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Polymer matrix composites have become highly relevant structural materials. However,
high performance laminates are quite susceptible to transverse cracking and delamination.
Transverse cracks may cause significant stiffness losses, accelerate environmentally induced
degradation and generate delamination. The characterization and modeling of fracture behav-
ior is thus highly relevant for the design of composite parts. In this paper, the delamination
phenomena in the Mixed Mode I+II which is one of the important cause of failure in mul-
tilayer composites, are studied. The composite is a GFRP (Glass Fiber Reinforced Plastic)
and are studied under static monotonic loading. Using the Irwin–Kies criteria, usual laws of
elasticity and VCCT (Virtual Crack Closure Technique), based on finite element method, the
SERR (Strain Energy Release Rate) in Mode I, Mode II, and four ratio Modes (GI/GII) are
evaluated. The finite element analysis of test bars is carried out using ANSYS5.5 software in
two dimensions, and the appropriate boundary conditions are chosen. Our numerical results
are compared with known experimental ones and with application of the local effects, such
as three-dimensional (3D) effect in the width of the test bar with the shape of MMB (Mixed
Mode Bending) specimen, scattering between experimental and numerical results is evaluated
and discussed. For the 3D effect, the variation of the stress components in the mid-plane of
specimen in which delamination occurs, versus the width of specimen, is obtained. Then the
variation of strain energy release rate in different ratio Modes, in the width of test bars is
calculated.

1. Introduction

Composite laminates are one of the most useful materials for the engineering
structures, because of their high strength ratio to their weight. A glass-fiber
epoxy resin composite is one of those composites that its application, because of
its high resistance in tension, the low commercial price of its fibers compared to
others, such as carbon fibers, and its resistance against corrosion, has increased
[1]. When a multilayer composite is loaded, the interlaminar stresses appear in
the interface of the layers. Theses stresses lead to delamination [2], which is one of
the most important mechanisms of rupture of the composite materials (Fig. 1) [3].

1)GFRP – Glass Fiber Reinforced Plastic.
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Hence prediction of delamination and also fracture toughness of these materials
is useful to their amelioration. In the present research the Uni-Directional (UD)
GFRP were modeled. The modeling of a multilayer composite with different
orientation of fibers in each layer will be done in the future researches. In this
case, the evaluation of interlaminar stresses before modeling of delamination is
important [4].

Fig. 1. Delamination in a composite material.

In the mechanism of delamination which is analogous to the crack growth
in isotropic materials, all the possibilities of rupture shown in Fig. 2 exist [5].
Testing of Mode I is standardized by ISO using DCB (Double Cantilever Beam)
specimen and several researches carried on Mode II using ENF (End Notched
Flexure) [6] and ELS (End Loaded Split) specimen are well advanced. In reality
delamination doesn’t occur in a pure mode. Hence investigation on the Mixed
Mode seems to be important [7].

Fig. 2. Modes of rupture.
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2. MMB specimen

Different tests of delamination on the Mixed Mode I + II such as CTS (Com-
pact Tension Specimen) and CLS (Crack Lap Shear) are presented [8]. The most
useful specimen for the Mixed Mode is the MMB specimen. Crews and Reeder,
with the composition of DCB and ENF specimens, have presented a MMB spec-
imen [9]. The first concept of MMB test device, in order to decrease the linear
geometrical errors, which reached about 30%, was redesigned in order to elim-
inate the moment of the loads around the pins through which it is applied to
the specimen [10]. In the corrected concept, the nonlinear errors are decreased
to less than 3% and finally the test device is designed as shown in Fig. 3 [11].

Fig. 3. MMB test apparatus [10]: a) schematic form; b) test apparatus with the device.

The manner of Mode I and Mode II loading composition and their application
to the specimen are shown in Fig. 4 [9]. We can apply the forces using the
unique load P through a lever, having I shape. If this load reaches its critical
value, delamination will occur. The length of the lever c determines the ratio
of the loads and then the ratio of the Modes. When the load P is applied in
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the middle of the span of the beam, (c = 0), the test bar will be loaded in the
pure Mode II, and with increasing c, the ratio GII/GT (GT is the total SERR)
decreases. By moving the lever and lifting it on the hinge, the pure Mode I loading
occurs. Dimensions and mechanical properties of the uni-directional glass fiber
epoxy resin composite, which is used in our numerical analysis, are given in the
Table 1 [11].

Fig. 4. MMB specimen loading.

