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Graphite-epoxy composites have been able to meet the multiple requirements of the space
industry. However, the radiation from the spatial environment and non-perfect adhesion be-
tween the fibers and the matrix can lead to the appearance of imperfections. To handle this, we
use non-destructive testing by ultrasonic guided waves known for its high accuracy in detecting
defects. In this article, we study the propagation of ultrasonic guided waves in a graphite-epoxy
composite plate by the spectral method. First, the mathematical formalism is explained for
modeling guided waves in the composite material. Next, we plot the dispersion curves of the
composite plate in different orientations of the fibers with a MATLAB program and the results
are compared with those of the DISPERSE software. These give us information on the modes
that propagate in the structure. We elaborate and explain a technique based on displacement
symmetry to distinguish between the different modes. A discussion based on time-saving and
accuracy is established to show the advantages of the method.

The second part of our paper consists in giving a physical meaning to the spectral dis-
placements normalized in amplitude. We propose to normalize the spectral eigenvectors by the
acoustic power. We plot the displacement and stress profiles of the guided modes and we com-
pare our results to the analytical ones. Perfect correspondence is found, indicating the accuracy
of the approach developed. In addition, a study of the vibrational state in the composite plate
is established for Lamb and horizontal shear modes at a specific frequency.

Keywords: guided waves; spectral method; dispersion curves; graphite-epoxy composite;
acoustic power; normalized displacement.

1. Introduction

Composite materials are widely used in the aeronautical, automotive and
railway industries due to their lightness, performance, resistance to the loads
and environmental conditions they endure. However, the inhomogeneity between
the fibers and the matrix leads to the appearance of defects that can lead to
functional failures [1, 2]. Therefore, adequate control of their quality is essential
to ensure their integrity. Ultrasonic guided waves (UGW) have a great poten-
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tial for non-destructive testing of composite structures due to their ability to
propagate over a long distance without significant attenuation and to control
the entire structure [3–5]. The most important steps for non-destructive test-
ing by UGW are the knowledge of the dispersion curves and the shape of the
mode. The dispersion curves present the frequency-wave number couple suscep-
tible to propagate in the plate and detect the defects. The shape of the mode
is crucial during the interaction of the wave with the defect. Several research
works have focused on plotting the dispersion curves by different methods. We
find methods based on the application of roots finding algorithms in the char-
acteristic equations for different types of monolayer waveguides, and we cite the
methods of bisection and Newton-Raphson [6, 7] or with the application of ma-
trix method for multilayered system (stiffness matrix method (SMM), transfer
matrix method (TMM), global matrix method (GMM) [8]. Others use numer-
ical methods such as the orthogonal polynomial approach [9–11], where based
on polynomial approximations, where viscoelastic cylindrical structures and the
initially stressed plate are studied. We also cite the semi-analytical finite ele-
ment method [12, 13] that has shown its great advantage in characterizing the
dispersion of single and multilayer composite structures.

We also find the spectral method developed by Adamou and Craster [14]
for the determination of the dispersion of UGW. This method has attracted
the interest of several authors [15, 16]. It is based on the transformation of the
partial differential equations of the problem into an algebraic system by approx-
imating the solution with Chebyshev polynomials. The partial derivatives are
then replaced by differentiation matrices.

In this paper, we have modeled the propagation of ultrasonic guided waves
in a composite plate by the spectral method. The aim of this work is to have all
the information about the modes present in the composite plate as well as its
vibratory states. To do this, the mathematical formulation of the problem is ex-
plained. After that, we applied the algorithm of the spectral method for plotting
the dispersion curves. These curves are plotted for different fiber orientations in
order to prove the robustness of the method against different mechanical behav-
iors. The results obtained are compared with those of the DISPERSE software
presented by Pavlakovic et al. [17] and considered leading in the field of UGW
modeling and analysis based on the GMM. A discussion concerning the compu-
tation time and the convergence of the method is set up.

To facilitate the characterization of the different modes obtained in the dis-
persion curves, we have developed a technique based on the property of displa-
cement symmetry. This technique was able to separate and characterize the
different modes that can propagate in the composite plate.

