ENGINEERING TRANSACTIONS e Engng. Trans. 44, 2, 207-228, 1996
Polish Academy of Sciences ¢ Institute of Fundamental Technological Research

THREE-DIMENSIONAL SLIP-LINE FIELD THEORY
WITH ROTATIONAL CONTINUITY

R.L. BISH (MELBOURNE)

For cold-worked metal bodies undergoing plastic deformation along well-defined load-
ing paths, a three-dimensional slip-line field theory is developed, taking into account the
new principle of rotation-rate continuity. It is shown that the slip-line network is always
confined to one of the three families of principal stress surfaces and that the strain rate nor-
mal to those surfaces vanishes. Further, the ratio of the radii of curvature of the slip-lines
in the plane tangent to the net remains constant. This condition, in turn, imposes restric-
tions on the geometric configurations that are allowed for the net boundary. The velocity
hodograph always has one of these configurations.

1. INTRODUCTION

Any region within a plastically deforming metal body, if that region is
small enough, will exhibit mechanical anisotropy and, conseqeuntly, will ro-
tate so as to keep its crystallographic planes of slip aligned with the prin-
cipal shear surfaces. From this hypothesis, a fundamental principle emerges
to complete and extend the classical slip-line field theory, and this principle,
very simply, states that the (vector) rate of rotation within the deforming
body must remain (spatially) continuous. Otherwise, any two adjacent de-
forming elements of the body could not maintain their slip-planes parallel
to the local surfaces of principal shear stress which, by equilibrium, are re-
quired to remain smooth. This new principle of plasticity serves to resolve a
long standing question, and represents one of the principal reasons for the
present paper.

PRANDTL [2], in 1920, in publishing the first solution to a slip-line field
problem, that of the plane-strain compression of a metal mass, utilized cy-
cloidal slip-lines. Some three decades later HiLL [3] published a second and
(geometrically) very different solution to this problem. Books [4, 5] concern-
ing the subject of plasticity and published before or during the 1950’s, con-
tinued to present Prandtl’s solution to the plane-strain compression problem.
On the other hand, most of the books [6] published after that period present
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only Hill’s solution to the plane-strain compression problem. We shall learn
that Hill’s solution, unlike that of Prandtl, complies with the new principle
of continuity of the rotation rate although, of course, Hill could not had
known this principle when he published his equiangular slip-line net.

There are many problems of plastic deformation of industrial significance,
that are three-dimensional while, most luckily, with the inclusion of the
new hypothesis, a three-dimensional slip-line field theory forms a natural
development. The theory to be presented here is, for these reasons, quite
general.

2. YIELD CONDITIONS AND THE FLOW RULE

Tresca’s yield criterion will govern the process of yielding in a cold-worked
metal body in which the crystal-grains are aligned with their crystallographic
slip-planes parallel to the surfaces of principal shear. The yield surface, in

o;j-space, will therefore be a hexagonal cylinder having plane faces described
by

oy — o1 = 2k, o9 > 03> 07,
o, — o9 = 2k, oy > 03 > 09,
2.1) o3 — oy = 2k, o3 > 01 > 03,
oy — 03 = 2k, oy > 01 > 03,
o, — o3 = 2k, oy > 09 > 03,
o3 — oy = 2k, o3 > 09> 01,

where k is the shear yield stress of the solid.
On the other hand, by PRAGER’s flow rule [7], if

h(01,0'2,0'3) = 0

denotes the yield surface in o;;-space, then

Oh

—d)
Doy

(2:2) de;; =

where ) is a multiplier. From (2.1) it therefore follows that
(2.3) dez =0 for o1 — 09 = 12k,

(2.4) de; =0 for oy — 03 = 12k,
(2.5) deg =0 for o3 — oy = +2k.






