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This paper is devoted to the shape optimization of the muffler shield with regard to strength
properties. Three different optimization criteria are defined and numerically implemented con-
cerning the strength properties of the shield, and different variants of optimization tasks are
solved using both built-in optimization modules and in-house external algorithms. The effec-
tiveness and efficiency of the optimization methods used are compared and presented.
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1. Introduction

The role of the covers of the exhaust system of internal combustion en-
gines has significantly evolved over the last years, from solely protecting the
elements surrounding the system to maintaining the appropriate temperature
of the exhaust gases so that certain chemical processes can take place. This
applies primarily to the elimination of impurities such as nitrogen oxides, hy-
droxides, etc. In new-generation systems, thermal shields are installed to protect
the surrounding components, mainly plastic or rubber parts, from high tempera-
ture. However, more and more often they are also used to slow down the cooling
of flue gases discharged through the system.

The increasing importance of ecological factors causes the introduction of
more and more restrictive emission standards. In Europe, the current EURO 6
standard requires the use of additional catalysts, such as selective catalytic re-
duction (SCR), to eliminate an additional portion of nitrogen oxides. These
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additional components of the exhaust system require specific operating condi-
tions to fulfill their role. One of them is the appropriate operating temperature
of such a device. Optimal design for thermal characteristics concerns not only
the automotive industry but also other muffler shields, such as thermoelectric
generators [18].

Since the SCR is usually mounted in the middle of the system, where the
exhaust gas temperature is normally much lower than directly after the engine,
additional pipe covers and all parts upstream of the SCR are required to main-
tain the proper temperature. A higher exhaust gas temperature causes a higher
temperature on the muffler jacket. Appropriately designed muffler shields are
used to protect surrounding exhaust system components [13].

In order to fulfill their role, these shields must be characterized by low ther-
mal conductivity (high thermal resistance), high emissivity, and good thermal
stability (fire resistance). They should dampen vibrations very well and have
high stiffness. They are usually made of heat-resistant and thin sheet metal, the
thickness of which varies from 0.25 mm to even 2.5 mm.

Often the material used for their construction is aluminum or aluminized
sheets. It is not uncommon to find shields made of ordinary austenitic steel.
For the sake of high heat resistance, they are not damaged even at high tem-
peratures. The air gap between the muffler shield and the rest of the exhaust
system is often sufficient to maintain adequately high thermal insulation. Ther-
mal shields come in many configurations. The simplest of them are made of
a single sheet metal layer. Their main advantage is the ease of forming, but the
disadvantage is that they do not effectively reduce noise and tend to vibrate
(Fig. 1).

a) b)

Fig. 1. Various types of single-layer muffler shields.

Therefore, some varieties used today are lined with appropriate mats resis-
tant to high temperatures from the inside. This lining significantly improves
their thermal efficiency and ability to dampen vibrations. Another type of cover
is the so-called double-layer shield, consisting of two sheets of metal of different
thicknesses each, with an air gap or insulating material between them. They
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tend to be superior in their ability to reduce heat transfer, noise and vibration
compared to the single-layer variety (Fig. 2).

Fig. 2. Example of the geometry of the multi-layer muffler shield.

For single-layer shields, in order to reduce noise and maintain adequate stiff-
ness, additional ribbing is introduced at appropriate locations. The shape, po-
sition or number of embossments is not obvious from a design point of view,
especially if conflicting requirements often must be balanced. Optimal design
of the geometric features of such embossments, including the thickness of the
sheets, is the main objective of this work. Due to the larger number of design
variables and the need to perform appropriate numerical simulations, it is not
possible to apply classical methods of optimal design. Contemporary CAE sys-
tems have built-in optimization modules to solve this type of issue. In this
paper, three optimization criteria were defined and numerically implemented
with regard to the strength properties of the shield, and different variants of
optimization tasks were solved using both built-in optimization modules and in-
house external algorithms. Furthermore, the effectiveness and efficiency of the
optimization methods used were compared and presented.