Table 1. Mechanical properties and geometry of the test bar.

Specimen Dimension Mechanical Property

L = 65 mm E11 = 25.7GPa (±8%)
2h = 5 mm E22 = 6.5 GPa (±8%)
b = 20 mm G12 = 2.5 GPa (±8%)

LT = 150 mm υ12 = 0.32 (±8%)
a0 = 35 mm νfiber = 35.4% (±8%)

νvoid = 4.2% (±8%)

3. Theory of strain energy release rate

In this theory, the Irwin–Kies relationship is given as follows [12]:

G =
P 2

2b

∂C

∂a
,(3.1)

C = δ/P.(3.2)

In this relationship P is the applied load, b is the width of specimen, C is the
compliance, a is the crack length and δ is the deflection in the point of the load
application. When G reaches its critical value (GIC), delamination initiates.
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4. Beam theory

Using the elementary theory of beams and their substitution in the relations
of Irwin–Kies, we can obtain the relations for the strain energy release rate.
According to Fig. 4, the Mode I and Mode II components of loading are given
as follow [10]:

(4.1)

PI =

(

3c− L

4L

)

P,

PII =

(

c+ L

L

)

P.

Using the elementary beam theory for the DCB and the ENF specimens, the
Mode I and Mode II components of the SERR are obtained [10]:

(4.2)

GI =
12a2P 2

I

b2h3E11
,

GII =
9a2P 2

II

16b2h3E11
.

With substitution of relations (4.1) with the Eqs. (4.2), we will have:

(4.3)

GI =
3a2P 2

4b2h3L2E11
(3c− L)2,

GII =
9a2P 2

16b2h3L2E11
(c+ L)2.

So the ratio of modes is defined as follows:

(4.4)
GI

GII
=

4

3

[

3c− L

c+ L

]

, c ≥
(

L

3

)

.

So relation (4.4) will not be valid for the values of C less than 21.67 mm.
The ratio of modes is independent of the crack length a, and depends only on
the length c. Using the correction coefficients for the shape deformation corre-
sponding to the rotation of the section of specimen at the end of the crack and
also the shape of shear deformation, relation (4.3) is corrected as follows [13]:

(4.5)

GI =
3a2P 2

4b2h3L2E11
(3c− L)2

[

1 +
2

aλ
+

1

a2λ2
+

h2

10a2

E11

G13

]

,

GII =
9a2P 2

16b2h3L2E11
(c+ L)2

[

1 +
h2

5a2

E11

G13

]

, λ =
1

h
4

√

6E22

E11
.
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5. Calibration method

In this method, the compliance of specimen is calculated by measuring the
critical applied load (which leads to the crack growth), the crack length and the
displacement of the point of load application. This experiment is carried out
for test bars with different initial crack lengths and results are demonstrated by
the curve of compliance versus, the crack length. If we consider two separate
compliances for Mode I and Mode II components, we will have [7]:

(5.1)

CI =
δI
PI

= Kan,

CII =
δII
PII

= C0 +ma3.

In these relations PI and PII are determined with relation (4.2). n and m are
obtained respectively from slope of the curves Ln(CI) − Ln(a) and
CII − a1/3. δI is obtained directly by measurement of the opening of the crack.
Displacement dc is measured in the support, as shown in Fig. 4 and δII is calcu-
lated as follows [7]:

(5.2)
δII = ∆ + dcm,

∆ ≈ δI/4.

Thus, Mode I and Mode II components of SERR are evaluated using the
following relations [7]:

(5.3)

GI =
nPIδI
2ab

,

GII =
3ma2P 2

II

2b
.

In another method for obtaining SERR in Mode I, C is considered as a func-

tion of (a+ |∆|)3 and ∆ is determined using the curve C
1/3
I − a. As a result, the

following relation is obtained. ∆ indicates the phenomena of shear and rotation
at the end of the crack [14].

(5.4) GI =
3PIδI

2b(a+ |∆|) .
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6. Finite element method

In this section, VCCT method is used and the components of strain energy
release rate are obtained using the following relations:

(6.1)

GI = lim
∆a→0

1

2b∆a
p0
y(ν1 − ν2),

GII = lim
∆a→0

1

2b∆a
P 0
x (u1 − u2),

u and v are the relative displacement between nodes 1 and 2. ∆a is the length
of crack which should close virtually. P 0

x and P 0
y are the loading components,

which are used for the closure of the crack (Fig. 5).

