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Living bone is continually undergoing processes of growth, reinforcement and resorption.
These processes are termed collectively “remodeling”. The remodeling processes in living bone
are the mechanisms by which the bone adapts its histological structure to changes in long-term
loading. The theory of adaptive elasticity was developed as a model for the mechanical load
induced adaptation of bone. All three aspects of the theory of adaptive elasticity are reviewed
here. These include internal adaptation, surface adaptation and architectural adaptation. The
successes of the theory as well as the features of the theory that should now be revised are

discussed.

Key words: adaptive elasticity, bone, bone strain adaptation, internal remodeling, surface

remodeling, architectural remodeling

Table of contents
Introduction
Part I. Internal adaptation
1. The origins of the theory of adaptive elasticity

2. The guiding principles for the 1976 model of bone structural adaptation

to environmental strain

3. The continuum model, the balance equations and the entropy inequality

4. Constitutive assumptions

DPrepared for the CIM Advanced school and workshop on bone mechanics — mathematical
and mechanical models for analysis and synthesis — held at the Instituto Superior Técnico in

Lisbon, Portugal on June 24-28, 2002.



114

10.

11
12.
13.
14.
15.

Gop N S WUHMN, 80t e

CRERSRY AREION D)

S.C. COWIN

A summary of the theory

Small strain theory of adaptive elasticity

Specification of boundary initial value problems for small strain theory of
adaptive elasticity

Homogeneous processes

Approximation of the coefficients

Solutions of the remodeling rate equation for steady strain and steady
stress

The complete solutions to two classes of boundary value problems
Devolution of inhomogeneities under steady homogeneous stress

Internal bone remodeling induced by a medullary pin

An analytical model of Pauwels’ functional adaptation mechanism in bone
Successes and deficiencies of the theory of adaptive elasticity

Part II. Surface adaptation

The theory of surface remodeling

Establishing in vivo values for surface remodeling rate coefficients
The five animal experiments considered

Conceptual formulation of the mechanics problem

Estimation of parameters

Computational formulation of the problem

Summary of surface remodeling results

Successes and deficiencies of the surface remodeling theory

Part III. Architectural adaptation

Wolff’s law

The fabric tensor for cancellous bone tissue

The relationship between the fabric tensor and the elasticity tensor
Wolff’s law at remodeling equilibrium

An evolutionary Wolff’s law for trabecular architecture

Successes and deficiencies of the architectural adaptation theory

Appendix: Special vectors and tensors in six dimensions

References



ADAPTIVE ELASTICITY 115
Introduction

The ability of living bone to adapt its material structure and form to its
mechanical loading is a well-known example linking biological form and function.
The phenomena associated with bone adaptation to mechanical loading have
become associated with the name of Julius Wolff because he called it his “law”
(CowiN, 2001). In the 1800’s a number of investigators made observations about
bone form and function as described in WOLFF (1892, 1986) and RouXx (1885).
There are two distinct portions to Wolff’s “law”. The “law” that pertains to
trabecular bone architecture relies on the observed similarity of the predominant
alignment of trabecular bone struts found internally near the ends of long bone
and the approximate principal stress trajectories. The second portion of Wolff’s
“law” is that the external form of bone is dependent upon its function. For over
a century, these observations by Julius Wolff about bone form and function have
presented fertile ground for further investigation and criticism.

Models to describe functional adaptation may be classified as phenomenolog-
ical or mechanistic. The phenomenological models attempt to simulate cause and
effect (e.g., changed mechanical loading leading to changed bone architecture)
without a consideration of the intermediary mechanisms involved. Phenomeno-
logical models allow for convenient testing of the consequences of different hy-
potheses about bone adaptation. This approach is often useful for eliminating
some assumptions that don’t match experimental or clinical results and observa-
tions (e.g., only compressive static loading leads to bone formation) or stimulate
further investigations (e.g., strain rates and spatial gradients may regulate adap-
tation). The theory of adaptive elasticity considered here is a phenomenological
model. This and other phenomenological models for cortical and cancellous bone
adaptation have recently been reviewed by HART (2001).