Several studies applied shape or topology optimization tasks using various
optimization methods to various components in the automotive industry. For
example, topology optimization was considered among others, in the works on
the selected automotive suspension components [12, 17] or components of the
drive unit [2, 20]. Apart from single-objective optimization [16], multi-objective
optimization methods for such problems [10], or other optimization techniques
such as hybrid methods were used as well [21]. Regarding the shape optimiza-
tion of the muffler shields, it can be concluded that relatively few works have
considered this problem [1, 14, 18]. This leads to the conclusion that the topic
undertaken in this work seems both reasonable and justifiable. An additional
novelty in the presented work is also the formulation and practical implementa-
tion of multi-criteria optimization tasks, as a result of which the designer receives
not one but a set of Pareto-optimal solutions. In addition, the graphical repre-
sentation of the results in the form of the front of Pareto optimal solutions also
carries additional information for the designer about the relationship between
the various criteria.
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2. Formulation of the problem

The paper considers a single-layer cylindrical shield with embossing, the
geometry of which is shown in Fig. 3. The shield has three mounting holes and
two embossings going through its larger and smaller parts. Assuming that the
diameters of the cylindrical part are imposed and fixed for technological reasons,
the optimal design of the mechanical properties of this type of shield will consist
of the proper shaping of the ribs while selecting the thickness of the sheet metal.

Fig. 3. Geometrical model of the muffler shield.

According to the requirements described in Sec. 1, the following criteria were
formulated and numerically implemented:

• Minimization of the maximal resultant displacement of a system

(2.1) min
x
f1 = max(ures).

• Minimization of the maximal value of the equivalent stress of a system

(2.2) min
x
f2 = max(σeq).

• Maximization of the lowest resonance frequency (fres)

(2.3) max
x

f3 = fres.

The first criterion expresses the stiffness of the system, which is an impor-
tant factor due to the possibility of contact between the shield and the exhaust
system if the distance between these elements is not large. The second one, by
reducing the maximum values of equivalent stresses determined from the Huber-
Mises hypothesis, is related to the durability of the system (it should be noted
that fatigue analysis was not considered ). However, the third criterion allows to
select the geometric features of the cover in such a way that it does not fall into
resonant vibrations. Typically, such a criterion is defined as a distance between
the lowest resonance frequency and the reference value. In this work, the refer-
ence value was assumed equal to 230 Hz due to the forcing frequency caused by
the internal combustion engine. Considering the geometry of the shield, resonant
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frequencies much lower than the reference value will not occur. Furthermore, it
was assumed that it would be unfavorable for the entire exhaust system to have
a frequency of 230 Hz splitting the resonant frequencies. Finally, x denotes the
set of design variables described in detail below. Formulation and simultaneous
consideration of more than one criterion lead to the multi-objective optimization
problem [5, 11, 24].

Finite element method (FEM) was used to numerically simulate appropriate
boundary value problems (BVPs) [23]. Criteria (2.1) and (2.2) are calculated
based on a numerical solution of linear elastic analysis at elevated tempera-
ture [15, 19]. The FEM matrix equation of such a problem is expressed by the
following formula:

(2.4) KU = F + FT ,

where K is the global stiffness matrix, U, F and FT are nodal vector of displace-
ments, applied forces and forces due to the thermal strain vector, respectively.

Criterion (2.3) is calculated on the basis of results from the FEM modal
analysis of the structural damped system

(2.5) MÜ + CU̇ + KU = 0,

where M and C are global mass and damping matrices, respectively.
The optimization problem involves the selection of 21 design parameters for

the muffler shield consisting of the selection of design variables searching for ex-
treme values (min or max) of defined criteria (2.1)–(2.3). Figure 4 shows the
method of geometric parametrization of the model.

Fig. 4. Parametrization of the geometrical model.
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The dimensions and position of the embossing were parameterized using
seven variables (construction points of the spline curve and embossing radius).
Both embossments are parametrized independently, which leads to non-symme-
trical results and increasing the range of searching possibilities. Furthermore, the
positions of the mounting holes and the steel sheet’s thickness are the remaining
parameters. In the optimization tasks, box constraints are imposed on each
design variable. The range of variability for all 21 project variables is shown
in Table 1, where the values are defined with regard to the global coordinate
system.