Moreover, the displacements from the spectral method are normalized in
amplitudes, so they vary between minus one and one. These have no physical
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meaning. To overcome this challenge, we propose to normalize the displacement
profiles by the acoustic power. The results obtained are compared with those
calculated analytically. A perfect agreement was noticed in both cases of com-
parison (displacement and stresses). With the proposed normalization, we could
show the accuracy of the eigenvectors from the spectral method and give them
a physical meaning. Finally, a study of the internal displacements and stresses
was established to identify the modes capable of propagating at a determined
frequency. All this information allows to establish an adequate procedure for
ultrasonic non-destructive testing by UGW of the graphite-epoxy composite
plate.

2. Formulation of the spectral method

We consider a homogeneous orthotropic waveguide unlimited in the x1 and
x2 directions, of thickness e = 2h following the direction x3 (normal to the plate)
(Fig. 1).

Fig. 1. Waveguide geometry.

The calculations are performed in the global reference system (reference
system associated with the crystal) in which the UGW propagates along the x1
direction with the independence of the properties according to the x2 coordinate
(∂/∂x2 = 0). Note that in the general case, the global and reference systems are
related by a rotation angle φ (Fig. 2). Moreover, the independence of the elastic

Fig. 2. Global Cartesian coordinate system (x1, x2, x3)
and Cartesian reference system (X1, X2, X3).
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behavior of the plate keeps Hooke’s law, the deformation-displacement relation
and the equations of motion unchanged as long as the elements of the stiffness
tensor are transformed by the following relation:

(2.1) Cmnop = αmiαnjαokβαplc
′
ijkl (i, j, k, l,m, n, o, p = 1, 2, 3),

where αmi, αnj , αok represents the transformation matrix whose elements are
the cosines between the xi and Xi axes.

Assuming that a harmonic wave propagates in the direction of the fibers
{x1}, the equations of motion in indicial form for a linear elastic anisotropic
homogeneous media are written:

(2.2)
∂σij
∂xi

= ρ
∂2ui
∂t2

,

where ρ is the density of the plate.
Hooke’s law and the deformation-displacement relation are defined, respec-

tively:

σij = Cijklεkl,(2.3)

εkl =
1

2

(
∂uk
∂xl

+
∂ul
∂xk

)
.(2.4)

The components of the displacement field that satisfy Eq. (2.2) are writ-
ten as:

(2.5) uj = Uj(x3)e
i(kx1−ωt), j = 1, 2, 3,

where k is the wave number and ω is the angular pulsation.
By replacing Eq. (2.5) in Eq. (2.2), we find the form of a problem with

eigenvalues and eigenvectors written in the following form:

(2.6) [Anm] {Un} = −ρω2 [I] {Un} ,

where [Anm] is a square matrix of 3N lines and 3N columns, {Un} is a column
vector of 3N lines, and [I] is the unit matrix of 3N lines and 3N columns.

The expressions of the different components of the matrix [Anm] are given
in (2.7):
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(2.7)

A11 = −k2C11 + C55
∂2

∂x23
, A12 = 0,

A13 = ik (C13 + C55)
∂

∂x3
, A21 = 0,

A22 = −k2C66 + C44
∂2

∂x23
, A23 = 0,

A31 = ik (C13 + C55)
∂

∂x3
, A32 = 0,

A33 = −k2C55 + C33
∂2

∂x23
.

In the same way, the boundary conditions are written in the following form:

(2.8) [BCnm](3N,3N) {Un(±h)}(3N,1) = {0}(3N,1) .

With the constituents of the matrix [BCnm]:

(2.9)

BC11 = ikC13, BC13 = C33
∂

∂x3
,

BC21 = 0, BC22 = C44
∂

∂x3
,

BC23 = 0, BC31 = C55
∂

∂x3
,

BC32 = 0, BC33 = ikC55.

The expressions of the elastic constants Cij are given as a function of the
engineering constants in (2.10):

(2.10)

C11 =
1− ν23ν32

D
E1, C12 =

ν13ν32 + ν12
D

E2,

C13 =
ν12ν23 + ν13

D
E3, C22 =

1− ν13ν31
D

E2,

C23 =
ν21ν13 + ν23

D
E3, C33 =

1− ν12ν21
D

E3,

C44 = G23, C55 = G13,

C66 = G12,
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where Ei represent the Young modulus in the xi directions, and Gij and νij
are the shear modulus and the Poisson coefficients in the (oxixj) planes with
i, j = 1, 2, 3, respectively.

