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A comprehensive theoretical study of closed-form rigid-body modes of a free-free and trans-
lationally edge-restrained Euler-Bernoulli beam is presented. Accurate vibrational analysis of
a free-free-free-free plate is not possible without the inclusion of degenerate rigid-body beam-
wise admissible functions. The trivial solution(s) of the beam frequency equation produce(s)
a non-trivial modeshape, which (i) satisfies the boundary conditions, (ii) has zero curvature,
and (iii) is orthogonal to the other modeshapes. These frequency parameters are “trivial”, i.e.
they lead to zero natural frequency, since their modeshapes have no curvature. Mathematically-
generated orthogonal free-free (classical) beam-wise rigid-body modeshapes, and those gener-
ated from non-classical edged beams, have been both separately used as admissible functions
in the Rayleigh-Ritz method (RRM) to generate the plate natural frequencies of a free-free-
free-free rectangular uniform isotropic Kirchhoff’s plate. With respect to the increasing elastic
support, the trifurcation and bifurcation of plate frequencies from the trivial to the flexu-
ral frequencies, is investigated. The completely free plate modeshapes are also presented. Also,
combination of present closed-form rigid-body modes with polynomial functions, trigonometric
functions is also demonstrated.

Key words: free edge plate; translational restraint; frequency parameter; rigid body modes;
waveform coefficients.

Notations

a – length of the plate [m],
A – cross-sectional area [m2],
b – breadth of the plate [m],
β – wave number of beam vibration [1/m],

βL – frequency parameter of beam [–],
βTL – frequency parameter of beam: translational [–],
βRL – frequency parameter of beam: rotational [–],
Cij – Rayleigh’s coefficient in plate vibration [–],
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D – plate rigidity [N ·m],
E – Young modulus [N/m2],
η – non-dimensional breadth of the plate [–],

G1, G2, G3, G4 – eigen vectors of beam vibration [–],
h – thickness of the beam/plate [m],
I – area moment of inertia of cross section [m4],
kt – translational restraint at the edges [N/m],

kt0x, kt1x, kt0y, kt1y – translational spring constant at the four edges of the plate [N/m],
K – stiffness matrix,

KTR, KTL – right and left non-D translational restraint on the beam [–],
KT – non-dimensional translational restraint on the plate edge [–],
L – length of the beam [m],
λ – aspect ratio of the plate,
m – mass per unit length of the beam [kg/m],
mp – mass per unit area of the plate [kg/m2],
M – mass matrix,
ν – Poisson’s ratio [–],
ω – non-dimensional plate natural frequencies [–],
Ω – dimensional plate natural frequencies [rad/s],

φT (x) – translational rigid-body beam modeshape [–],
φR(x) – rotational rigid-body beam modeshape [–],

R1, R2, R3, R4 – eigen vectors of beam vibration: rotational mode [–],
ρ – density of the material [kg/m3],
t – independent time variable [s],
T – kinetic energy of the plate [J],

T1, T2, T3, T4 – eigen vectors of beam vibration: translational mode [–],
U – potential energy of the plate [J],

W (x, y) – lateral out of plane displacement of the plate [m],
Wxi, Wyj – beam modeshape in x and y-direction [m],

x – independent space variable along length of beam/plate [m],
y – independent space variable along width of plate [m],

z(x, t) – beam vibration displacement [m],
Z(x, y, t) – plate vibration displacement [m],

ξ – non-dimensional length, breadth of the beam/plate [–].

1. Introduction

Vibration analysis of structures with free edges poses a challenging prob-
lem. It satisfies the natural boundary conditions of zero shear force and zero
bending moment, since it is not constrained against translation and rotation,
respectively. In beam vibration, a hinged-free (SF) beam would have one rigid
body modeshape, without any flexure, which satisfies the governing differential
equation of vibration (spatial component). A free-free (FF) beam would have
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two rigid body modeshapes, which satisfy the governing differential equation
of vibration (spatial component). Since there is no flexure, there is zero strain
potential energy stored in the beam to attain such shapes, and they correspond
to zero natural frequencies. However, their modeshapes participate in the beam
vibration and blend with the flexural modes to reduce the net strain potential
energy of the system. An example of a fully free (FFFF) plate would be a Very
Large Floating Structure (VLFS), often used as floating airports. An example
of an elastically supported plate would be a pneumatically stabilized platform,
with the flat plate supported by pneumatic air columns and moored to the sea
bed. A floating airport, with a long runway and comparatively shorted breadth,
can be modelled as a free-free beam. An example of a hinged-free (SFFF) plate
would be a door (of house, ship, aircraft). This work studies the vibration of
such plates including the closed-form modeshapes of rigid-body “trivial” fre-
quencies.