Table 1. The range of variability for design parameters.

Design
parameter

Box constraints
Description

Lower Upper

1 xo1 4 14

Coordinates of the center of the mounting holes

2 yo1 4 36

3 xo2 −8 19

4 yo2 −9 2

5 xo3 −17 10

6 yo4 −6 5

7 g 0.25 1 Thickness of steel sheet

8 RR 2.5 4
Embossing radius for the left and right embossing

9 LR 2.5 4

10 rx1 −2 10

Positions of the construction points of the spline
curve for the left and right embossing

11 ry1 −14 0

12 rx2 −1 0

13 ry2 15 16

14 rx3 −24 −5

15 ry3 45 65

16 lx1 −12 0

17 ly1 −79 −65

18 lx2 −2 −1

19 ly2 −52 −51

20 lx3 5 24

21 ly3 −20 0

The numerical model was prepared using the ANSYS software. The shield
model for a particular geometry generated in optimization tasks is built with
a preponderance of elements QUAD4 type. The number of elements for variable
geometry changes in a small range and is about 8500. The shield’s material
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is standard aluminized steel with Young’s modulus of 2.1 · 105 MPa, Poisson’s
ratio of 0.3 and density of 7.85 · 10−9 kg/m3. The shield is fixed at one mounting
hole (point C), whereas on the other two (points A and B), initial displacement
(horizontal component) equal to 0.25 mm is applied (Fig. 5). The boundary
conditions imposed in such a way correspond to the actual way the shield is
installed. Furthermore, a temperature gradient of ∆T = 60◦ in entire model was
assumed, resulting in constant values of the nodal force vector FT in Eq. (2.4)
and no need to solve the heat conduction additionally problem.

Fig. 5. Numerical model and boundary conditions.

3. Applied methods and algorithms of optimization

As mentioned in Sec. 1, different methods and algorithms are applied to solve
considered optimization tasks. An external multi-criteria optimization algorithm
called MOOPTIM was used. Such an algorithm has been thoroughly tested on
mathematical test functions, typically used to assess the quality of performance
of such algorithms (SCH, ZDT1, ZDT2, ZDT3, ZDT4, ZDT6, CONSTR, SRN,
TNK) (Deb2002). Moreover, MOOPTIM was used and successfully solved dif-
ferent engineering problems where fitness functionals were calculated based on
results from FEM simulations [3, 4, 8, 9]. MOOPTIM is an improved version of
the NSGAII algorithm, among other things, with modified algorithm parameters
and a selection mechanism. It significantly better solves multi-criteria optimiza-
tion problems for multimodal objective functions and non-convex Pareto fronts.
For other types of problems, in the majority of cases, it is competitive.

The use of an external optimization algorithm required the development and
implementation of methods for automatically creating and solving boundary-
value problems described by formulas (2.4) and (2.5). Figure 6 shows the method
of coupling between the block of external optimization algorithm and the block of
FEM computations. For each chromosome in the MOOPTIM algorithm, the
geometry of the shield model is prepared. This step is utilized on the basis of
the real-coded value of gens in the SpaceClaim software, for which appropriate
procedures have been developed in C++ and the Python scripting language
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Fig. 6. General schema of the application of the external module of optimization.

(implemented in SpaceClaim). After that, mesh generation, imposing appropri-
ate boundary condition (BC) and solving a particular boundary-value problem
is solved in Ansys Software. On the basis of results files generated by Ansys,
the formulated earlier objective functions are calculated by additional proce-
dures written in C++. The optimization loop is executed until the condition of
calculation termination is fulfilled.

In addition, the optimization tasks were solved using the MOGA and
NSGA-II multi-criteria optimization algorithms built into Ansys software. It
should be noted that both methods are not exactly prototypes of the well-
known optimization methods described in the literature but only variants of
them [6, 7].