Mechanistic models, on the other hand, start instead with parameters (e.g.,
bone cell activities and microenvironment) that are linked to portions of the
biological processes involved in bone maintenance, turnover, and repair. These
models, currently less developed than some of the phenomenological models be-
cause they are more complex, may lead to successfully linking mechanical and
biological causes and effects. These models offer the promise of not only extend-
ing the descriptive and predictive capabilities of phenomenological models, but
may offer insights into manipulation of the bone response, and development of
pharmacological therapeutic agents. A mechanistic model for bone adaptation
is described by CowIN and Moss (2000). A mechanistic model that relates the
effect of mechanical load applied to a whole bone to the bone fluid flow around
the cells buried in the bone and, most significantly, to the bone adaptation pro-
cess has been presented in a series of papers over the last decade: COWIN et al.
(1991), WEINBAUM et al. (1994), COWIN et al. (1995), ZHANG et al. (1998),
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CowiN (1999), WANG et al. (1999, 2000), YOU et al. (2001) and SMIT et al.
(2002). Mechanistic models are not reviewed here; aspects of these models are
reviewed in COWIN and Moss (2000), HART (2001) and COWIN (2002).

The distinction made by FROST (1964) between surface and internal remod-
eling is followed here. Surface remodeling refers to the resorption or deposition
of bone material on the external surface of the bone. Internal remodeling refers
to the resorption or reinforcement of existing bone by decreasing or increas-
ing respectively, the bulk density of the bone within fixed external boundaries.
Part I concerns internal adaptation, Part II, surface adaptation and Part III is
on architectural adaptation that concerns trabecular reorientation in cancellous
bone.

Part I. Internal adaptation

1. THE ORIGINS OF THE THEORY OF ADAPTIVE ELASTICITY

In 1970 George Hermann participated in the Southwest Mechanics Lecture
Series and gave a lecture at Tulane University on the Mechanics of Bone Fracture
(HERMANN and LIEBOWITZ, 1972). I was on the faculty at Tulane University at
that time and attended the lecture. In that lecture George Hermann showed illus-
trations of bone plates, plates that were attached to the two ends of a fractured
bone by screws to stabilize the fracture. Since it is well known in the mechan-
ics of elastic materials that holes in an object filled with material of a different
modulus cause stress concentrations, it was difficult to understand the use of
the screws and, more significantly, leaving the screws in the bone indefinitely.
To answer that question an area of research was begun that led to the theory of
adaptive elasticity. The formal theory of adaptive elasticity originated in three
papers (COWIN and HEGEDUS, 1976; HEGEDUS and COWIN, 1976; and COwIN
and NACHLINGER, 1978). The objective of these papers was the formulation of
a model for the understanding and prediction of the strain-controlled remodel-
ing properties of normal living bone. The bone adaptation to the environmental
strain model proposed in these papers was a thermomechanical continuum theory
involving a chemical reaction and mass transfer between two constituents. The
strain adapting properties of living bone are represented by a strain-controlled
chemical reaction that transfers mass, momentum, entropy and energy to and
from the porous elastic solid. The addition of mass to the porous solid modifies
its porosity. Bone adaptation to environmental strain is a collective phrase for
the continual processes of growth, reinforcement and resorption that occur in
living bone. The resulting theory describes an elastic material that adapts its
structure to applied loading, hence the term adaptive elasticity.
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2. THE GUIDING PRINCIPLES FOR THE 1976 MODEL OF BONE STRUCTURAL

ADAPTATION TO ENVIRONMENTAL STRAIN

The 1976 model was heavily influenced and guided by the book of HAROLD
FROST (1964). The salient physical and biological features of bone adaptation
to environmental strain that were identified as attributes of the 1976 model are
(CowIN and HEGEDUS, 1976):

1.

There are three basic components of whole bone: the bone cells; extra-
cellular fluid; and the solid extracellular material that is called the bone
matrix.

The bone matrix is a solid structure with interconnected pores. The me-
chanical properties of whole bone are essentially the same as the mechanical
properties of the matrix.

. The porosity of the bone matrix is affected by the ambient long-term strain

history of the bone.

The porosity of the bone matrix is changed by the addition of mass or
the removal of mass from the bone matrix. This transfer of mass occurs
as the result of a chemical reaction that is mediated by the bone cells.
Momentum, energy, and entropy may also be transferred to or from the
matrix structure by these chemical reactions.