The system is defined, the spectral method generates nonuniform N collo-
cations points along the thickness, the coordinates of these points are known,
and the application of the Chebyshev approximation is implemented to ap-
proximate the partial derivatives in x3 by differentiation matrices noted Dn =
[DMcheb]

n
N,N . And then we rearrange these matrices in the domain of study

[−h, h] as follows:

(2.11) ∆n =
(
h−1

)n
Dn.

The partial derivatives in x3 that govern our problem are first-order
(

∂
∂x3

)
and second- order

(
∂2

∂x23

)
partial derivatives. These partial derivatives are go-

ing to be generated by the Chebyshev approximation as first and second-order
differentiation matrices

(
D1

(N,N), D
2
(N,N)

)
. Weideman and Reddy [18] devel-

oped a MATLAB function chebdif that computes the differentiation matrices in
Chebyshev nodes.

The resolution of the eigenvalue and eigenvector problems in MATLAB
is conducted using the eig function which provides a diagonal matrix of gene-
ralized eigenvalues and another complete matrix whose columns are the corre-
sponding eigenvectors.

Several modes are susceptible to propagating in the plate during the ge-
neration of guided waves, and they differ according to the type of symmetry
that the material presents. For example, in anisotropic plates (orthotropic, trans-
verse isotropic and cubic at an angle φ = 0◦), we find the coexistence of the sym-
metrical (Sn) and the anti-symmetrical (An) Lamb modes as well as symmetrical
(SHSn) and anti-symmetrical (SHAn) horizontal shear modes, and Lamb modes
are uncoupled from horizontal shear modes.

Generally, when the Lamb modes are coupled to SH modes, the phenomenon
of mode crossing is always observed in the dispersion curves. To solve this prob-
lem, we exploit the symmetry and anti-symmetry properties of the Lamb and
SH modes to classify the results obtained. The Lamb pure modes are charac-
terized by the displacement component u2 which is zero on both sides of the
plate thickness (u2(+h) = u2(−h) = 0), symmetric modes have the longitudinal
components of displacement u1 that are equal on either side of the plate thick-
ness (u1(+h) · u1(−h) > 0), while the transverse components u3 are opposite
(u3(+h) · u3(−h) < 0). For anti-symmetric modes, it is the opposite.

The horizontal shear modes are polarized in the x2 direction, so they are
characterized by the components u1 and u3 being nonexistent across the thick-
ness of the plate. Similarly, we find the two types of waves SHSn and SHAn
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whose displacement components u2 across the plate thickness are respectively
equal and opposite (u2(+h) · u2(−h) > 0) (u2(+h) · u2(−h) < 0).

For materials with monoclinic symmetry, the Lamb modes are coupled to
the SH modes giving place to the generalized Lamb modes. In the same way,
they can be divided into symmetric and anti-symmetric modes. The symmetric
modes have equal displacement components u1 and u2 on both sides of the plate
(u1(+h) ·u1(−h) > 0, u2(+h) ·u2(−h) > 0), and opposite for the u3 components
(u3(+h)u3(−h) < 0). An inverse behavior is taken for anti-symmetric waves.

In the literature, several authors used spectral methods to plot dispersion
curves for different types of materials and geometries [14–16], but in all these
works, there was no technique to separate these guided modes.

3. Displacement and stress fields normalized by acoustic power

We now look to normalize the displacement field obtained from the eig func-
tion by the acoustic power to be able to perform an energy analysis and after
that detect defects and provide a physical meaning to the displacement and
stress fields.

The expression of the acoustic power [20] exerted by a mode along the {x1}
direction through a section located in the (Ox2x3) plane with a length of 1 m
in the {x2} direction and a thickness of h along the {x3} axis is written:

(3.1) P = −1

2
Re

 +hˆ

−h

(v∗ · σ) n dx2

,
where v∗ is the conjugate of the velocity vector and σ is the stress tensor.

In addition to the eigenvalues obtained by the eig function of MATLAB,
which represents the dispersion curves, we also have the eigenvectors, which
represent the eigenvectors. In order to calculate the spectral stresses, we sim-
ilarly adopt the differentiation matrix to approximate the partial derivatives
and subsequently obtain numerical stresses. Also, these stresses are normalized
in amplitude. In the same way as for the displacements, we normalize them in
acoustic power.

