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CRUSHING OF THIN—WALLED STRAIN RATE SENSITIVE STRUCTURES

T. WIERZBICKI and W. ABRAMOWICZ (WARSZAWA) -

A simplifying analysis is presented for evaluating the dynamic crushing strength of thin-walled
structures subjected to compressive loading: Three major deformation mechanisms are distinguished
and corresponding approximate expressions for the mean curvature rates ars derived. Depending
on the assumed form of the constitutive equation describing the strain rate properties of the material
two zlternative formulde are derived for the dynamic correction factor of compressed thin-gange
struétures. Indications are given as to how crushing tests should be run in order to validate the
theory,

1. INTRODUCTION

Most experiments concerning the plastic behaviour of metals at a high rate
of loading are interpreted on’ the assumption that the state of strain is uniform
throughout the specimen. Indeed in quasi-static tests (with strain rates not exceeding
10~1) performed on the standard Instron machine thé material in circular or sheet
metal specimens undergoes uniform exténsion and the relation between the cross-
~head velocity V and the resuylting strain rate £ is linear:

- R V
(1.1) ‘ : =

_ Iy’
where [y is the specimen gauge length. In experiments with higher strain rates
accomplished on the Hopkinson pressure bar or MTS hydraulic tests machines
the strain distribution ceases to be uniform due to longitudinal and lateral (radial)
inertia effects. Still Eq. (1.1) can serve as a useful approximation (cf. [1]).

By contrast, in crushed sheet metal specimens the deformation field is highly
nonuniform and plastic deformations are confined to localized regions while the
remainder of the material remains elastic. It has been observed that the deformation
field in compressed thin-walled structures consists predomihantly of bending about
stationary and moving hinge lines with very little stretching of the sheet metal
[2, 3]. As a result of this, a complicated pattern of folds and wrinkles is formed
where strain and strain rates usually reach very high magnitudes.

The purpose of the paper is to derive approximate expressions relating
the impact velocity and the strain rate attained in the process of crushing of thin-
-walled members. On that basis estimate is given of the ratio between the static
and dynamic strength of the compressed structures, In order to keep the analysis
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as simple as possible, a rigid-viscoplastic material idealization is assumed; all
inertia effects and elastic deformations are disregarded. Thus we introduce the
hypothesis that the difference between the strength of statically and dynamically
crushed members is due solely to the strain rate sensitivity of the material. Neglect-
ing inertia forces is justified when the deformation fields in static and dynamic
problems are identical. This is often the case, especially in the compressed thin-
-walled columns of various cross-scction. However, the present analysis is aimed
at more general shell structures in which the local buckling and post-buckling
mechanism can be distinguished. o

2. COMPUTATION OF AVERAGE CURVATURE RATES

At a first glance the crushing progess of thin-walled structures appears 1o be
very complicated, (Fig. 1). However, upon <closer examination one can distinguish
few characteristic deformation mechanisms. The major deformation mechanism,
observed in almost all experiments, is bending about stationary hinge lines. In
a rigid-perferctly plastic material the curvature at the plastic hinge is infinite but
remains always finite if strain-hardenifig and strain rate sensitivity are taken into
account. :

Fic. . Photographs of partially crushed thin-walled metal columns.

Consider a small, initially straight (X,=0) element of a metal sirip which is
bent to the radius (K,=1/r,). The average curvature rate is then
K —K,

(2-_1) - Kem—y
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where 4z is the duration time of the deformation process Ar=#/V, ie. the time
of formation of a single complete fold (Fig. 2). Here we denote by # the half-length-
of the local buckling wave. Hence
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FiG. 2. Bending mechanisms in rigid-perfectly plastic and rigid-viscoplastic members,

A quasi-static analysis of compressed thin-walled members indicate that only
a part of energy is dissipated by bending about stationary hinge lines, Depending
upon the degree of symmetry and end conditions of the structure, some other de-
formation mechanisms can be activated. If the hinge lines are forced to travel,
the corresponding deformation mode consists- of the so-called rolling and corner
type of deformation [3]. For example, in the crushing' problem of closed-section
prismatic columns the relative contribution of bending, rolling and corner defor-
mation to the sirength of the structure is respectively 449, 44% and 12% [4]. &
is thus necessary to derive expressions for the average strain rates also in these
two deformation mechanisms.