. The rates of these chemical reactions depend upon the strain and are very

slow. It can be estimated from studies using tetracycline labeling, that the
characteristic time for such a reaction is of the order of months.

The extracellular fluid is always in contact with the blood plasma. The
plasma supplies the materials necessary for the synthesis of bone matrix.

The characteristic time of chemical reaction is several orders of magnitude
greater than the characteristic time associated with a complete perfusion
of the blood plasma in the bone, hence any excess heat generated by the
chemical reactions is quickly carried away by the circulation.

A continuum model was developed on the basis of these observations. It
was assumed that the load adapting properties of living bone can be modeled
by a chemically reacting porous medium in which the rate of reaction is strain
controlled. The porous medium has two components: a porous elastic solid rep-
resenting the matrix structure of bone including the bone cells and a perfusant
that represents the extracellular fluid and the blood plasma which flow through
the matrix structure. A schematic diagram of this model is shown in Fig. 1.

The fact that living bone is encased in a living organism is reflected in the
model by setting the porous structure in a bath of the perfusant. The perfusant
bath is assumed to be an isothermal heat reservoir, an assumption that ap-
pears to be easily justified by common knowledge concerning living organisms.
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heat and mass seals

isothermal perfusant

porous structure

Fi1G. 1. A schematic diagram of the conceptual model for bone remodeling.

The mechanical load is applied directly to the porous structure across the walls
of the perfusant bath as illustrated in Fig. 1. The system consisting of the porous
structure and its perfusant bath is considered to be closed with respect to mass,
heat energy, and entropy transfer, but open with respect to momentum transfer
from loading. The system consisting of only the porous structure without its
entrained perfusant is open with respect to momentum transfer as well as mass,
energy, and entropy transfer. The bone matrix was considered to be the control
system since the mechanical properties of the bone matrix alone determine the
mechanical properties of the bone. Balance and constitutive equations were de-
veloped only for the bone matrix. The perfusant was accounted for only insofar
as it transfers mass, momentum, energy, or entropy to the bone matrix. The rate
at which mass, momentum, energy and entropy transfers occur was assumed to
depend on the local strain and the other independent variables.

Two assumptions were also made concerning the momentum balance of the
porous structure. First, it was assumed that the force of interaction between
the porous structure and the perfusant is small compared to the load applied to
the porous structure. The second assumption was that only mechanically quasi-
static processes are considered. This is justified because the characteristic time
of remodeling is so large compared to a characteristic time for inertia effects.

3. THE CONTINUUM MODEL, THE BALANCE EQUATIONS
AND THE ENTROPY INEQUALITY

The motion x(X, t) gives the place x of a particle X at time ¢,
(1.1) x = x(X,1).
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The velocity v of a particle X is given by the time derivative of the motion
holding the particle X fixed,

e

122 i X
( ) Dt X=const

The deformation gradients F' are defined by

I
L P
(1.3) X’
and the tensor velocity gradients are denoted by
ov
14 L=—.
(1.4 o
The bulk density p of the porous structure is expressed as a product
(1.5) p=v,

where 7 is the density of the material that composes the matrix structure and v
is the volume fraction of that material present. Both v and v can be considered
as field variables. The balance of mass for the porous matrix structure without
perfusant is given by

D
(1.6) b—z/'yudv —/ cdv,
0 0

where the derivative indicated, D/Dt, is the material or substantial time deriva-
tive performed holding X constant; ¢ is the rate at which mass per unit volume
is added to or removed from the porous matrix structure; dv is an element of
volume and O indicates the porous matrix structure or any portion thereof. If
c vanishes, (1.6) reduces to a more familiar statement of mass balance. Because
mass is being added to the object, the traditional transport theorem must be
modified. If we let f denote an arbitrary field quantity, the modified transport
theorem can be stated in the form

(1.7) gt/'yufdv /(cf—{—'yuf)dv

0

This reduces to the usual transport theorem of Reynolds when ¢ vanishes.
The balance of momentum for the porous matrix structure is given by

(1.8) ll))t/'yuvdv /T nds+/'yubdv+/(cv+p)dv,
0 0

































































































































































































