The expression for the normalized displacements and stresses are given in
Eqs. (3.2) and (3.3), respectively:

u1N =
u1√
|P |

, u2N =
u2√
|P |

, u3N =
u3√
|P |

,(3.2)

σ33N =
σ33√
|P |

, σ23N =
σ23√
|P |

, σ13N =
σ13√
|P |

,(3.3)
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4. Dispersion curves of the graphite-epoxy composite plate

In order to validate our results, we used the DISPERSE software [17] based
on the GMM, which can handle a multitude of material types. This software
has been approved by many authors [12, 21].

For our application, we considered a graphite-epoxy composite plate of 4 mm
thickness. This material has the same behavior as a transversely isotropic mate-
rial for angles φ = 0 and 90◦, and similar behavior to a monoclinic material when
φ = 60◦. The mechanical properties of this composite are reported in Table 1.
The values of these engineering constants were taken from Nayfeh’s book [19].

Table 1. Engineering constants [19] of a graphite-epoxy composite plate (ρ = 1.6 g/cm3).

E1

[GPa]
E2

[GPa]
E3

[GPa]
G12

[GPa]
G13

[GPa]
G23

[GPa] ν12 ν13 ν23

154.25 14.7276 14.7276 7.46 7.46 5.81 0.182446 0.182446 0.267432

Figure 3 shows the dispersion curves in the (fe, VP ) plane for the three
values of the φ angle. The dispersion curves obtained by the spectral method
are superposed on those from the DISPERSE software. A very good agree-
ment between the two results is noticed. Using the mode separation method

a) b)

c)

Fig. 3. Dispersion curves in the (feVP ) plane plotted by the spectral method (dotted lines)
and the DISPERSE software (continuous lines) for angles of φ = 0◦, 60◦, and 90◦, respectively

(a), (b) and (c).
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explained in the previous section, we have succeeded in differentiating symmet-
ric Lamb modes from anti-symmetric modes and symmetric SH modes from
anti-symmetric modes (Fig. 4). The DISPERSE software has some problems
with plotting some modes, such as the S0 mode (shown in black dotted line
(Fig. 3)), despite the fact that it is the most used mode in the UGW control
[22, 23]. The spectral method is able to find all the wave modes susceptible to
propagate in the composite plate and with a very short computation time of
about 0.29 s for a number of collocation points N = 10, which is not the case
of the root finding algorithm methods and the DISPERSE software. This shows
the great advantage of using the spectral method to plot the dispersion curves
and having a benefit of computational time with a 10−5 order of accuracy com-
pared to the analytical results.

Fig. 4. Dispersion curves in the (fe, k) plane.

5. Displacement and stress profiles along the composite
thickness

In this section, we present the post-treatments of the results from the spectral
method compared to the results calculated analytically.

At the frequency f = 500 kHz (in Fig. 4 marked by the vertical line in
green), we find the following modes respectively: A1, S1, SHS 1, S0, SHA1, SHS 0

and A0 whose wavenumbers are respectively 271, 316, 441, 1100, 1281, 1456, and
1500 rad/m.

The displacement and stress fields vary according to the amplitudes which
makes the application of an energy balance impossible, and consequently we
cannot obtain valid information about the defects. To remedy this, we normalize
the displacement and stress fields by the acoustic power (Eqs. (3.2) and (3.3)),
which will ensure their invariance.

Figure 5 shows the profiles of displacements and stresses according to sym-
metric and anti-symmetric modes that propagate at a frequency of 500 kHz in
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a)

b)

c)

d)

[Fig. 5].
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e)

f)

g)

Fig. 5. Normalized displacements and corresponding stresses of the S0 (a), A0 (b), S1 (c),
A1 (d), SHS0 (e), SHA1 (f), and SHS1 (g) modes located at a frequency of f = 500 kHz.

the composite. The superposition of the analytical and spectral profiles of dis-
placements and stresses shows an approximate error of 10−4. This error shows
the performance of the spectral method in generating the displacement and
stress profiles of the modes susceptible to propagating in the composite plate.

The symmetric modes S0, S1 and anti-symmetric modes A0, A1 are Lamb
modes characterized by the nullity of the u2 displacement.

