guarantees a valid crank-rocker mechanism.

4.1. Procedure validity

We first justify that step (3), and consequently the subsequent steps of the
algorithm, can be executed because 7 is always greater than 1/2 . Let us observe
that after initially assuming b = a (step (2)), the angle v is always greater than
1y (Fig. 6a). Since « lies within the interval (0, 1/27), the angle 1/2 « lies within
(0, 1/a7); therefore v is always greater than 1/2 . In consequence, points B’ and
Os lie to the left of AB.

4.2. Branch defect analysis

Let us verify whether both positions of the mechanism are achieved within
the same configuration of the four-bar linkage. In other words, we exclude the
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F1G. 6. a) Hlustration that v > /a7 (a), b) illustration of angle X for branch defect analysis.

so-called branch defect (or circuit defect). In the same configuration the smaller
angle between links AB and BO» in each mechanism position is measured in
the same direction — either clockwise or counterclockwise.

Since angle ZABO, is equal to 7/2 and is measured counterclockwise, the
smaller angle ZA’B’O2\ must also be measured counterclockwise (Fig. 6b). Since
d+A+5—a=m A= F+a—7Jand it must be greater than 0 and less than r,
which occurs when

(4.1) —g+a<5<g+a.

Let us note that when o + 5 = ¢, the rocker coincides with the coupler, and
this represents a singular configuration. If Eq. (4.1) is not satisfied, the crank-
rocker mechanism would not be able to transition between the extreme positions
without disassembly.

4.3. Grashof conditions

For the resulting mechanism to operate as a crank-rocker mechanism, the
Grashof conditions must be satisfied. The link O; A, with an arbitrarily chosen
length a, is the shortest link.

The construction ensures that always b > a. Furthermore, d? = b+ (c —a)?,
hence d > a. It can be shown analytically that

(4.2) .o asin% — sin (a— g)

sin% ~+ sin (a— g)
Let us check when ¢ > a:

)

sing—sin (a— ) —2sin(a—%)

)>a,

) 1) ) . )
2 sin (a— 2><sm2 ~+ sin <a— 2)) < 0.

a 3 > 0,

sing + sin (a — 5)

[NSIISE NI IS%)

S .
31n§+sm(a—
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The dimension c is greater than a when

1)
4.3 < -
(43) a<?
In the following proofs, we assume that Eq. (4.3) is satisfied. We now check
whether the sum of the minimal and maximal link lengths is less than the sum
of the remaining links:

1. Let us assume that dimension d is the largest. We proceed with an indi-
rect proof. Assume that the sum of the minimal and maximal link lengths
is greater than the sum of the remaining link lengths: a +d > b+ ¢,
d>b+(c—a),d>=b+(c—a)? > (b+ (c—a))? This leads to a contra-
diction; therefore, the assumption is false, and it must be that the sum of
the extreme link lengths is less than the sum of the remaining link lengths:
a+d<b+ec

2. Let us assume that the dimension b is the greatest. However, d> =b?+(c—a)?,
so it follows that b is always less than d. Consequently, b cannot be the
greatest.

3. Let us assume that ¢ is maximal. In this case, we provide a direct proof,
that the sum of the minimal and maximal link lengths is lower than the
sum of the remaining link lengths. Then a + ¢ < d+ b, d > (a4 ¢) — b,
d? = 0*+(c—a)? > ((c+ a) — b)%; d? = b®+(c—a)? > b*—2b(c+a)+(c+a)?,
2ac < b(c + a), which is always true when Eq. (4.4) is satisfied.
The Grashof conditions can be also proved geometrically. In summary, by
combining Eq. (4.2) with Eq. (4.3), the following inequality guarantees obtaining
a crank-rocker mechanism free of branch defect:

(4.4) 2a<5<g+a.

In summary, we observe that the construction also covers the case in which
the driving link rotates through an angle of m — a.. In that case, it is sufficient to
reverse the direction of rotation of link O A. In the range where dimension c is
smaller than a, the link O3B becomes the crank and O1A becomes the rocker.
It was shown that for a fixed angle OjAB = 1/27, the problem has exactly
one solution. If, for functional reasons, the angle O1AB must differ from 1/27,
the synthesis process must be carried out exactly as presented. However, a sep-
arate analysis of the Grashof conditions should be performed, and conditions
must be established to ensure that a branch defect does not occur.

4.4. Uniqueness of the solution

We demonstrate that, when the angle ABO; is equal to 127, the presented
configuration leads to a unique and correct solution to the synthesis problem.
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Let us consider alternative potential solution paths. Note that the links AB and
A’B’ can also be constructed along lines (1) and (2) in the opposite directions,
i.e., to the left from point A’ and upward from point A.

We now examine the case illustrated in Fig. 7, aiming to identify a position
of joint B located in the upper half-plane with respect to A. Due to space limita-
tions, only a proof sketch is presented here, with its essential elements depicted
in Fig. 7. The segment AB'! is inclined at an angle of 1/2 relative to the ver-
tical axis. We begin with a situation where the length of the coupler in the
second position is |A’B’!|, whereas in the first position the coupler length in
the initial configuration is effectively zero, i.e., |AB| = |AA| = 0. However,
by translating the line AB’! parallel to itself, it becomes evident that the rate
of increase in the length of link AB — denoted nj — is greater than that of link
A'B’ — denoted nf. Therefore, it is guaranteed that positions B and B’ can be
found such that |AB| = |A’B’|. Nevertheless, the configurations O;ABO2 and
01A’B’Oy belong to two distinct branches of the mechanism’s configuration
space (Fig. 8). The angle ABOj is measured in the opposite direction compared
to A’B’O,. This results in a solution that exhibits a branch defect — a condi-
tion where the same input motion leads to two distinct configurations. When the
input link is rotated to position O1A’, the remaining links will not attain the de-
sired position A’B’O3, but instead will settle into configuration A’B”Os.

R}
A
B <

FiG. 8. Illustration for the branch defect of the second solution.
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Having excluded the second construction due to branch defect, we now turn
to a third possible configuration, illustrated in Fig. 9. We seek a configuration in
which joint B is located in the upper half-plane with respect to A, while joint B’
lies to the left of joint A’. However, it can be readily demonstrated that, under
such conditions, it is impossible to satisfy the constraint [AB| = |A’B’|. The only
exception occurs when a = 1/2 7. Even in this special case, however, the resulting
configuration would still exhibit a branch defect, rendering it invalid for the
intended mechanism behavior.

\

\ I
O2 P n C /)B
\ Il N
‘. solution impossible /&Q
N |A'B'|>|AB], o7

\\\ possibleonly .-

\\when a=m2.- -
. P

F1aG. 9. Lack of a solution in the case of construction no. 3.

The configuration in which joint B lies in the lower half-plane with respect
to A and joint B’ lies to the left of A’ also does not yield a valid solution, since
in this case the condition |[AB| < |A’B’| is always satisfied.

Consequently, all geometrically feasible constructions consistent with the
imposed constraints have been systematically evaluated.

5. CONCLUSIONS

This paper presented a novel graphical synthesis method for a four-bar link-
age designed to achieve two prescribed angular reversal positions of the coupler —
a problem not previously addressed in the literature. In contrast to many graph-
ical methods that exhibit ambiguity related to trial-and-error selection of geo-
metric parameters, the proposed approach guarantees solution correctness and
uniqueness, while inherently satisfying the Grashof conditions from the outset.
This stands in contrast to numerical methods, where constraint verification is
often postponed until the final design stages.

The method is straightforward to implement and allows for clear visualiza-
tion of the solution. It also enables more advanced kinematic analyses when
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needed. The resulting construction combines practical relevance with theoreti-
cal novelty, thereby expanding the range of design possibilities for mechanisms
involving angular coupler dwells and reaffirming the continued usefulness of
graphical techniques.

Although graphical methods are generally limited to simpler design prob-
lems, they provide intuitive insight into the problem-solving process by visually
expressing fundamental kinematic relationships. A notable advantage of the pro-
posed approach is its didactic value: it leverages kinematic properties of lever
mechanisms — components that are seldom applied in practice and often poorly
understood by students — while making them accessible and comprehensible
through graphical representation.
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1. INTRODUCTION

As a surface treatment equipment, the shot-blasting machine finds extensive
application across various industries. However, operational vibration and noise
issues associated with this machinery significantly impact equipment perfor-
mance, personnel well-being, and environmental conditions [1]. The vibration
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frequency can be decomposed into the fundamental frequency and its second
harmonic using Fourier series analysis [2-5]. The fundamental frequency for uni-
formly distributed shot-blasting blades corresponds to the fundamental blade-
passing frequency (BPF). Resonance occurs when either the fundamental fre-
quency or the second harmonic (2 x BPF) of the blade coincides with the natural
frequency of the shot-blasting device [6-9]. Due to the periodic nature of blade
rotation, uniformly distributed blades are more likely to induce resonance by
matching the system’s natural frequency, thereby increasing the associated risk.