.Consider first the rolling defo_rméf’iﬁn mode which is essentially bending and
rebending of a metal strip at a hinge moving with the velocity ¥,. For a rigid-
-perfectly plastic material all deformation is confined to two points A4 and B where
the curvature suffers a jump from K,=0 to X,=1/r,, (Fig.-3). The curvature rate
is infinite at 4 and B. In a rigid-viscoplastic material the process of bending is
spread over a finite region (£+#) leading to a finite value of the curvature rate,
Consider a small arc element 4y moving with a constant. velocity ¥,. This element
is initially straight (K,=0) but after passing through x=¢ is subjected to bending
and leaves the viscoplastic zone at-x=—z with a curvature K=1/r,. The same
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element is subsequently rebent between C and D. Noting that ds=V, dt, the rate
. of curvature can be expressed by

dK dK d* 6
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F16. 3. Rolling mechanism in rigid-plastic and rigid-viscoplastic metal strip.

. Introducing an approximation dx=ds, valid for small angles 4, Eq. (2.3) can
be rewritten as

, . ) aK . d* o
4 . K=V,E—V,W.

Now, the average strain rate over the deformation region (£-+#) can be easily
computed: .
¢ r
2.5 Ky=—— [Kdx=——.
@3 ' 4y f &+ n

—1

1t is easy to interpret Eq. (2.5) in 2 similar way as before. The average rate of
curvature equals to the change in curvature 1/r, of the arc element ds divided by
the time required for ds to pass through the deformation zone (£+#)/V,. However,
the formula (2.5) is of no direct use since the distance (£ +#) is unknown and depends
on the velocity ¥, which in turn is some function of the crushing velocity V.

A wuseful approximation, valid at least for columns of a circular or rectangular
cross-section, is that the ratio ¥V, A&+7n) is constant and equal to

@6 S
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~ This follows from the kinematic considerations and observation that initially
V, is large and so is the rolling radius and length of the viscoplastic zone [5]. At
later stages of the formation of the local fold the rolling velocity ¥, diminishes
and at the same time the deformation zone shrinks.

With Eq. (2.6), the formula (2.5) for the average strain rate in the rolling process
takes an analogous form as in the case of the bending process Eq. (2.2) with the
exception that the radius r is not generally the same
vV

Ar, "

The corner type of deformation was first identified in [6] and described in detail
by one of the present authors (W.A.} for a rigid-perfectly plastic material idealization
f4]. As the hinge line with one lobe moves through the shell material, the curvature
. of the side panels changes from positive 1/r, to negative ~ 1/r, (Fig. 4). The defor-
mation time is now 24/} and the average rate of curvature i the same as before,

(Eq. (2.2)).
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Fic. 4. Corner deformation in crushing of rigid-perfectly plastic and rigid-viscoplastic sheet
metal structures. "

3. AVERAGE STRAIN RATE

The present analysis is very crude, it ignores local extension of the shell and
- many secondary effects. Despite this, the derived formulae for K,, are believed -
to give at least the order of magnitude of the expected curvature rate in the crushing
- process of shell structures. More exact analysis, as for example that presented in
- Ref. [5], can be performed at the expense of more complex calculations. However,

the increase in accuracy within the present. rigid-viscoplastic material idealization

will proba.bly be apparent unless other important effects such as material elasticity,
- strain hardening etc. are taken into account.
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An importa.nt result is that the formulae for the average strain rate in all three
types of deformations discussed in the preceding section, are the same. This means
that the relative contribution of bending, rolling and corner déformation to the
mean crushing force is the same in static and dynamic crushing. We have thus
obtained confirmation of the hypothesis introduced by T. Akerstrém and one of
the present authors (T.W.), where only the bending type of deformation was consid-
ered to predict the dynamic crushing force [5].

The strain rate varies linearly with the distance from: the middle surface of the
shell according to é=Kz. A good mean value of £ is obtained by taking z={/4,
where ¢ is the gauge thickness

(3.1)

Rz
Bas ™ Uy *

in which r is the radius of rolling or bending. The strain rate is proportional to the
crushing velocity ¥ and depends on the geometrical parameters involved.
Experiments show that the practical range in which #/r falls is 1/5+1. Hence -

14 4

(.2) tao = 0K T K

o .
The contrel parameter in the present problem is the half-length of the Iocal-
. buckling wave 4. The scale effect is clearly observed since at the same impact velocity
V structures with smaller 4 deform with a higher strain rate. For example, in com-
pressed thin-walled square columns with aXa= 50 x 50 mm, #/r=1/5 and h~a/d=
=0.125m, '

(3.3) ¢,,=0.4F [m/sec]=1.44V [km/h].