Fig. 5. The shape of elements for VCCT.

7. Finite element model of MMB specimen

For two-dimensional (2D) modeling, we have used four corners solid elements
with 8 nodes and three corners solid elements with 6 nodes at crack tip. Since
width of the specimen is higher than its thickness, the problem is studied in plane
strain state. As the stress concentration zone is smaller than the dimensions of
the specimen, the meshes are refined only in a small zone at the crack tip.
We refined the meshes so that we obtained converged results. The convergence
tolerance of stresses was 0.01 MPa, which was sufficiently precise for our research.
Thus we don’t need to include the micromechanics of the structure. The type of
elements leads to singularity of the stresses and strains at the end of the crack
(Fig. 6). The right and left supports of the specimen are modeled by limiting the
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displacements of the nodes, but the rotation remained free. The values of the
applied loads, depending on the ratio of loading mode, is calculated by relation
(4.1) and applied on the nodes.

Fig. 6. Mesh generation for 2D finite element analysis.

Each test bar is in contact with two rollers and two hinges through which
the load is applied (Fig. 3a). In the 2D finite element modeling, for each contact
point, the boundary conditions are applied to the test bar in all of the nodes
in the vicinity of the point of load application in order to take into account the
contact surface of the roller and the test bar.

In three-dimensional (3D) finite element model, we have used twenty nodes
solid elements. The goal of 3D modeling is analyzing the stress and strain energy
along the width of specimen [15]. The elements are refined regularly at the width
of the crack. The x-axis and y-axis are situated at the crack tip and z-axis
is directed along of the width of specimen. As the boundary conditions and
dimensions of 3D specimen are symmetrical about to the xy plane, only half of
specimen is modelled (Fig. 7).

Fig. 7. Mesh generation for 3D finite element analysis.
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As the Mode II of delamination is introduced in specimen, for its two can-
tilever parts, the lower face of the upper cantilever could slide on the upper face
of the lower cantilever. So, in 2D and 3D models, contact elements are used.

8. Ruptures in the crack tip

In studying at delamination, identification of the beginning of the crack prop-
agation is a discussible case. In this paper, with using the finite element analysis
of specimen, different stresses at the end of the crack are calculated. Using rup-
ture criteria in composite materials and stresses calculated at the crack tip, we
analyze the delamination. From the mechanical point of view, fracture of the
composite materials with epoxy resin matrix is similar to that occurring in the
brittle materials. So the plastic zone in the crack tip is very small and in the
theoretical analyses and in the finite element model, the rupture in the crack tip
is considered as only elastic.

9. Experimental criterion of rupture

The point of the initiation of crack in an experimental specimen is obtained
using three methods. In the first method, the crack growth leads to a deviation
of the curve of load-displacement from the linear state. The point of deviation is
called NL, which is not always easily distinguishable [16]. In the second method,
a line with a slope smaller than 5% of the initial slope of the curve of load-
displacement is considered [17]. The intersection of this line with the curve of
load-displacement is the starting point of crack propagation. In the third method,
point AE (Acoustic Emission), which corresponds to the registration of the first
signal during the test, is defined as the beginning of the crack growth. All these
criterions are shown in Fig. 8.

Fig. 8. Mesh generation for 3D finite element analysis.
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10. Results and discussion

10.1. 2D Results

Numerical analysis of the specimen is carried out according to the experimen-
tal methods, in pure Mode I, pure Mode II, and four ratios of Mode (GII/GI)
0.25, 0.50, 0.75 and 0.89 which corresponds to the lever length c of 108.3, 56.8, 39
and 31.55mm with an initial crack length of a0 = 35 mm. The stress distribution
σx has the same shape for all of the mode ratios and it has not a significant influ-
ence on the crack growth because of high strength of the composite specimen in
the x-axis direction. Figure 9 shows the σy stress distribution in crack zone for
pure modes loading. The σy distribution for the mode ratios, for which Mode I
exists, has the shape of two tangent circles (Bean Shape). The maximum stress in
y-axis direction has the highest value and is the principal cause of crack growth
in Mode I. The lowest value is in x-axis direction. Figure 10 presents the τxy
distribution in crack zone for pure modes loading. The τxy distribution for the
mode ratios in which Mode II exist has a spindle shape. The maximum stress in
x-axis direction has the highest value and is the principal cause of crack growth

Fig. 9. Stress distribution in crack zone in pure Mode I Loading of 2D model.
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in Mode II. The lowest values are observed in y-axis direction. The maximum
stress σy in pure loading of Mode II and τxy in pure loading of Mode I occurs
in a zone farther than crack tip and it can deviate the crack from its principal
route, (Fig. 9b and 10a).