Using the studies from other industries, some researchers have designed
blades as a means of reducing equipment noise. LUO et al. [10] reported that
a non-uniformly arranged seven-blade fan exhibits distinctive noise characteris-
tics during tests. In comparison with a uniformly arranged fan, the noise char-
acteristics of a non-uniformly arranged fan display a broader harmonic distri-
bution and a reduced disparity between discrete and broadband noise. It is
evident that incorporating non-uniform blade arrangements offer certain advan-
tages in vibration and noise reduction; however, prime-number angular designs
have been applied only in one instance within other industries and lacks a gen-
eral design principle. In this study, non-uniform blade design is incorporated
into shot-blasting machines and a prime-number /uniform angular distribution
criterion is proposed for a new type of shot blaster. ZHANG et al. [11] analyzed
the blades of shot-blasting machines and found that rectangular blades can alle-
viate stress concentration, providing valuable guidance for improving reliability
and extending service life of these machines. Currently, although blade optimiza-
tion has been employed to reduce stress concentration, blade arrangement has
received little attention, and improvements in vibration-induced noise reduction
for shot-blasting machines remain insufficient.

The objective of this study is to provide theoretical support for optimizing
the design of a shot-blasting device through of vibration signal analysis and the
establishment of blade selection criteria. The optimization design is conducted
based on a prime-number/uniform angular distribution vibration reduction cri-
terion, leading to the proposal of a shot-blasting device model incorporating
seven prime-number angular front-curved blades. Subsequent analysis of object
velocity and stability during the ejection process is conducted using the dis-
crete element method [12]. By calculating parameters such as particle velocity
changes, we can evaluate the ejection stability of the device. To address the
imbalance caused by uneven blade distribution, perforations are introduced in
the impeller disk to adjust the rotating dynamic balance of the shot-blasting de-
vice. Finally, vibration signal acquisition equipment is used to compare vibration
signal characteristics between the newly designed shot blaster and traditional
models, thereby verifying the performance advantages of the proposed criterion-
based impeller structure.
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2. ESTABLISHMENT OF THE PRIME—NUMBER/UNIFORM ANGULAR
DISTRIBUTION CRITERION FOR SHOT BLASTING

The design of a shot-blasting device not only requires blade shape improve-
ment, but also optimization of the impeller body design to reduce resonance ef-
fects [13-17]. Vibration signal analysis reveals resonance between the motor and
the impeller body, indicating the necessity for optimization of the shot-blasting
device design. A key measure is to optimize the blade distribution angles and
establish a prime-number /uniform angular distribution criterion for the blades.
The criterion is defined through the following steps:

— calculate the desired uniform angular spacing based on the number of

blades,

— select prime-number angular positions within the range of 1° to 361° to

address centroid offset caused by blade arrangement,

— determine a set of angles with minimal standard deviation using Eq. (2.1).

This criterion aids in selecting blade mass angles close to the ideal uniform
angle, thereby effectively enhancing the system’s resonance frequency, reducing
vibration and noise resulting from resonance, and improving the mechanical
equipment’s operational smoothness.

The prime-number /uniform angular distribution criterion relationship is de-
rived from the standard deviation formula:

n

° 2
> <wrap (0; + ) — 250~ z)
(2.1) S == :

n

where S is the standard deviation, 6; is the i-th prime-number angular position
(in degrees), n is the number of blades in the shot-blasting machine, ¢ is the
phase shift, with ¢ € [0°, 360°/n). To account for the cyclic nature of [0°, 360°),
differences are evaluated as minimum signed circular (wrapped) errors using
wrap(z) = ((x+ 180°)mod 360°) — 180°. By minimizing S with respect to ¢, the
uniformity of the blade distribution relative to an arbitrarily shifted uniform
distribution can be assessed.

In practice, the majority of existing shot-blasting devices employ either six or
eight blades, and the number of shot-blasting shafts is typically four. An imbal-
ance in blade number can adversely affect both the distribution and number of
smaller shafts. An excessive number of small shafts hampers ejection efficiency,
whereas an insufficient number compromises the structural strength of the shot-
blasting device. Accordingly, based on the proposed prime-number/uniform an-
gular distribution criterion of the blade, this research opts for a specific case:
a shot-blasting device with seven prime-number angular blades. Let n = 7, and
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substitute it into the prime-number/uniform angular distribution criterion, as
per established academic standards.

Consequently, an impeller body for a prime-number angular blade vibration-
damping shot-blasting device is established. The utilization of prime-number
angular positions reduces the likelihood of resonance with other components
due to their unique distribution characteristics, as they do not share common
factors with other excitation frequencies in the system.

Subsequently, the impeller model of the shot-blasting device is established.
Since prime numbers do not share common factors with other numbers, the an-
gular distribution using prime-number indexing can reduce the risk of resonance
with other components. According to Eq. (2.1), when ¢ € [0°, 360°/7), the mini-
mum standard deviation is obtained by applying a search step size of Ap = 0.1°,
which enhances the precision of the results, while a longer search interval en-
sures the robustness of the calculation. The results show that at ¢ = 14.7°, the
optimal prime-number angular positions are 37°, 89°, 139°, 191°, 241°, 293°,
and 347°, yielding a standard deviation S = 0.99. This represents the smallest
standard deviation, indicating that the angular distribution of the blade posi-
tions is closest to an equidistant distribution, thus ensuring greater stability and
reliability of the system.

In terms of geometric uniformity, S reflects the degree of angular distribu-
tion uniformity, with smaller values of .S indicating better uniformity. However,
completely equidistant distributions do not necessarily result in optimal dynamic
performance. A perfectly uniform distribution concentrates excitation energy at
the BPF and its harmonics, which could lead to resonance if these frequencies
coincide with the system’s natural frequencies. Therefore, the design criterion
is not solely to minimize S, but rather achieve minimal S while simultaneously
ensuring that dominant frequency orders are shifted to avoid resonance with
the system’s natural frequencies, thereby optimizing the system’s stability and
operational reliability.

To further mitigate resonance risk, a resonance risk index R(©) is introduced
to assess the relative relationship between blade frequencies and the system’s
natural frequencies. The resonance risk index is calculated as follows:

n
l Z eI hbi
n

=1

(2.2) R(@) = MaXpeH

)

where H represents the set of critical frequency orders corresponding to the
system’s natural frequencies and h denotes the frequency order. In this study,
h=1,2,3,4,8,9, covering the fundamental frequency and its harmonics. Here,
0; represents the angular position of the i-th blade.

The parameter R(©) represents the resonance risk index, reflecting the re-
lationship between excitation frequency of the blades and the system’s natural
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frequency. The value of R(©) indicates the degree of difference between exci-
tation frequency and natural frequencies. A value of R(©) close to 0 suggests
no resonance risk, while R(@) approaching 1 indicates a significant risk of res-
onance. The value of R(©) ranges from 0 to 1, with 0 indicating no resonance
risk and 1 corresponding to a high resonance risk. If R(©) is less than 0.1, it
indicates low resonance risk, and the system’s frequency distribution is gener-
ally well aligned. Based on the above frequency analysis, the calculated value
of R(©) = 0.0736 suggests a low resonance risk and demonstrates the system’s
favorable frequency alignment, thus avoiding potential resonance problems.

The generated blade angles are all prime-number angular positions, and
since they share no common factors, their multiples do not coincide. Due to
the distinct nature of prime numbers, their distribution is ‘uniform,” thereby
avoiding synchronous resonance among the blades. For the seven blade angles
01,09, 0s, ..., 07, their relationship is defined by Eq. (2.3). If A is a fixed value
(e.g., uniformly distributed angles), the motion periods of the blades become
synchronized, leading to resonance. However, if the blade angles are selected as
prime-number angular positions (such as 37°, 89° etc.), the multiples of these
angular values do not overlap within the same cycle, thereby preventing reso-
nance:

(2.3) ;=6 +i-A (i=1,2,..7),

where 6; is the angle of the i-th blade and A# is the angular difference between
adjacent blades.

In rotating machinery, the angular distribution of blades is directly related
to their vibration modes and frequencies. Each blade angle can be considered
a vibration source associated with the rotational period. When the angular in-
tervals between blades follow a regular pattern, vibrations from all blades may
synchronize at specific rotational frequencies, leading to resonance. In contrast,
blade angles exhibit a prime-number distribution to avoid repeated angular in-
tervals and suppress resonance effectively prevents such synchronization. Due to
the inherent disparities between prime numbers — such as their lack of common
factors — their multiples do not coincide within the same rotational cycle. Con-
sequently, blades positioned at distinct prime-number angular positions exhibit
differentiated rotational frequencies, thereby suppressing resonance.

As shown in Table 1, the parameters of the shot-blasting machine during
operation are listed. All blades are made from high-chromium cast iron and
have uniform dimensions.