Leissa [12] conceded that the Free-Free-Free-Free (FFFF) plate is the most
poorly behaved when studied through analytical solutions. Free edges and free
corners cause difficulty in selecting accurate admissible functions into the Ray-
leigh-Ritz method. This fact was reiterated by Warburton and Edney [25].
Estimation of FFFF plate natural frequencies leads to large errors (∼2–13%)
between numerical frequencies and those obtained by Rayleigh-Ritz method.
This problem is also faced to a smaller extent by plates with one of more edges
free, e.g., SSFF and SFFF plates. A free edge has bending moment and shear
force zero. The lack of geometric boundary conditions weakens the accuracy of
the beam-wise modeshapes, which should act as orthogonal admissible functions
into the Rayleigh-Ritz method for the plate vibration analysis. When the beam
boundary conditions are either FF or SF, there will be the presence of rigid-body
modes in the plate analysis (Fig. 1a). A dimensionally zero frequency has a non-
zero non-dimensional frequency parameter, a zero wave-number (i.e. infinite
wavelength) and yet, a non-trivial modeshape. The frequency parameters of
these non-flexural modes need to be accurately known for the final accuracy
of the plate frequencies.

1.1. Literature review

Bassily and Dickinson [2] used degenerate beam functions (separate for-
mulations for odd and even modes) to match the boundary conditions of the
classical free edges, such that their second derivate (corresponding to the bend-
ing moment) and third derivatives (corresponding to the shear force) vanish at
the ends. However, this was insufficient for rigid-body modes, which required
the bending moment to be zero over the length of the beam (no curvatures,
no strain potential energy). Rao and Mirza [19] studied elastically restrained
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Fig. 1. a) TT beam, b) ST beam, c) elastically edge supported Kirchhoff’s plate.

beams, over a very wide range of both rotational and translational edge re-
straints. The frequency parameters of beams with very small rotational and
translational restraints were seen to approach the near-zero magnitudes, but
their modeshapes where not formulated. Tang [24] numerically evaluated the
modeshapes of FF beams among others with a freeware, but again, its rigid-body
modes were ignored.

De Rosa and Lippiello [6] studied the free vibration of tapered beam with
rotational and translational constraint by cell discretization method (CDM).
Rao and Rao [20] studied the free vibration analysis of a circular plate sup-
ported on a rigid internal concentric ring with translational constraint bound-
ary using Bessel functions. Warburton and Edney [25] studied plate vibra-
tion with (non-classical) elastically restrained edges. As the translational spring
constant was reduced, the frequencies asymptoted to zero, showing rigid-body
behaviour. However, the modelling of the beam admissible functions with trans-
lational edges was not explained. Dickinson and Blasio [7] used polynomials
to model the degenerate beam function established by Bhat [3]. The Boundary
equation method (BEM) for plate subjected to any type of boundary condi-
tions are studied by Katsikadelis and Armenakas [11]. Bardell [1] used
hierarchical finite element method and stated that the first three eigen values
of a FFFF plate were zero, corresponding to the rigid-body modes of the plate.
Zhou [27] studied plates with both rotational and translational restraints, but
used Fourier-analysis-generated static beam functions into the Rayleigh-Ritz
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method. It was accepted that the admissible functions used could not degener-
ate to FFFF plates. Xiang et al. [26] studied Mindlin’s plates with both edge
restraints as previous work, generating their natural frequencies over a wide
range of edge spring constants, without actually approaching the FFFF condi-
tion. Hurlebaus [10] derived the exact series solution for orthotropic FFFF
plates, matching the exact plate boundary conditions. However, the transla-
tional rigid-body mode of the plate was deduced to have no contribution in
the final vibration of the plate, countering Dickinson and Blasio [7]. Saha
et al. [22] again used polynomial-based beam modeshapes to handle free edges,
but did not converge to Leissa for higher-order frequencies. Dozio [8] used the
trigonometric Ritz method to study Kirchhoff’s plates with classical end con-
ditions, using only sinusoidal admissible functions. Monterrubio and Ilanko
[17] used the rigid-body admissible functions of a FF beam, but converged for
only a few of the lowest frequencies of the FFFF plate, and the others had slight
deviations from those of Leissa [12].