4. Results of optimization

The optimization problems were solved as the minimization or maximization
of the bi-objective tasks for previously proposed and numerically implemented
objective functions. The multi-criteria optimization algorithms used in this work
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exhibit the greatest effectiveness for problems in which two criteria are consi-
dered simultaneously. For more criteria considered simultaneously, accuracy and
efficiency decreases. The following variants of optimization utilizing MOOPTIM,
MOGA and NSGA-II were solved:

• Variant 1 – minimization of functionals (2.1) and (2.2).
• Variant 2 – minimization of functional (2.1) and maximization of func-

tional (2.3).
• Variant 3 – minimization of functional (2.2) and maximization of func-

tional (2.3).
For the MOOPTIM, following algorithm parameter values were used: popula-

tion size – 50, number of generations 50, probability of simple crossover – 0.1, pro-
bability of arithmetic crossover – 0.1, probability of uniform mutation – 0.1,
probability of Gaussian mutation – 0.1, whereas for the MOGA and NSGA-II:
population size – 50, number of generations 50, convergence stability percent-
age – 2%, maximum allowable Pareto percentage – 70%. Such an assumption
of parameter values for the external optimization procedure and the built-in
algorithms in the CAE system ensures reasonable comparison considering sim-
ilar computational effort (number of fitness function evaluations). Note that
the user, in the case of built-in optimization algorithms, does not have access
to manipulate individual parameters of the algorithm separately. The result of
optimization (set of Pareto optimal solutions) utilizing all three algorithms for
each considered variant is presented in Figs. 7–9.

Fig. 7. Set of Pareto-optimal solutions for Variant 1.
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Fig. 8. Set of Pareto-optimal solutions for Variant 2.

Fig. 9. Set of Pareto-optimal solutions for Variant 3.

As the solution to the above optimization tasks is not a single solution but
a set of solutions, more factors should be taken into account when evaluating
the quality of the resulting set, namely: the distance of found Pareto-optimal
solutions from the true Pareto front (TPF), the evenness of the distribution
of solutions on the Pareto front and span of the Pareto front. Assessment of
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these characteristics can be conducted using a visual method, but such an as-
sessment can be inaccurate, especially if all the features mentioned above are to
be taken into account. Among several different metrics for assessing the quality
of the obtained fronts, the hypervolume metric (HV) was chosen because, for
the task to be solved, the location of the TPF is not known. In addition, the HV
metric takes into account all three of these mentioned characteristics [22]. The
calculated HV values are summarized and compared in Table 2 and Fig. 10.

Table 2. Hypervolume metric values and the number of non-dominated solutions for considered
variants of optimization using MOOPTIM, MOGA and NSGA-II.

Variant
MOOPTIM MOGA NSGAII

HV NoNS HV NoNS HV NoNS

1 179.43 33 148.22 4 171.65 8

2 425.55 50 488.98 5 485.05 13

3 230 016.7 50 258 460.8 38 272 812.1 43

Fig. 10. Comparison of the hypervolume metric for the applied algorithms.

For the first optimization variant, the external in-house MOOPTIM algo-
rithm was found to be superior to the built-in algorithms in the Ansys system.
This is demonstrated both in Fig. 7 and by comparing the obtained HV met-
ric values in Table 2. For Variants 2 and 3, MOGA and NSGA-II appeared
to be better compared to MOOPTIM. However for the third variant, solutions
obtained by MOOPTIM in some small area dominate solutions obtained by
MOGA and NSGA-II. It should be noted that the Ansys optimization module
presents results for multi-objective optimization tasks as a set of a collection
of all solutions found so far. Such a set contains both dominated and non-
dominated solutions. Based on the resulting solution sets, after exporting the
data and applying the non-dominated sorting procedure, the non-dominated so-
lutions can be displayed solely. Table 2 shows a comparison of the number of
non-dominated solutions found by each of the three algorithms. For all optimiza-
tion variants considered, the MOOPTIM algorithm found the largest number of
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non-dominated solutions (NoNS) within the result set. On the one hand, these
additional solutions require appropriate interpretation when making a decision
on the final choice of the optimal solution, and on the other hand, the shape
and distribution of solutions on the Pareto front bring additional information
about the considered problem.