The unbalanced mass of the newly designed shot-blasting machine is subse-
quently determined by employing Eq. (2.4) to Eq. (2.6). The blade material is
high-chromium cast iron, a density is 7.8 x 103kg/m?3, and a mass is 0.0836 kg.
The static equilibrium mass of each blade is calculated to be 11.1796 g. The gov-
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TABLE 1. Material parameters for different components.

Component Parameter Numerical value
Poisson’s ratio 0.3
Steel pellet (cast steel) Density [kg/m?) 7.8 x10%
Shear modulus [Pa] 8 x 10

Impeller body, directional sleeve,
shot-dividing wheel, blades

Poisson’s ratio 0.3
(all components are made
of high-chromium cast iron)
Density [kg/m?] 7.8 x 10?
Impeller body Shear modulus [Pa] 7.6 x 10'°
Impeller body speed [rpm)] 3000

erning equations for calculating the unbalanced mass and its orientation are as
follows, leading to a conclusive result:

(mprp), = — Z mr - cos(6;),

(2.4) o
(merp), = — Z mr - sin(6;),
1=1
mpr
25 ap = arctan 20y,
(mers),,
(2.6) myry = \/[(mb%)i + (mbrb)i ;

where my is the equilibrium mass, 7 is the distance from the blade center of
mass to the rotor center, m is the mass of a single blade, r is the distance from
the blade center of mass to the edge of the main (secondary) disk, 6; is the i-th
blade angular position on the shot-blasting machine, n is the number of blades
on the shot-blasting machine, and «4 is the phase angle.

We then applied a formula to calculate the dynamic balance of the shot-
blasting blade. The eccentric mass for static balance is determined, and we
measure the distanced from the centroid of the shot-blasting blade to the disk
edges as 68 mm for the main disk, and 52.5mm for the secondary disk. By
applying Eq. (2.7) and Eq. (2.8), we determine that dynamic balance masses
were calculated as 4.890 g for the main disk, and 6.309 g for the secondary disk:

(2.7) miry = L2 Y
Y1 + Y2

T
(28) mpy; = : 17
T'bi




A Prime-Number/Uniform Angular Distribution Criterion... 75

where m;r; is the blade is assigned to a mass radius product on a disk ¢ =1
for the primary disk and ¢ = 2 for the secondary disk, y; is the distance be-
tween the blade’s center of mass and the edge of the main (secondary) disk,
mp; 18 dynamic balance mass, 7p; is the distance from the center of mass of the
dynamically balancing mass to the disk center.

After assembly, the impeller body is equipped with blades and subjected to
unbalance detection on a dynamic balancing machine (as depicted in Fig. 1),
with the machine parameters listed in Table 2. The rotational acceleration test
of the impeller body is conducted using an electrical measurement system to
quantify the unbalance. The obtained test results reveal that at 288°, the main
disk exhibits an unbalance of 2.924 g, while the secondary disk shows an un-
balance of 4.460g at 272°; after rotation ceases, the main disk displays an
unbalance of 2.918 g while the secondary disk shows an unbalance of 4.520¢.

a)

i

Maindisk  Secondary disk

. O

F1G. 1. Imbalance detection of the impeller body using a dynamic balancing machine (a),
angle indicator on the dynamic balancing machine (b).

TABLE 2. Dynamic balancing machine parameters.

Value

Parameter

Maximum rotor weight

0.03 kg to 300 kg

Maximum rotor diameter

100 mm to 800 mm

Maximum support distance

250 mm to 2100 mm

Rotor shaft diameter range

5mm to 120 mm

Balancing speed range

400 rpm to 3000 rpm

Drive motor power

0.05 HP to 3HP

Minimum measurable imbalance 0.01gto0.1g
Imbalance reduction rate >95%
Minimum achievable specific imbalance 0.2g-mm/kg

Applicable rotor types

Motor rotors, flywheels, impeller body, etc.
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Compared with the calculated results, there is a discrepancy of 1.966 g in bal-
ance mass of the main disk and 1.849 g for the secondary disk. When at rest,
the main disk exhibits a difference of 1.972g while the secondary disk shows
a difference of 1.789 g.

Deviations were observed between the test results of the dynamic balanc-
ing machine (e.g., residual unbalance) and the theoretical values. Potential
sources of error include installation accuracy, sensor calibration, and bearing
clearance. During installation, minor deviations in the blades and disks may
compromise geometric symmetry and precise alignment, thereby affecting unbal-
ance measurement. Calibration errors in sensors and environmental factors may
also alter sensitivity, leading to inaccuracies in the test results. Excessive bearing
clearance might distort vibration signals, further impacting unbalance calcula-
tions. Despite these deviations, repeated tests demonstrated consistency with
only minor errors, indicating a limited impact on the overall conclusions. How-
ever, to ensure reliability, further optimizations are required: improving assem-
bly precision, enhancing sensor accuracy and stability, and strictly controlling
environmental conditions. Additional error analysis and refined methodologies
will further enhance result accuracy, thereby ensuring the scientific validity and
effectiveness of the shot-blasting machine design optimization.

According to the JB/T 3713.2 ‘Technical Conditions for Double Disc Shot
Blasters,” the unbalance should be less than 1.297 g; therefore, reductions were
made in both the main disk and secondary disk of the impeller body. While
drilling for weight reduction, caution was exercised to avoid excessive loss at
specific positions so as not to compromise the structural integrity and strength
of the impeller body. Fig. 2 illustrates the modified impeller body, with red
circles indicating locations where weight reduction was performed. Subsequent
re-testing revealed that after drilling (as depicted in Fig. 3), the main disk exhib-
ited an unbalance of 0.294 g at 288°, while the secondary disk showed an unbal-
ance of 0.316 g at 272°; upon rotation cessation, these values further decreased
to 0.272 g and 0.376 g, respectively, all well within the controlled limit of 1.297 g.

F1G. 2. Evaluation of the primary disk of the impeller body following dynamic balancing (a),
examination of the auxiliary disk of the impeller body after dynamic balancing (b).
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b)

F1G. 3. Residual unbalance of the impeller body during rotation after achieving balance (a),
and at rest after achieving balance (b).

The particle velocity of the shot-blasting device was subsequently analyzed
using the discrete element method [18-20]. The particle velocity of the shot-
blasting device with seven prime-number angular front curved blades reached
a maximum value of 75m/s, with velocity fluctuations within 4m/s. Further-
more, particles accelerated by the shot-blasting device achieved a relatively sta-
ble state after reaching 0.24 s. Through analysis of four other shot-blasting mod-
els, it was found that the ejection speed of the eight-uniform front-curved blade
is 74m/s, while for the eight-uniformly distributed straight-blade shot blaster
and seven-uniformly distributed straight-blade shot blaster, their ejection speeds
were measured at 64m/s and 69m/s, respectively. These two types exhibited
lower ejection speeds and poorer ejection stability. Similarly, although the seven-
uniformly distributed forward-curved blade shot blaster demonstrated a high ejec-
tion speed, its stability was also inadequate in comparison. In terms of overall
ejection stability among these devices, it can be concluded that the shot-blasting
device with seven prime-number angular front-curved blades outperforms the
other configurations. Therefore, it is speculated that this particular device will
exhibit superior cleaning efficiency during operation.

3. VIBRATION SIGNAL ANALYSIS AND NOISE DETECTION
OF THE SHOT-BLASTING MACHINE

In order to evaluate the resonance improvement effect and noise optimization
of the new shot-blasting device, a comparison was made between the frequency-
domain and time-domain signals of the newly designed device and a traditional
shot-blasting device. The Hansford’s HS-150 acceleration sensor was selected for
measuring vibration, with data acquired using the VK701 H model. Vibration
data from both devices were collected at a sampling frequency of 10 Ksps, as
shown in Fig. 4 and Fig. 5, depicting time-domain analyses before and after op-
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F1G. 4. Time-domain analysis: a) time-domain diagram of position 1 before optimization,
b) time-domain diagram of position 2 before optimization.
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F1a. 5. Time-domain analysis: a) time-domain diagram of position 1 after optimization,
b) time-domain diagram of optimized position 2.

timization. Specifically, Fig. 5 presents the vibration acceleration time-domain
diagrams of the new shot-blasting device [21-24]. Analysis of the 10 Ksps vibra-
tion signal revealed significant improvement in resonance for the Q034ZZ shot
blaster: disappearance of the 2nd order component, reduction of amplitude of
the 9th order component decreased to approximately 50 % of the fundamental
BPF, and overall low amplitude for other frequencies, effectively controlling res-
onance between the impeller body and motor. Both time-domain and frequency-
domain analyses demonstrate a remarkable improvement in the performance of
the entire machine [25, 26].