1.2. Overview of this work

As per the knowledge of the authors, limited literature is available on the
rigid-body beam modeshapes of classical free-free beam which have hitherto
been generated by polynomials or splines or Green’s functions. Closed-form
mathematical modeshapes find very limited application in solving the notori-
ous free vibration problem of plates with one or more free edges.

This work attempts to solve the vibration of FFFF plate (and other plates
with a combination of simply-supported and free edges) indirectly by non-classical
edge conditions, i.e. the free edge is modelled as a distributed translational spring
(Fig. 1c). Simultaneously, closed-form classical FF beam modes have been math-
ematically generated and used in the plate vibration. The objective of this work
is as follows:
• To study the free vibration of plates with translationally constrained edges,

and determine the range of translational spring constant for which the
rigid-body modes participate. To generate the closed-form orthogonal rigid-
body modeshapes of a free-free (FF) and hinged-free (SF) beam, satisfying
the boundary conditions and having zero curvature.
• To highlight the prominence of rigid-body modes in the vibration of plates

with all four edges free.
In this work, first the Euler-Bernoulli beam with translationally restrained

edge(s) has been analysed for its non-classical frequency equation and mode-
shape (waveform) coefficients. Then, a closed-form expression for the rigid-body
modeshapes have been mathematically proposed, which is used in plate vibration
analysis through the Rayleigh-Ritz method. Various permutations and combi-
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nations of the edge restraint on the four sides of the plate have been studied for
a large range of spring constants, asymptoting to classical plates (Leissa [12]).
The prominence of the rigid-body modes have been established for FFFF and
SFFF plates. The computational efficiency and accuracy of the Rayleigh-Ritz
method using closed-form inputs has been noted. This leads to all possible six
boundary conditions (FFFF, SFFF, SFSF, SSFF, SSSF, SSSS) which have natu-
ral boundary conditions, instead of geometric boundary conditions of a clamped
(C) edge. Since a free edge is free to rotate, the rotational constraint at the edge
can be assumed to be exactly zero, easing the formulation of the closed-form
beam modeshapes. Researchers have often used both translational and rotational
edge restraints and applied the extreme values on them to approach the classi-
cal plate conditions, e.g. Warburton and Edney [25], Rao and Mirza [19],
Zhou [27], Xiang et al. [26]. The novelty here is as follows:
• Rigid-body beam frequency parameters: The “trivial” solutions of

beam vibration frequency equation have been accurately formulated
through closed-form solutions. They yield zero natural frequencies, but
participate in the plate vibration. They store no potential energy but par-
ticipate in the kinetic energy of the plate, manifesting the lower (rigid-
body or rigid-flexure) frequencies of the plate from the Ritz method. They
also lead to the waveform coefficients, which generate the final rigid-body
modeshape.
• “Switch” behaviour of the first non-trivial mode : The translational

rigid-body mode for a beam with both edges translationally constrained re-
mains a trivial solution for the whole range of the spring constant. But the
rotational rigid-body mode remains so for a lower range of spring constant,
but then ‘switches’ to the flexural mode at a higher spring constant. The
distinct values of the frequency parameters and the corresponding spring
constant at which this ‘happens is clearly demarcated by studying the four
waveform coefficients.
• Rigid-body beam modeshapes: the closed-form translational and ro-

tational rigid body modeshapes of a free-free beam, and an elastically
restrained end supported beam, have been separately established. The
decreasing prominence of these modeshapes in the total vibration of the
plate, with increasing elastic spring constant, has been established; with
closed-form coefficients of the waveforms (cosine, sine, cosh, sinh). Merely
the rigid-body frequency parameter is insufficient in determining the promi-
nence of the corresponding modes.
• Demonstrating a complete set of admissible functions for FFFF

plate (i.e. combination of present rigid body modes with polynomial func-
tions and trigonometric functions).
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2. Analysis