The strain rate (measured in s~1) is approximately equal to the impact velocity
taken in km/h. For example, at =30 km/h the average strain rate in the compressed
column is- of the order 10¢—+102 s~%. Such strain rates produce an appreciable
increase of the strength of dynamically loaded mild steel members compared to
static crushing.. - _

From Egq. (3.3) we learn that in order to produce the strain rate §=10"%s, the
crushing velocity shouldsbe 0.5-107% m/s=3 -10~? m/min=3 mm/min. This strain
rate should be maintained in the so called static crushing tests on thin-walled
columns, '

4, DYNAMIC CORRECTION FACTOR

 In the existing theoretical solutions concerning the static compression of thin-
-walled columns of various cross-section, the mean crushing force P2 was found
to be proportional to the fully plastic bending moment Mo=(g1%)/4, [4,'5, 7} This
result has been confirmed in numerous experimental works [8, 9]. o

A simple method of computing the dynamic crushing force P? would be to

ki)

adjust the value of the stress by taking an average strain rate o (£,,). This technique
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is similar to that developed by Perrone for solving 2 class of initial-boundary valie
problems for strain rate Sensitivity structures [10]. It can be used in the presently
considered problems provided the deformation fields in static and dynamic crushing
.processes are similar. : ‘
In view of a linear dependence of P, on o, the ratio of the dynamlc to static
crushing forces is s:mply

Fa_o®

5 :
P Oy

@1 - | R=

This ratio is called in the Jiterature the dyna.lmc correction factor (dynamic
gain).

Tn order to evaluate R, a particular choice of the constitutive equation describ-
ng the o'~ dependence should be made. A simple but realistic: power type for-
.muIa was suggested by Cowrrr and Symonps [11]:

.o 1
whete § and » are constants determined to get the best fit of experimental data
over. a certain range of the strain rate. These constants depend in general on the
level of strains. It has been observed that the lower vield stress is more sensitively
dependent on the strain rate than is the flow stress at higher strains and, in partic-
vlar, the ultimate stress, [1, 12]. ,

It is easy to estimate the maximum strain at outer ﬁbers of a locally crushed
element ' '

Z t

(4- 3) gmax = —2_ = E;

Smce tfr can be as large as unity, the maximum strain can reach 50 %. This
is an indication that all material constants appearing in Egs. (4.2) or (4.5) should
be determined by fitting the variation of the ultimate rather than lower yield stress
with® {he strain rate. According to Eq. (4.2), the stress equals to the static value

) strictly at £=0. In practlce as a reference or ,,static” stress we understand a stress
attamed at §=10"%—10-55~1, Using Egs. (3.1} and (4.2), the ratio can be expres~
sed In terms of the crushmg speed

' x 1
R 1 (é )n 1 ( Vt )n
=) =t dhrég |

Another possub]hty of representmg the dependence of & on the strain rate is
the nonhnear homogeneous viscons type of constitutive equation

o A
—=1— »
© . Og &o
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where o, & and 7 is a new set of materia] constants. One disadvantage of Eq.
(4.5) is that with £-0 it does not reduce to the form describing a perfectly plastic
material and becomes increasingly inaccurate for smaller strain rates. Secondly,
a good fit of experimental data can be obtained only over a small range of the
strain rate, probably one or, at the most, two orders of magnitude of & Despite
these shortcomings, Eq. (4.5) has widely been used in analyzing dynamic response
of strain rate sensitive structures (13, 14]. An obvious advantage of Eq. (4.5) is
its homogeneity. Suppose experiments are run at two crushing speeds ¥, and V;
with associated strain rate &, and &,. Using Eqs. (3.1) and (4.5), the corresponding

ratio of mean crushing forces is equal to
. 1 i

o LAY
“6) R=3e=\g ) T\v,)
We have thus arrived at an extremely interesting and useful Tesult that the dyn-

amic correction factor does not involve any geometrical and material. parameters
except one constant 7. T

5. COMPARISON WITH EXPERIMENTS

The available experimental results concerning the correlation between static
and dynamic mean crushing forces are in many respects incomplete.' First, the
,.static” crushing force has never been precisely defined. According to the present
simplified analysis, the static strength of thin-walled columns should be determined
by compressing specimens with cross-head speeds equal or less than 3 mmymin.
In none of the reported tests was the rate of compression specified.

Another difficulty in interpreting experimental data is that columns are usuaily
dynamically crushed not in a universal testing machine but are subjected to a mass
impact using a drop tower or, pendulum. During these tests the crushing speed is
not constant and changes from its initial value ¥, to zero causing the mean crushing
force and hence R to vary in the ceurse of the deformation process.

For practical application it is highly desirable to relate Plor Rto a single
parameter which is the initial impact velocity V. ‘A good measure of the mean
force or mean correction factor R, is

: 1 0 S 1 0
5.1 = = R av.
CRVA 7 _{Pmdn Ry= f )

This is not the only possibility of defining the mean correction factor R, since
at least two alternative definitions exist as to how to compute P, An extensive
discussion of this problem can be found in a series of recent papers {5, 15, 10].
It has been found that differences resulting from the application of various defi-
nitions may reach 20%+50%.