To mitigate the impact of random peaks, vibration intensity was quanti-
fied using the root-mean-square (RMS) acceleration within the same 2-seconds
window. As depicted in Fig. 4 and Fig. 5, the RMS at position 1 decreased
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from 0.800m/s? to 0.467m/s? (A = 0.333m/s?, a reduction of 41.6 %), and
at position 2 from 0.283m/s? to 0.217m/s? (A = 0.067m/s?, a reduction of
23.5%). The reductions in RMS at both measurement points indicate effective
suppression of the shot-blasting device’s vibration. Thus, the structure designed
in accordance with the prime-number /uniform angular-distribution criterion at-
tains a remarkable optimization effect.

In this study, the collected vibration signals are organized into groups, with
each group containing 5000 data points. Considering a sampling rate of 10 Ksps,
there are a total of 20 groups. Consequently, the fast Fourier transform (FFT)
is employed to convert the time-domain signals into frequency-domain signals,
as illustrated in Fig. 6 and Fig. 7. To preserve fidelity and comparability with the
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F1G. 6. Frequency domain analysis: a) frequency-domain diagram of the vibration signal at po-
sition 1 before optimization, b) frequency-domain diagram of the vibration signal at position 2
before optimization.

a) b)
10 10
LV O
0.8 0.84
T 061 2 06
£ £
& 04 & 0.4
024 024
00 v 0.0+ v v v v .
0 100 200 300 400 500 0 100 200 300 400 500
Frequency [HZ] Frequency [Hz]

FiG. 7. Frequency-domain analysis: a) frequency-domain diagram of the vibration signal at
position 1 after optimization, b) frequency-domain diagram of the vibration signal at position 2
after optimization.
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raw measurements, the spectra shown are in their original form, i.e., without
additional high-pass filtering or detrending; consequently, the narrow compo-
nent near 0 Hz in Fig. 6a arises from acquisition-chain offset/slow drift. More-
over, numerous research findings have demonstrated that FFT effectively mit-
igates data errors; hence, it can be utilized for noise reduction applications in
various data-related problems [27-30]. The FFT serves as the foundation for
computing the discrete Fourier transform (DFT).

The frequency-domain signals before and after vibration optimization are
compared and analyzed. The peaks of the frequency-domain signals before and
after optimization are marked with red and green circles, respectively, as de-
picted in Fig. 6 and Fig. 7. Figure 6a and Fig. 7a present the frequency-domain
diagrams at position 1 (radial position) before and after optimization. It can
be observed from the diagrams that, under the load state of the shot-blasting
machine, the intensity of each blade-passing harmonic order is reduced com-
pared to the second-order blade-passing component. Specifically, the highest
value decreases from accounting for 70 % of the fundamental frequency to 50 %,
effectively suppressing resonance. On the other hand, Fig. 6b and Fig. 7b de-
pict the frequency-domain diagrams at position 2 (axial position) before and
after optimization. It can be seen that each harmonic amplitude improves fol-
lowing optimization with a significant reduction observed in the second-order
component — decreasing from representing 50 % of their respective fundamental
frequencies to approximately 20%. Furthermore, in Fig. 7b, it is noteworthy
that the other harmonics’ highest values account for only 30 % of their corre-
sponding fundamental frequencies indicating a good vibration-reduction effect.
In addition, in Fig. 6a, the dominant line occurs at 375 Hz to 380 Hz. With 2 =7
blades, this line corresponds to the BPF = zn/60. Back-calculating the speed
gives n ~ 60 fppr/z ~ 3.23krpm. Given the frequency resolution used in this
study (Af = 2Hz), the resolution-limited uncertainty is about +17 rpm. Hence,
the peak being higher than the expected 350 Hz at the nominal 3000 rpm is ex-
plained by a slightly higher actual speed rather than an analysis artifact. The
component near 50 Hz in Fig. 6b originates from mains/electromagnetic cou-
pling and is unrelated to blade orders, whereas the line near 430 Hz in Fig. 6a
is a non-integer-order response consistent with a structural or bearing-related
mode of the assembly at the measured speed. Both components decrease after
optimization, while the BPF-related orders exhibit the largest attenuation.

The optimized impeller structure of the shot blaster has significantly con-
tributed to reducing resonance and minimizing the acceleration value of the
vibration signal, as evidenced by the results presented in Fig. 5 and Fig. 7.
These findings not only validate the effectiveness of designing the impeller struc-
ture based on prime-number/uniform angular distribution criterion for shot
blaster blades, but also demonstrate its rationality. This remarkable improve-
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ment can be primarily attributed to the seven prime-number angular front-
curved blade design, which effectively mitigates resonance and friction between
blades, thereby reducing operational vibrations in the shot-blasting machine.

The noise levels of the two shot blasters at 3000 rpm were tested, and the
noise levels of the traditional Q034ZZ shot blaster and the newly designed shot
blaster based on the blade prime-number/uniform angular distribution criterion
were compared. A noise-level meter with a measurement range of 80 dB to 130 dB
was used to detect at a distance of one meter to eliminate external interference.
The results show that the noise level of the newly designed shot blaster is reduced
by 3.7 dB, from 97 dB to 93.3 dB, which proves the effectiveness of the new design
in noise reduction.

4. CONCLUSION

In this paper, a resonance-coupling-reduction-based optimization method
was proposed to address the issue of increased vibration in the Q034ZZ shot-
blasting machine caused by motor and blade resonance. The geometric limita-
tions of traditional impeller bodies have resulted in scarce optimization methods.
This study introduces an innovative prime-number/uniform angular distribu-
tion criterion and designs a shot-blasting device with seven prime-number an-
gular front-curved blades based on this principle. The discrete element method
was employed to analyze ejection velocity and stability, while drilling the im-
peller body helped reduce imbalance due to uneven blade distribution. Subse-
quently, projectile velocity, projectile stability, and vibration signals from the
shot-blasting device were explored. It was observed that both the second-order
and nine-frequency components exhibit lower amplitude values compared to
other frequency multiples, which account for less than 50 % of the fundamen-
tal frequency. This represents significant improvement compared to traditional
shot-blasting devices, in which such amplitudes exceed 75%. These findings
demonstrate the feasibility of using a seven prime-number angular curved-blade
shot-blasting device for vibration and noise reduction purposes. In this experi-
ment, noise measurements were conducted on both the traditional shot-blasting
device and the shot-blasting device with seven prime-number angular front-
curved blades resulting in a noise reduction from 97 dB (traditional) to 93.3 dB
(seven prime-number angular), thus verifying the excellent noise-reduction per-
formance achieved through the design improvements.

Despite these promising results, this study has certain limitations. The opti-
mization method was primarily tested on a single type of shot-blasting machine,
and further validation under different configurations and operating conditions
is needed. Additionally, although the seven prime-number angular blade design
effectively reduces vibration and noise, its impact on other factors, such as en-
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ergy efficiency and service life requires further investigation. Future research will
address these aspects and extend the methodology to other types of machinery.
Nevertheless, the proposed design shows significant promise for applications in
industries such as wind power and aerospace. As noise-reduction standards be-
come stringent, the demand for this technology is expected to grow, presenting
substantial potential for industrial machinery and environmental protection.
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Material instability refers to the tendency of materials to undergo alterations in their
properties in loading. The concept of instability is governed by the constitutive equation of
solids. Our analysis uses the entire set of equations describing the motion of solids, including the
kinematical equation and Cauchy’s equations of motion. Damping, or rate-dependence, plays
a crucial role in stability. A potential generalization involves the utilization of fractional-order
derivatives of the strain or stress tensors. The stability analysis primarily focuses on periodic
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1. INTRODUCTION

When the kinematical concept of stability is adopted, a material state is
identified with a solution of the basic equations, and stability properties are
studied in terms the stability of solutions of differential equations (dynami-
cal systems) [6]. Material instability (divergence or flutter) [39] occurs well
beyond the elastic domain; thus, the form of the constitutive equation might
remind viscoelasticity but the physical background is different. This paper does
not concentrate on various plasticity theories and does not treat the formula-
tions (or even the existence of) of flow rules or hardening models, which have
various interpretations in [21]. These problems are well beyond the scope of this
study. Instead, a simplified constitutive equation is used, under the assumption
that, after unloading, the body does not regain its original shape.

In physical interpretation static bifurcation (or divergence instability) can
be observed as necking or shear banding, which are phenomena of strain local-
ization. Flutter is the dynamic bifurcation and is considered here as the onset of
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an oscillation, being observed in plastic flow theory [28, 29], viscoplasticity [14],
smeared crack models [43] or serrated flow, called the Portevin-Le Chatelier
effect. This study is based on the work of KUBIN and ESTRIN [20], which uses
a semi-empirical constitutive law:

o=he+F(¢),

with negative rate-dependence included in function F. Here £ and ¢ denote
strain and strain rate, respectively, while ¢ is the stress in the uniaxial case
and h is the work hardening rate. As a phenomenon, flutter instability means
the existence of propagating deformation bands. Their work cites many papers
based on experimental results on serrated flow, such as [8, 15, 24, 36, 42]. One
of the main observations in this studies is that serrated flow appears at negative
strain-rates. In this paper, such a model is generalized to a fractional rate.