The symmetric modes have the longitudinal and transverse movements along
the plate thickness symmetric and anti-symmetric, respectively (Figs. 5a, 5c).
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The stress profiles of these modes show us that the symmetric aspect is observed
in σ33 and the anti-symmetric aspect for σ13.

The anti-symmetric modes A0, A1 (Figs. 5b, 5d) have opposite behavior, the
displacement u1 is anti-symmetric while the displacement u3 is symmetric along
the thickness of the composite. The normal stress σ33 is then anti-symmetric,
and the stress σ13 is symmetric.

Horizontal shear modes are modes polarized along the x2 direction, so they
are characterized by the nullity of the u1 and u3 components and the non-
nullity of the u2 component (Figs. 5e, 5f, and 5g), which leads to the nullity of
the stresses σ33 and σ13 and the non-nullity of the stress σ23. The u2 component
and the σ23 stress can be either symmetric or non-symmetric along the plate
thickness, depending on the nature of the mode.

Furthermore, we can see that the stresses σ33, σ23, and σ13 at x3 = ±h are
zero, which shows that the free plate boundary conditions are confirmed.

Finally, the dispersion curves allow us the knowledge of the adequate fre-
quencies for non-destructive testing by UGW. The vibratory analysis of dis-
placements and stresses gives us information on the nature of the modes that
can be generated at a specific frequency.

During the ultrasonic inspection of a piece, the sensors are placed in di-
rect contact or close to one of the two surfaces of the piece. Generally, these
sensors measure normal displacements at the plate surface and convert them
into electrical signals for visualization and interpretation. The knowledge of the
amplitudes of the normal displacements at the surface of the plate is essential
since they determine the wave that will be more easily generated and/or de-
tected during the inspection and also allow the calculation of the reflection and
transmission coefficients when the wave interacts with a defect. In Fig. 6, we
have represented the evolution of the normal displacements collected at the up-
per surface of the plate as a function of the thickness frequency product. At low

a) b)

Fig. 6. Normalized displacement u3 as a function of the frequency thickness product taken at
the top surface (x3 = h) of a graphite-epoxy composite plate (φ = 0◦) of the S0, A0, S1, and

A1 (a), S2, A2, S3, and A3 (b) modes.
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frequencies, the fundamental mode A0 has higher amplitudes of normal displace-
ment. These latter decrease with the increase in frequency. While the symmetric
fundamental mode S0, for fe ≤ 1.5 MHz ·mm, shows a negative displacement.
Beyond this value, the displacement increases until reaching a maximum value
at fe ≈ 2 MHz ·mm. After that, it decreases to converge to the same order as the
A0 mode displacements. For the higher-order modes, the displacements appear
only from certain values called cutoff frequencies. For example, the cutoff fre-
quency of the A1 mode is 250 kHz and 375 kHz for the S1 mode. This cutoff
frequency increases with the order of the mode. At high frequencies, these modes
maintain a considerable vibratory state on the surface compared to the funda-
mental modes. This information is very important when it comes to choosing
the most appropriate mode to generate and provide crucial information on the
health of the piece inspected.

6. Conclusion

The spectral method offers a very efficient way to plot the dispersion curves
of a graphite-epoxy composite material according to different behaviors (trans-
versely isotropic for angles of and 90◦ as well as monoclinic behavior for an angle
of 60◦). It is simple to implement, fast, and has an exponential convergence. The
accuracy of the solutions was demonstrated when we compared them with those
obtained by the DISPERSE software. The technique of separation of the modes
susceptible to propagate in the plate that we have developed has allowed us to
distinguish between the different types of modes and their symmetry character
and for different mechanical behavior (transverse isotropic and monoclinic).

Moreover, with the help of the normalization of the spectral displacement
profiles by the acoustic power, we could provide an adequate physical meaning
to the eigenvectors. A comparison was made with the analytical displacements
and stresses, which showed a very good agreement and reflected the accuracy
of the approach developed. The knowledge of the modes able to propagate in
the composite at a given frequency allows the implementation of a numerical
and experimental procedure of non-destructive ultrasonic testing by UGW of
the studied composite, which will allow us to achieve a better characterization
of the defects. As a perspective for future work, we will test the spectral method
for complex structures (cylindrical and multilayered) as well as to analyze the
non-propagating and attenuated modes of viscoelastic structures.
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