Planning and performing a series of tests with properly measured static and
dynamic crushing forces should not be a great problem. A’ comparison with the
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prediction of the formula (4.4) suitably averaged over the deformation process
would then be straightforward. Such experiments will hopefully be published in
the near future as evidenced by the results released at the Euromech Colloguium
No. 121, {17, 18]. ’ ‘

" It'is interasting to mote that the application of the nonlinear viscous constitu-
tive equation (-.5) brings major simplifications to the averaging procedure, One
can edsily show thai the ratio .R becomes the same as before )

S 1 ot
e : Vl "T V(()l) T
(5.2). ‘ Ryp= R (V) = ("”V?)

‘Moreover, all three definiticus of the mean dynamic crushing force yield the
same fitial résult, Ea. (5.2). Consequently, som> comparison of the prediction of
Eq. (5.2) with test results can be made even though the premse meaning of P
P! is mot known.

Several authors presented test results concerning dynamically cmshed columns
in the. range of impact velocities 3+7 mysec. These results were gathered in Refs,
[5, 15] (Fzg 5). However, the experimental scatter is so large that any comparison
ﬁl h the theory is meaningless unless more comprehensive and rf:pmduceable results

are obtained.:
Ren

NRTU

o .2 4 8 3
Vo [m/sec]

-Fig. 5. Dynamic crushing strength of compressed thin-walled columns of rectangular cross-section.

6. CONCLUSIONS

A simplified analysis is presented for evaluating the average sirain rate in the
' ¢ompression process of shell structures. The crushing strength of thin-walled
mémhers is computed and shown io depend on the crushing speed, three geometric-
'al"'pa'r'ameters describing the local buckling process and mechanical constants
of the material. Assuming that the whole difference between the force level in static
and dynam}c compression is duc to the viscoplastic properties of the material two
aIternatlve formuliae are derived for the dynamic correction factor using different
forms _constitutive equations. The paper gives guidelines as to how static and
dynamlc crut;hmg tests should be run and interpreted. While in many instances
reference was made to the axial deformation of columns, the results obtained are
o be_apphcable _to some other crushing problems in which the local
uckli_ng_"'problem can be identified.
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STRESZCZENIE

ZGNIATANIF CIENKOSCIENNYCH KONSTRUKCII WRAZLIWYCH NA PRI‘,‘DKOSC

ODKSZTALCENIA

Przedstawiono przyblizona metode wyznaczania dynamiczne] wytrzymalodei cienkodciennych

konstrukeji poddanych obgiazeniom Sciskajacym. Wyodrgbniono tizy podstawowe mechanizmy
deformacji i w kazdym pezypadkn wyprowadzono przybhzone wyrazenie na $rednia predkosé
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krzywizny w procesi¢’ deformacji, W zaleznodci od pizyjete] formy rownan konstytutywnych opi-
sujacych wplyw predkodei odksztalcenia podano dwa alternatywne wzory na tzw, «dynamiczny
wspolezynnik korekeji» dla fciskanych elementiw cienkosciennych. Podano wskazdwki dotyezace
wiasciwego przeprowadzenia ekspsrymentow w celu sprawdzenia rozwigzania teoretycznego.

Peswwme

CIABJIEHUE TOHLOCTEHHEIX KOHCTPYKIIUH YYBCTRUTEIRHBIX
HA CKOPOCTE MTEDGOPMALHHA

Tipencrasien ~ouGNMKERARHE MCTON ONPEIENeHHs HIAMIYECKON FPOUYROCTH 7o HOCTEH-
HHIX KOHCTPYXILD IOZBEPTHYTEIX COKMMAIOIIEM HATPY3KaM. BRIISAeHRl TPH OLHOBHBIX Mexa
HU3MA Ae(c MAUEH H B KRXIOM CIyude BLiBeAeHO TIPWOIMKEHHOS Bb' AMeHMe J% cpenHeit
. CKOPOCH KPHBA3AGI B TIpouecce AedopMarai. B 3aBHCAMOCTH 07 apuildToi (GOpMbl OTpeNesto-
@Y ypaBHECHUH, OTHCHIBAIOIMX BIHAHRE CROPOCTH Aethormanmy, IPABSICHD IBE ATLTCPHATHR-
Lue QOPMYJIEL TR T. HA3. , JUHAMEIECKOTO k0d(dunueura KOPPERITEE" DI CHHUMACMBIX TOHKO-
CTEHHBIX 3eMeHToB, JaioTCH yKasaund, KACATOUTIECH IPARKABHOTO IDOBEICTHA IKCHEPUMERTOR
"¢ IENbIO NPOBEPKA TEOPETHUECKOTO PEIICHN!, ‘
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