Bifurcation analysis of a solution is a well-known and widely applied field in
nonlinear dynamics. The first step of it starts with a linearization of the system
of basic equations at that solution, identified by the state of the material [7].
Then the critical non-trivial eigenspace of the operator is studied. As a further
step, the nonlinearities should be projected onto that non-trivial eigenspace to
classify the type of bifurcation and describe the post-bifurcation behavior. Two
key elements should be mentioned at this point. Firstly, the loss of stability
should happen by crossing the imaginary axis by either a real eigenvalue or
a pair of complex eigenvalues as the load (the bifurcation parameter) changes
quasi-statically [47]. Second, at the critical value of the bifurcation parameter
(zero real value of the eigenvalues), the critical eigenspace should be finite-
dimensional.

Generally, such studies concern ordinary differential equations with integer-
order derivatives. In material instability problems, bifurcation describes the
types of instability. These two phenomena are identified as static and dynamic
bifurcations. In the static case the loss of (Lyapunov) stability is coupled with
a change in the number of solutions [25, 27, 30] while in the dynamic bifurca-
tion a self-sustained oscillation can be observed. In a large range of materials,
damping is described by fractional-order derivatives.

The aim of this paper is to perform such an analysis for a set of fractional-
order equations. A method is presented to find the material instability condition.
Then, a method to calculate the critical eigenvalues leads to conditions for static
and dynamic bifurcation, even for fractional dynamical systems.

While fractional calculus has produced many new results and has found
more and more applications in mechanics, control, economics, and several fields
of science, one might have the feeling that this topic is just a fashionable tool of
recent years, with no deep physical necessity. However, its roots have already
been present in solid mechanics for more than fifty years and can be tracked back
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to the birth of continuum field theory in the middle of the last century. The study
of creep and relaxation in Rabotnov’s hereditary mechanics [34] is based on
integral operators in form of convolutions with a fractional-order kernel, which
are equivalent to fractional derivatives [38]. An early application was published
by CAPUTO [9] in viscoelasticity [2, 9, 23] and then even in viscoplasticity [44],
as a kind of fractional viscosity or non-local time effect. When non-locality is
studied in Eringen’s approach [16], similar mathematical tools can be used.
Furthermore, non-locality may be extended from non-local time to spatial non-
locality using fractional (non-local) derivatives [3].

The appearance of fractional calculus goes back to the origin of calculus
by Leibniz and Euler, as a possible generalization. Most of the definitions were
given by Liouville, Riemann, and others [22]. Fractional derivatives can be easily
deduced from Cauchy’s repeated integral formula and its generalization. For the
n-th (integer) order, it leads to:

TP () /f )t — &) " de.

The a-th fractional-order generalization is the Riemann-Liouville integral op-
erator (a < 1):

@ _ a 1 _ 1 f(é)
ol / e = ey | g

By taking the derivative of the Riemann—Liouville integral operator:

d
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the Riemann-Liouville derivative is obtained for the interval [a, t].
By changing operators of differentiation and integration Caputo’s derivative
is defined:

1) EDrr0 =t (5 )0 = gy [ -9

a

for the interval [a, t].
From [18], the connection between derivatives (1.1) and (1.2) is

1 f(a)

C na
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(1.3) oDF f(t) =
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In several cases, called the full-memory assumption in applications, the starting
time is zero, a = 0, and the notations are simply D f(t) and ¢ D f(t). At this
point only the most important definitions are given; more details can be found
in several monographs [10, 12, 33, 40, 46].

The method is mainly analytic, using Fourier transformation. It is restrictive
compared to numerical analysis [27, 30, 47], and excludes, for example, short-
memory effects [45, 48]. However, it allows deeper insight into the roots of un-
stable behavior, especially at dynamic bifurcation. For the same reason, only
the uniaxial case is studied. In 3D problems, the orientation of shear bands is
a key factor [29, 31, 39], which requires detailed investigation of the constitutive
acoustic tensor, already at the level of static bifurcation analysis. Then, the 3D
fractional generalization of continuum mechanics constitutes another wide field
of research [13].

2. RATE DEPENDENCE AND MATERIAL INSTABILITY

This section explains why a rate-independent constitutive equation is not
suitable in material instability problems. Firstly, a rate-independent material,
with the constitutive equation

(2.1) F(o,e) =0

is studied to point out its singular behavior at instability. Here, F' is a general
form of the constitutive function. Assume that a uniaxial problem is studied,
and the linearized constitutive equation is simply in the form:

(2.2) o= Ce,

o))’

denotes the tangent stiffness. Now, the equation of motion, the kinematic equa-
tion, and the so-called rate form of Eq. (2.2) are:

where

.1 oo
(2.3) V= or

. Ov
(24) g = aix)

o5 o () ()

where p denotes the mass density, and v is the velocity field.
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By taking the time derivative of Eq. (2.3):

106

2.6 [
the gradient of Eq. (2.4):

0 0%
and the gradient of Eq. (2.5):

' F\ (OF\ " 0%
. 0 _ (orY (05" 0¢
ox Oe oo Ox
By substituting Eq. (2.6) and Eq. (2.7) into Eq. (2.8), one obtains:
OF\ (0F\ ' 0%

9. b= () () 22
(2:9) pe <85)<8a> 922
By introducing new variables:
(2.10) —
(2.11) P

Equation (2.9) can be written formally as a dynamical system [7]:
0 1
d
(2.12) dtH S CAYCA AN H
b2 o J\oo ) 022 b2

and the stability of a material state is studied, Eq. (2.12) is applied to small
perturbations of the form:

[371] B [y:w]exp (wz) exp (AL) .

Y2 Y20

Then, Eq. (2.12) reads:

0 1
Yo exp (wx) ex = -1 Yo exp (wx) ex
ALEO] p (wz) exp (M) ((%F)(ZZ) w2> 0 szo] p () exp (M)
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Now, the characteristic equation of (2.12) has the form:

—-A 1

)

From Eq. (2.13):

(2.14) IV-<%§>(ZZ>1WQZO.

Now, the stability condition is Re A < 0, for all solutions of Eq. (2.14). The
two generic [1] instabilities are the static (at A = 0) or the dynamic one
(at A2 = =*iff), when a real eigenvalue, or a pair of imaginary eigenvalues
reach the stability boundary. In non-linear studies, such cases are referred to as
static and dynamic bifurcations.

In the first study, the tangent stiffness ¢’ := (%—f)(a—F) ! acts as a bifurcation

parameter. In the case 7
(2.15) d <o,
Eq. (2.14) has a pair of pure imaginary roots:
A2 = FiwV—c.
When ¢ > 0, Eq. (2.14) has one positive and one negative real roots:
A2 = :I:w\@,

while at ¢ = 0, a double zero eigenvalue is obtained.

Such a way of loss of stability of a dynamical system is a highly degenerate
one. Firstly, at Eq. (2.15), no stability (by Lyapunov’s definition) is present.
In the theory of dynamical systems a situation like this is referred to as the
stability boundary, or neutral state of the system. Thus, for the constitutive
Eq. (2.2), no stable state can be found, which contradicts all real-life experiences.
Moreover, for such a material model, a co-existent degenerate static and dynamic
bifurcation can be recognized and no critical eigenvector can be defined for the
critical eigenvalues [7]. Thus, the material model (Eq. (2.2)) cannot be used in
material instability analysis, and rate-dependent terms should be added [2§],
and new variables should appear in the constitutive function F' in Eq. (2.1):

F(0,6,¢,€) = 0.
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For example, a linearized form

oF . OF oF . OF
+—0=—-¢+

96" T 90’ T et T 9

or simply
(2.16) a10 + as0 = az€ + aqe,

should be used in stability analysis, where the coefficients a1, as, a3, a4 denote
the partial derivatives of the constitutive function.

3. MATERIAL MODEL WITH FRACTIONAL DERIVATIVES

Several studies have dealt with connecting the hereditary approach of creep
and relaxation [34] to rate-dependence [19, 37] and proved the equivalence of
the two. When a ‘fractional-order rate,” with the Riemann-Liouville or Caputo
derivative Df* 0 < a < 1, is used:

n n
(3.1) > a;Djie => b;Djc
i=0 =0

is obtained instead of Eq. (2.16). Remark that such form of the constitutive
equation is a generalization of Bagley’s viscoelastic material [4, 5]. However, it
is important to note that material instability is outside of the domain of elastic
deformation.