Due to limited space and in-depth discussion of the broader spectrum of
Pareto-optimal solutions, only one compromise solution is presented graphically
as an example. This solution was obtained for Variant 1 with the MOOPTIM
algorithm (it is denoted as CS in Fig. 7) and lies closest to the utopian point
(UP), which is the intersection of the axes of the coordinate system of the two
criteria. Table 3 contains results (design parameters and objective functionals) of
the optimization for such a solution (CS) with comparison to the initial solution
(IS), graphically presented in Fig. 4 and Fig. 5 but simulated for different values
of the steel sheet thickness.

Table 3. Comparison of optimization results for selected compromise
solutions and the different cases of initial solutions.

Solution DP1 DP2 ... DP7 (g)
[mm]

... DP20 DP21 f1
[mm]

f2
[MPa]

f3
[Hz]

IS

9.0 25.0 ... 0.25 ... 5.0 −20.0 0.61 195.5 303.4

9.0 25.0 ... 0.50 ... 5.0 −20.0 0.58 310.7 501.1

9.0 25.0 ... 0.75 ... 5.0 −20.0 0.57 399.2 659.3

9.0 25.0 ... 1.00 ... 5.0 −20.0 0.56 468.2 799.4

9.0 25.0 ... 0.46 ... 5.0 −20.0 0.59 294.3 476.2

CS 4.6 12.0 ... 0.46 ... 5.4 −13.6 0.34 166.2 516.9

As can be seen for the IS, as the thickness of the plate increases, the stiffness
increases – criterion (2.1) decreases, but the maximum stresses and the first res-
onance frequency also increase. The application of the proposed and developed
optimization methods in the work made it possible to find a compromise solution
for which it was possible to significantly improve criteria (2.1) and (2.2) and to
find the value of the third criterion (2.3) for which the value of the first resonant
frequency is at a safe distance from the assumed extinction frequency, described
in Sec. 2. The compromise solution obtained is characterized by asymmetry,
both of the embossing and the location of the upper mounting hole. Figure 11
presents the geometry (front and top view) for the optimal CS. The penulti-
mate row of Table 3 contains values for a solution geometrically identical to the
initial one but with a sheet thickness equal to the selected compromise solution
obtained. Comparing these solutions, improvements can be seen for all three
functionals. Figure 12 contains color maps of equivalent von Mises stresses for
these solutions.
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a) b)

Fig. 11. Geometry of the muffler shield for the selected compromise solution.

a)

b)

Fig. 12. Distribution of the equivalent stresses in the model
for the selected compromise solution.
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5. Final remarks

A method of shape optimization of the muffler shield with regard to strength
properties was presented. The in-house multi-criteria optimization algorithm
MOOPTIM used in this paper is a good alternative to the built-in optimiza-
tion algorithms. Considered functionals are typically contradictory, so applying
a multi-objective evolutionary algorithm based on the Pareto concept is a good
choice. The proposed approach goes beyond just using CAE’s built-in optimiza-
tion algorithms. Using an external optimization algorithm requires, admittedly,
the development of in-house parametrization and calculation of fitness func-
tional procedures; however, it significantly increases the capabilities of solving
optimization tasks. Although in the example presented in the paper, MOOP-
TIM did not perform better than the built-in algorithms; however, this does not
have to be the same for other examples or problems. The proposed approach
makes it possible to accurately determine the parameters of the optimization
algorithm. As mentioned in Sec. 4, for more criteria considered simultaneously
(greater than 3), the accuracy and efficiency of algorithms such as NSGA-II de-
crease. Improved versions of multi-criteria optimization algorithms can be used
in such cases with the presented method. There is nothing to prevent using
a similar approach for single-criteria tasks even if they are particularly difficult
to optimize (for example, due to the existence of a very large number of local
minima). Defining other criteria can be relatively easily implemented as well.
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