Fig. 10. Stress distribution in crack zone in pure Mode II Loading of 2D model.

Figures 11 and 12 show Mode I and Mode II components of SERR for
GII/GT = 50% versus the crack length a. The values of SERR of the beam

theory GBT , following relation (4.3), the corrected beam theory GCBT , following
relation (4.5) and calibration method GIC following relation (5.3), are obtained

by substituting the critical values of load and deflection obtained from numer-

ical analysis in the corresponding relations. When the curve of load-displacement
reaches its critical value, using VCCT criterion the SERR is calculated at

the crack tip. As it can be observed, the strain energy release rate doesn’t
change too much for different crack lengths. Also the values of GCBT are higher

than GBT . In the components of Mode I, Gvcct has a well corporation with
calibration method, especially with relation (5.4), because the scatter doesn’t

exceed 1%.
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Fig. 11. The Mode I component of SERR versus crack length for the mode ratio
GII/GT = 50% in 2D model.

Fig. 12. The Mode II component of SERR versus crack length for the mode ratio
GII/GT = 50% in 2D model.

10.2. 3D Results

Figures 13 to 16 present some of the stress distributions of the 3D specimen on
the plane (X–Y), in the vicinity of the crack. These figures explain the variation
of stress in the width of specimen and 3D effects. In all of the cases, peak of the
curve is situated at crack tip. The highest value of σx and σy is in the middle
of specimen width and decreases in the margins, (Fig. 13 and 14). On the mode
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Fig. 13. σx distribution in the width of crack in 3D model, for the mode ratio of
GII/GT = 0.5.

Fig. 14. τy distribution in the width of crack in 3D model, for pure Mode I loading.

Fig. 15. τxy distribution in the width of crack in 3D model, for pure Mode II loading.
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Fig. 16. τxy distribution in the width of crack in 3D model, for the mode ratio of
GII/GT = 0.5.

ratios which Mode II loading exists, the transversal strains of the upper and lower
layers of crack plane are in opposite direction on the z-axis. This phenomenon
leads to sliding of these layers on each other, maximize τxz in the margins and use
a part of the strain energy for the Mode III (Fig. 16). The τxy stress distribution
is a composition of the above-mentioned cases (Fig. 15).

Figure 17 shows the distribution of SERR components in the specimen width
using VCCT criterion. The shape of their distribution for all ratios of modes
remains as shown, with the difference that their quantity varies upon the ratio
of the modes. For all ratios in which Mode II is associated, we observe a local
increasing of GIII in the margins. The Gtotal variation in the different ratio of
modes is influenced by GI, GII and GIII behavior (Fig. 18).

Fig. 17. Distribution of GI, GII and GIII in crack width with VCCT for the mode ratio
GII/GT = 0.5.
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Fig. 18. Distribution of GT in the crack width with VCCT.

11. Conclusion

2D model and plane strain conditions can not explain completely the stress
distribution in crack width and regarding the above behaviors, the fracture
toughness of the 3D model is lower than the 2D model. 3D effects of model
are applied as a percentage of error to the results of fracture toughness of 2D
model. The curve of the fracture toughness for a crack length of 35mm, in the
tested mixed modes, versus numerical results of 2D and 3D, and also experi-
mental results of 5%, NL and AE criteria, are drawn in Fig. 19. Experimental

Fig. 19. Fracture toughness using experimental criterions and numerical analysis for
different modes of loading.
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results of NL and AE have a better agreement with each other, for the ratios of
GII/GT , from 0 to 89%. The fracture toughness of 3D model G3D has decreased
in maximum by 39% relative to the fracture toughness of 2D model G2D, and for
the pure Mode II loading has increased by 35%. In all the cases with increasing
of Mode II loading component, the fracture toughness increases.

Although this finite element code doesn’t contain a complete model of the
fracture mechanisms at the crack tip, however with taking into account the
3D effect, the numerical results are brought to the vicinity of the experimental
results. The effects like friction between the two faces of the crack, kind of the
specimen supports and so on, which need statistical studies, should also enter in
the mechanisms of the fracture and their influence on the SERR rate should be
studied.
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