For stability analysis, Eq. (2.3) and Eq. (2.4) should be transformed into the
velocity field. In view of Eq. (2.16) and Eq. (3.1), assume that the constitutive
equation is

(3.2) o= FEype+ ElDtaE,

where Fj is the tangent stiffness and F is the fractional-rate sensitivity param-
eter. After differentiation

(3.3) & = Eoé + B DY

By taking its ‘gradient’ (derive with respect to x):

oo oy O

(3.4) e (Eo + E1 DY) pe
From Eq. (2.6) and Eq. (2.7):

9%v
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By using the harmonic perturbation technique:
v = vpuy(t) exp (iw x),

for Eq. (3.5), and by using the notation D? for the second time derivative,
Eq. (3.5) is equivalent to:

E E
(3.6) Div 4+ 2w Doy + =2wu, = 0.
p p

In Eq. (3.6), homogeneous perturbations are used, thus v;(0) = 0. From Eq. (1.3),
the notation
D?Ut = ()Dta'l}t = gD?’Ut

is justified, in Eq. (3.1) and Eq. (3.2) and later.
Stability analysis can be performed as in [11, 26, 32] and in Radwan’s re-

search [35]. By performing a Laplace transformation, the characteristic equation
of (3.6) reads:

E E
(3.7) s+ 25t + 02 =0,
p p

Then, by following the method in [35], the transformation W = sm s used,

where o = £ is rational. Then, Eq. (3.7) takes the form:

E E
(3.8) w2 4 71w2w’f + 7%2 =0.

The procedure is based on the fact that the imaginary axes of the s-plane are
mapped onto lines:

3.9 Wl = —
(3.9) Wol = 5.

where Wy denotes the argument of W in the complex plane (arg(WW)). In Fig. 1,
the stability map is presented, while Fig. 2 shows the location of the static
bifurcation (at the origin) and the lines of dynamic bifurcation. The system will
be stable, if and only if all roots of Eq. (3.8) in the W-plane lie in the region:

m
3.10 W,

( ) ‘ 9’ > om’
thus, the stability condition reads:

min arg(W) > %
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Now, static instability happens at W¢, ¢ = 0, and its condition from Eq. (3.8) is

(3.11)

Ey=0.

Unfortunately, no critical eigenfunction can be attached to this zero eigenvalue
from the periodic perturbation functions, so nonlinear analysis cannot be per-

formed.
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The dynamic instability condition can also be derived. At dynamic instabil-
ity, the critical solution W12 should lie on the stability boundary lines, thus
Eq. (3.9) should be satisfied:

(3.12) W(r)=r (cos (%) + sin (i) i), r>0.

2m

Now, W (r) from Eq. (3.12) should be substituted into the integer-order
characteristic equation (Eq. (3.8)):

(rfoos (57) +o () )

k
+ ap w2+a1 w? (r(cos (—7r )+sin (—W >z)> =0,
2m 2m

where ag = % and a1 = %.

After proper rearrangements:
k
(3.13) 2™ cos T + agw? 4+ ag w? rk <COS <i) + sin (i) z) =0.
2m 2m

From the imaginary part of Eq. (3.13) a; = 0 is obtained; thus, the dynamic
instability condition is

(3.14) By =0.

The critical radius at dynamic instability can be calculated from Eq. (3.13):

E
(3.15) P fagw?=0 =r= (ao w2) m

and is plotted in Fig. 3 (continuous line m = 2, dashed line m = 4, dotted
line m = 8). From Eq. (3.15), we can see that by increasing the frequency w of
the perturbation, the radius of the critical eigenvalue increases. On the other
hand, the results show that dynamic instability is a material instability, while
condition Eq. (3.14) applies only to the material property FEj.

Moreover, dynamic instability can be treated as a generic bifurcation, which
means that it is different from static instability and for the critical eigenfunction:

v(z) = exp (iwz),

the critical eigenvalue is

Weri0 = (ao wz)ﬁ (cos (i> + sin (i) z)

2m 2m
In such a case, a non-linear stability analysis is possible by projecting into the
non-trivial critical eigenspace. This result differs from the static instability case.
We might state that the constitutive Eq. (3.2) can be used in dynamic bifurca-
tion analysis, but not in static bifurcation analysis.
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Fic. 3. Critical radius at dynamic instability for m = 2,4, 8.

4. EIGENVALUE DISTRIBUTION PLOTS

To demonstrate the results, by solving Eq. (3.8) numerically for W, the solu-
tions are plotted in Fig. 4 to Fig. 6. In all figures, 8 eigenvalues are marked with
dots in the Re W, Im W plane because the order of the derivative was selected
as a = 0.25. Two periodic perturbation frequencies (w = 0.3 and w = 0.8) are
selected in each figures.

In Fig. 4, both parameters are positive, ag > 0, a; > 0; consequently, all
eigenvalues are in the stability domain for both frequencies. Here, the radii
of the eigenvalues increase as w gets larger, but this has no significant effect on
their location. The same observation holds for Fig. 5 at ag > 0, a1 < 0, but
here the material is in an unstable state, which can also be detected from the
presence of a pair of eigenvalues in the unstable region.

In Fig. 6, the eigenvalue distributions are plotted at the loss of stability pa-
rameters. In Fig. 6a, the material parameter ag = 0, which shows static-type
instability. Then, all eigenvalues are in the stable domain except one zero eigen-
value. In Fig. 6b, one pair of eigenvalues lies on the stability boundary under
the a; = 0 dynamic instability condition. Figure 7 shows two types of unstable
cases called static and dynamic post-bifurcations. Here, the situations ‘after’ the
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loss of stability are presented, that is, in plot (a) the material parameter ag is
infinitesimally less than zero, while in plot (b) the material parameter a; is in-
finitesimally less than zero. In both cases, the state is unstable, but plot (a) may
correspond to shear banding or necking instabilities [39], while plot (b) describes
propagative material instabilities [17] as in Portevin-Le Chatelier effect [20].

5. CONCLUSION

Fractional derivatives can be and are already used to describe non-conventional
rate dependence. When periodic perturbations are applied to stability investi-
gations, they have no effect on stability conditions, which are determined by
the material parameters only. This result is the same as in classical case. This
result is in line with what is expected from classical theory, while the way of ap-
proximation should not affect the outcome of material instability investigation.
Frequency acts on the absolute value of eigenvalues, which has no consequences
on qualitative behavior. The most important result achieved is that at dynamic
instability, the frequency defines critical eigenfunctions to the eigenvalues at
the stability boundary. Thus a non-linear study can be performed by project-
ing the equations to the non-trivial critical null-space spanned by such critical
eigenfunctions.
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This work deals with the theoretical modeling of the vertical dynamics of a specialized
vehicle featuring a dual suspension system. Vehicle ride quality is essential for ensuring the
safety and comfort of passengers and the protection of sensitive or hazardous cargo. The study
focuses on a two-axle vehicle model with a dual suspension system. The first-level comprises
a traditional suspension with linear stiffness, while the second-level features nonlinear quasi-
zero-stiffness (QZS) characteristics. The research employs a discrete nonlinear dynamic model
that considers the vertical displacements and angular rotations of the vehicle masses. The non-
linear QZS response is modeled to optimize vibration isolation performance under varying load
conditions, while damping effects are included via a Rayleigh dissipation function. The integral
characteristics of the QZS element are also studied in detail using finite element (FE) com-
puter simulations in a 3D setting. These simulations provide a comprehensive understanding
of the mechanical response and stress-strain distribution within the QZS element, validating
its performance under real-world conditions. The results demonstrate the influence of the non-
linear suspension characteristics on vibration isolation performance and load stability. The
QZS-based suspension effectively reduces dynamic stresses, particularly under low-frequency
excitations, while maintaining structural integrity and operational efficiency.
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1. INTRODUCTION

Vehicle ride quality constitutes a critical parameter for the secure and com-
fortable transportation of passengers and goods within automotive systems.
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For specific cargo types — such as vibration-sensitive or hazardous materials
— it is essential to attenuate dynamic loads to mitigate the risk of damage or
safety incidents. These dynamic stresses, which impact cargo, are primarily in-
duced by road surface irregularities that propagate forces through the vehicle’s
wheels and suspension architecture. Nonlinear suspension solutions, especially
those designed with variable stiffness and damping properties [1, 2], are there-
fore essential in modern automotive engineering, providing an optimal balance
between vibration isolation and operational efficiency under varying conditions.
By reducing dynamic loads, these systems not only improve stability and com-
fort for passengers, but also protect sensitive or dangerous loads from potential
damage. This approach is particularly important on uneven road surfaces, where
the forces transmitted through the suspension could otherwise create excessive
stress on both passengers and cargo.

In contemporary engineering practice, nonlinear suspension systems with
adaptive stiffness or damping characteristics are extensively employed to sup-
press dynamic loads during transit. Among these, suspensions exhibiting quasi-
zero stiffness (QZS) properties are particularly significant, as they provide effec-
tive vibration isolation while maintaining suspension effectiveness. Such systems
perform optimally under certain operational conditions and are advantageous
due to their compact configurations, which facilitate efficient spatial integra-
tion [3-6].

From an engineering point of view, QZS elements can be realized using differ-
ent technical schemes. For example, a gas-interconnected QZS pneumatic sus-
pension was presented in [7, 8], where an X-shaped structure was designed.
Studies [9-11] examined various models of vibration isolators aimed at enhanc-
ing vibration isolation efficiency.

It was proposed in [12] to use an isolator consisting of n consecutive ele-
ments to study the mechanism of acquiring multiple QZS characteristics. Three
types of equivalent mechanical models were studied to investigate the properties
of the proposed isolator. It was found that, as the number of layers increased,
the proposed isolator was effective in achieving low-frequency vibration isola-
tion under different preloads, and this advantage could be further enhanced
with small damping and excitation. A single-degree-of-freedom (DOF) system
incorporating the proposed isolator was developed for theoretical and exper-
imental study of its isolation characteristics in [12, 13]. A numerical method,
based on the direct integration of the dynamic equation, verified the analytical
results of the frequency response functions. Experiments were also carried out
to verify the isolation performance of the nonlinear vibrator supported by the
flexible plate.

Generally, it can be concluded that negative stiffness, which arises in unit
cells through buckling or snap-through, is considered the fundamental principle
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for energy absorption [5, 1012, 14]. That is, by appropriately assembling unit
cells with negative stiffness in series, metamaterials and/or metastructures can
be developed with desired shock protection or energy absorption performance
[10, 12]. Specially designed curved beams and inclined beams [5, 10-12, 14],
placed within constrained supporting frames, can be easily fabricated using
3D printing technology.

Based on the different approaches described, one can find that recent ad-
vances in metastructures and additive technologies provide new technologically
efficient and cost-effective tools to realize QZS elements and integrate them into
the suspension system of modern specialized vehicles.

The current study considers the theoretical modeling of the dynamic behav-
ior of a specialized vehicle with a dual suspension system. The first-level is
a typical torsion bar suspension with linear stiffness, while the second-level
has a nonlinear characteristic with QZS and serves as a third vibration isolation/
damping element, in particular one with an internal elastic-damper support.
The modeling is presented within the framework of numerical vibration analy-
sis, based on a discrete nonlinear dynamic system. The dynamics of the system
are analyzed under a kinematic impact load sequentially applied to the front and
rear axles of the vehicle.

2. DISCRETE MODEL OF THE SPECIALIZED VEHICLE
WITH NONLINEAR DOUBLE-LEVEL SUSPENSION

A two-axle vehicle is considered, the model of which is shown in Fig. 1.
It conditionally consists of three levels: the basic suspension, the platform,
and the vibration isolation object. The vehicle base has a linear suspension,
while the cargo platform is equipped with an additional suspension stage. This
stage is connected to the first-level suspension through an additional second-level
that exhibits a nonlinear elastic response with QZS (Fig. 1).

5 v > Z
Vibro-isolation e
object l i ]
I
First-
First { Frame Frr (@ 4+ Fuz@
o a
: f '
! ' : Suspension § Cs13Hs1¢ Cs2 Hs2  ?
Second-] 4 ’ Aty o Mx

level )
Unsprung mass Cum1; Hum1 Cumz; Humz
n(t)

Fic. 1. General schematic of the proposed dynamic system with a double-level suspension.
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Lagrange’s second-order equations are used to develop a discrete nonlinear
model according to the proposed vehicle design, technical scheme of which is
shown in Fig. 1:

(2.1) 0, i=1,..6,

d <8T>+8T+6H+@R_
dt \ 9¢; ¢ Oq; 04
where t denotes time, T' is the kinetic energy of the system, II is the potential
energy of the system, and R is the potential of the dissipative forces, ¢; is
the generalized coordinate, which consist of the vertical motions of the masses
and the angles of the rotations (Eq. (2.2)). The dots above the variables indicate
time derivatives:

(2.2) {q} = {:zl,xg,z,a,zl,al}T.

It is straightforward to obtain the kinetic energy:
18
(2.3) T=3 > mig,
i=1

where m; is the total front axle mass, which consists of two wheels and the axle
shaft, the same applies to the rare axle mass ms = m;. The mass mg designates
the total suspension mass (with all installed units) of the first-level. The mass
m4 = mpy,. + m, is the total mass of the second-level of suspension, which
includes the cargo frame (my,) and the mass of the vibration isolation object
(my). The moments of inertia of the first-level frame as well as the second-level
frame (generally a specific cargo platform) are denoted as ms = J; and mg = Ja,
respectively.

The system potential energy consists of the potential energy of the linear
elastic elements (the tires and the first-level suspension) and the potential energy
of the nonlinear suspension system of the second-level:

(2.4) IT = I + I,y

The linear part can be presented as follows:

2

2
1 1
(2.5) I, = 3 ;1: Cumi (@ — i(1))* + 3 § :csi (z —z15)%,

i=1
where the following designations are additionally used:

L L
(2.6) T =z - S Tio = 2 + P
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The potential energy of the second-level suspension is defined as the integral
of the nonlinear elastic response, i.e., Fy; (y) = (0I1,;)/(0y). Considering that
there are two nonlinear elements presented in the system (front and rear), the
following equation for II,; can be written using the notations shown in Fig. 1:

(2.7) ILy (2, 21,0, 1) = ITyy (Y1 = 21 — @21) + 2 (Y2 = 21 — 222),
where

L
(2.8) wglzzl—z+§(a—a1), wggzzl—z+§(a1—a).

Considering the correspondence between local and global coordinates, the
following formulations for the nonlinear forces can be proposed:

_ a]Ynll % aHle %

(2.9) Fy o, 02 T om0z = [P (y = 21) + Fu (y = 22)],
(2.10)  Fy= agy’;” % 8(%2’2 % = g [Fri (y = 21) — Fo (y = 22)],
(2.11)  Fy= 8;211111 gi{i agy‘;” gif =Fu(y=2)+Fuy=2),

(212) By = OOy Ly po By = )

Oy1 Oy Oy Oaq 2

The dissipative forces in the current study are proposed to be considered
within a Rayleigh linear model, in which the damping matrix is proportional to
the linear stiffness matrix. Therefore, the damping potential is a quadratic form
of the generalized coordinate velocities.

Substituting Eq. (2.3) and Eq. (2.4), and considering Eq. (2.5) to Eq. (2.12),
into the Lagrange Eq. (2.13), one can obtain the main system of equations:

OR
T — 4+ F = t
mixy + iy + Feln cem(t),

.. OR
Mmoo + Ere + Fua = cimp(t),
T2

. OR
msz + E + Fel3+F3 (27217047051) = 07
(2.13)

.  OR ~
J1a+ A +Fel4+F3 (Z,Zl,O[,Oél) - 07
da
. R
maz1 + —— +F4 (27217047051) = 07
321

OR ~
Jody + — + Fy(z,21,a,0q) = 0.
\ 0cyy
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Thus, we have a system of differential equations describing the dynamics
of a vehicle with a double-level nonlinear suspension, where the second-level is
additional and exhibits nonlinear characteristic. In system (2.13), to simplify the
presented form of the equations, a vector of elastic forces (F;) is introduced:

(214)  {Fa} = [K]{a},

L
(Cuml + Csl) 0 —Cs1 5051 0 0
L
(CumZ +Cs2) —Cs2 _gcsa 0 0
L
(215) [K} = CSS _§Csn 0 0 ,
C
L= 0 0
4
symmetric part degr 0

L2CfT
where, for simplification, we introduced additional parameters for the total stiff-
ness of the first-level of suspension and for the difference between the front
and rear axle stiffness of the first-level suspension:

(216) Css = Csnl + Csn2, Csn = Csn2 — Csnl-

In the stiffness matrix, an additional parameter cy, is introduced. It is ar-
tificially added as a linearized (through bisection approximation) stiffness of
the second-level suspension. The derived elastic forces F.5 and F. are not
used directly in Eq. (2.13); however, the stiffness matrix in its full size is used
for the introduction of damping and for some calculations of natural frequen-
cies and normal modes, which are used for model testing and basic preliminary
dynamic analysis.

Additionally, the system of (2.13) includes some dissipative forces, which
reflect the presence of viscosity in tire deformation and damping in the first-
level suspension. These forces are derived from the corresponding potential of
dissipative forces (2.9) and have the following analytical expressions, given in
matrix form as follows:

(2.17) {?9?} = p[K]{¢}.

The system (2.13) allows the analysis of vertical and angular vibrations of
the vehicle occurring under the kinematic excitations 7 (t) and n2(t), which are
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applied to the wheels of the vehicle due to interaction with road surface rough-
ness. Here, it must be underlined that a time delay must be taken into account
and then the kinematic load is applied:

(2.18) O =10, ) =n(1+L),

where L is the distance between the wheel axles and v is the vehicle riding speed.
A simple perturbation is introducing here as a half-sinusoidal function of time:
™ (t — to)

(2.19) n(t) = { agsin  tn — to
07 t ¢ [t()a tn}v

, € [to, tn],

where ag is the amplitude (height) of the geometric perturbation, and tg, t,, are,
respectively, the initial and final times during which the perturbation is active.
The value of ¢, is calculated from the geometric size (width) of the perturbation
and the vehicle riding speed.

Presented system of (2.13) is identified with the nonlinear elastic forces F,,;(y).
In the current work, we propose to use a specific element that has a QZS of its
elastic response. In this study, we numerically identified such a response of the
QZS element and approximated the resulting dependencies using cubic splines.
Some details for this element modeling are presented further.

3. INTEGRAL NONLINEAR ELASTIC RESPONSE OF THE QZS ELEMENT

Following the idea of repetitive elementary cells in metamaterials proposed
in [10], in the current study, we use QZS elements, which are formed by a sinu-
soidal beam, a pair of semicircular arches, and stiffer wall elements.

The 3D model was build in parametric form, allowing us to determine ratio-
nal geometrical parameters of the QZS element that has a QZS response region
within a required range of possible displacements. Our model also ensures a prac-
tically required level of response forces, which enable the use of such an element
in real applications. Finite element (FE) modeling is used for direct computer
simulations, which allow us to obtain the integral elastic response of the QZS
element under kinematic (displacement-controlled) loading. Figure 2 presents
the geometry and FE mesh.

The final model parameters allow us to obtain the nonlinear characteristic of
the QZS element, which yields an almost zero reaction to displacement pertur-
bations in a region of 30 mm. The corresponding results of computer simulations
are presented in Fig. 3.
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Fic. 2. QZS element FE model and geometry.
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Fic. 3. Integral nonlinear elastic response of QZS element.

The main geometric parameters of the QZS element, determined from a set of
FE simulations and used as the basic model in the current study, are as follows:
l1 = 208 mm (width), lo = 120 mm (hight), I3 = 14 mm (thickness), t; = 8.1 mm
(beam thickness), to = 12.4mm (arc thickness), h = 31.5 mm, and R = 30 mm.

It should be noted that if the potential displacements exceed the specified
values, the stiffness of this system will lead to the opposite effect in terms of
vibration isolation. This unit element demonstrates satisfactory results and can
serve as a basis for modeling a more complex vibration isolator that can operate
at higher displacement levels. Figure 3 shows these results, which are centered
around zero when considering the mean static load.

FE simulations also allow us to determine and evaluate additional strength
parameters of the QZS element. This is important from a practical perspective to
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ensure reliability. Figure 4 demonstrates the distributions of displacements (de-
formation filed) and von Mises stresses at different levels of displacement-control-
led loading with an amplitude of 9 mm.

a) b) 7

D =12 mm D =12 mm

5.6802
5.0491
44179
3.78638
3.1557
2.5245
1.8934
1.2623
0.63113
1.1644e-S

D =23 mm D =23 mm

D =30 mm D =30 mm

F1G. 4. a) Vertical displacements [mm]|, b) equivalent von Mises stresses [MPa] under different
displacement-controlled load levels load.

4. RESULTS OF THE NUMERICAL SIMULATIONS OF VIBRO-ISOLATION
PERFORMANCE FOR SENSITIVE CARGO TRANSPORTATION

Mathematical model presented in Sec. 2, with nonlinear elastic responses
F,; of QZS elements identified from direct FE simulations, is used for numerical
computations of the dynamics of such a system. The differential Eq. (2.13) are
solved numerically using an explicit integration scheme. The mechanical and
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geometrical parameters used in the numerical experiments are summarized in
Table 1.

TABLE 1. Mechanical parameters of the system.

Parameter | L | mi, ma | ms | ma I I3 Csnl, Csn2 Cum
Units m kg kg | kg | kg m? | kg m? kN/m kN/m
Value 2.2 83 168 | 176 | 252.3 | 344.6 240 350

As a results of the integration, we obtained the dynamics of all generalized
coordinates, including displacements, velocities, and accelerations. Figure 5 and
Fig. 6 present examples of the computed time histories for vertical vibrations
of the front and rear axes, as well as vertical vibrations of the center of mass at

a) b)
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F1a. 5. Vertical vibrations of the generalized coordinates of the vehicle without the second-level
of nonlinear suspension (model L).
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Fi1c. 6. Vertical velocity and acceleration of the cargo object’s center of mass.
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the first- and second-level suspension, i.e., z and z;. In this example, the road
roughness has a height of 50 mm and a width of 300 mm (standard road).

These results are presented for the case where second-level suspension is ex-
cluded from the model. Technically, this is realized by substituting the nonlinear
forces with linear ones of extremely high stiffness (108 N/m), which corresponds
to a rigid metal rod connection between the suspension levels. This approach al-
lows us to maintain the same mass-inertial properties in both models: the basic
linear model (model L) and the double-level nonlinear model (model NL).

Figure 6 shows the time dependencies of vibro-velocities and vibro-accelera-
tions in the centre of mass of the cargo object (the object subject to potential
vibro-isolations) for model L.

The same results were obtained for the proposed system with a second-level
suspension integrating nonlinear QZS elements (model NL). Figure 7 and Fig. 8
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F1G. 7. Vertical vibrations of the generalized coordinates of the vehicle with the second-level
of nonlinear suspension (model NL).
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F1G. 8. Vertical vibrations of the generalized coordinates of the vehicle with the second-level
of nonlinear suspension (model NL).
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show the results for this case. Vertical vibrations of the front and rear axes have
similar behavior and amplitudes levels as well as vertical dynamics of the center
of mass as in the first-level suspension. However, the center of mass of the second-
level simulation, which actually corresponds to the cargo object (the object
being vibro-isolated) shows a significant reduction in vibration amplitudes at the
moments of impact. An interesting phenomena is also observed: the displacement
(position) of the cargo object’s center of mass exhibits a smooth shifting over
time following the impacts. This post-impact behavior is likely caused by inertia
effects and shows a negative phenomena of some energy accumulation in the QZS
elements.

Analysis of the vibro-velocity and vibro-acceleration levels shows a triple
reduction in the amplitude levels, which confirms the crucial effectiveness of
integrating QZS elements into the second-level suspension.

In the current study, a series of comparative computations was carried out to
analyze vertical vibrations (displacements, velocities, and accelerations) under
varying levels and shapes of kinematic impacts. We have varied the amplitude
of the impact (height of the road roughness) in the range from 10 mm to 100 mm
but with a fixed time of the impact (corresponding to a road roughness width
of 300 mm). The results of these calculations are shown in Fig. 9. The proposed
system of vibro-isolations shows a good efficiency in reducing vertical vibrations
for impacts with amplitudes up to 70 mm, achieving a maximum reduction of
nearly 100%. In Fig. 9, phase trajectories of the vertical vibrations are also
plotted for additional insight.

nax [M/S]

Vi

0.0

T T T T !
0.02 0.04 0.06 0.08 0.10
Height [m]

Fi1c. 9. Vertical vibrations of the center of mass of the vibro-isolated object
(model L — blue line, model NL — red line).

Additionally, we examined the influence of the impact width on vibro-isolation
performance. The results presented in Fig. 10 and Fig. 11 show that, as the
road roughness width increases, the amplitudes of vibro-velocities and vibro-
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F1c. 10. Vertical vibro-velocities of the center of mass of the vibro-isolated object as a function
of kinematic impact width (model L. — dashed line, model NL — solid line).
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Fic. 11. Vertical accelerations of the center of mass of the vibro-isolated object as a function
of kinematic impact width (model L — dashed line, model NL — solid line).

accelerations rise in the nonlinear model, whereas they increase only slightly and
almost linearly in the linear model. Despite this, the nonlinear model consistently
demonstrates good efficiency up to 90 mm for the road roughness height. For in-
stance, at a 60 mm impact height and a 0.6 m width, we observed a two-fold
reduction in vibro-accelerations.

5. CONCLUSION

The presented study highlights advancements in suspension systems for spe-
cialized vehicles, emphasizing the integration of nonlinear and QZS elements to
enhance ride quality and vibration isolation. By combining linear and nonlinear
suspension levels, the proposed dual-suspension system effectively minimized
dynamic loads, protecting both passengers and cargo. Leveraging modern meta-
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structural designs and additive manufacturing, the system achieved compact
and cost-efficient configurations suitable for various operational conditions.

Numerical simulations demonstrated the significant effectiveness of the QZS-
integrated suspension system. We observed a threefold reduction in vibro-velocity
and vibro-acceleration amplitudes when comparing the QZS model to the basic
linear model. The system effectively reduced vertical vibration amplitudes for
kinematic impacts up to 70 mm in height.

An intriguing phenomenon was also observed: after impacts, the displace-
ment (position) of the cargo object’s center of mass exhibited a smooth, pro-
longed shift over time. This post-impact behavior, likely due to inertial effects,
suggests negative phenomenon of a potential energy accumulation in the QZS
elements. For improved system behavior in operational scenarios, an automatic
positioning system and specific control strategy may need to be developed.
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