2.1. Euler-Bernoulli beam vibration: generation of admissible functions

The governing differential equation of free vibration of a uniform, homoge-
nous Euler Bernoulli beam is:

(2.1) m
∂2z(x, t)

∂t2
+ EI

∂4z(x, t)

∂x4
= 0,

where m is mass per unit length [kg/m], and EI is the flexural rigidity [N/m2]
against pure bending, z(xt) is the transverse small-amplitude displacement. The
non-classical boundary condition is modelled as a translational spring (Fig. 1a),
acting transversely to the longitudinal axis of the beam. The spring constant is
kT [N/m], which is non-dimensionalized as KT = kTL

3

EI .

2.1.1. TT beam (beam with both ends supported by equal translational
springs). The beam is subject to the elastically-supported boundary conditions:

(2.2)

EI
∂2z (0, t)

∂x2
= 0, EI

∂3z (0, t)

∂x3
= −kT z (0, t) ,

EI
∂2z (L, t)

∂x2
= 0, EI

∂3z (L, t)

∂x3
= kT z (L, t) ,

i.e. the bending moments are zero, while the shear force balances the spring
force due to the end deflection.

Noting the two extreme cases of the end spring constant:
• As KT → 0, the beam behaves like a Free-Free (FF) beam, i.e. the end

shear force vanishes.
• As KT →∞, the beam behaves as a simply supported (SS) beam, i.e. the

end deflection becomes zero.
By using separation of variables on Eq. (2.1), the general solution of the mode-
shape is

(2.3) G(x) ≡ G1 cosβx+G2 sinβx+G3 coshβx+G4 sinhβx,

where β4 = mω2

EI and ω = (βL)2
√

EI
mL4 . Here, βL is the non-dimensional param-

eter, ω is the frequency [rad/s], and β is the wave number [1/m]. The waveform
coefficients G1, G2, G3, G4 are constants to be evaluated from the boundary
conditions (Eqs. (2.2)) as follows:
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(2.4)



−1 0 1 0

− cosβL − sinβL coshβL sinhβL

k

EI
−β3 k

EI
β3

a∗ b∗ c∗ d∗





G1

G2

G3

G4


=


0
0
0
0

,

where

a∗ =

{
k

EI
cosβL− β3 sinβL

}
, b∗ =

{
k

EI
sinβL+ β3 cosβL

}
,

c∗ =

{
k

EI
coshβL− β3 sinhβL

}
, d∗ =

{
k

EI
sinhβL− β3 coshβL

}
.

For a non-trivial solution, the determinant of the square matrix is zero. The
frequency expression becomes:

(2.5) f(βL) = 2(βL)6 (cosβL coshβL− 1)− 4K2
T sinβL sinhβL

− 4(βL)3KT (cosβL sinhβL− coshβL sinβL).

Thus, f(βL) = 0 gives the distinct frequency parameters βL for a given KT .
• As KT → 0, Eq. (2.5) becomes cosβL coshβL = 1, the classical frequency

equation for a free-free beam. Also, df(βL)d(βL) = 0; d
2f(βL)

d(βL)2
→ 0, causing the

second frequency parameter to coincide with the first at βL = 0.
• As KT →∞, it becomes sinβL sinhβL = 0, the classical frequency equa-

tion of a simply-supported beam. Since sinhβL 6= 0 for βL 6= 0, the
frequency equation becomes sinβL = 0. Also, df(βL)d(βL) = 0; d

2f(βL)

d(βL)2
→ ∞,

causing the 2nd frequency parameter to become βL = π. From the system
of equations in Eq. (2.4)

(2.6)

G2= 1,
G4

G2
=
−2 (KTL) sinβL+ (βL)3 (coshβL− cosβL)

−2 (KTL) sinhβL+ (βL)3 (coshβL− cosβL)
,

G1

G2
=
−
(
KTR sinβL+ (βL)3 cosβL

)
+
{
−KTR sinhβL) + (βL)3 coshβL

}
G4
G2

KTR (cosβL+ coshβL)− (βL)3 (sinhβL+ sinβL)
,

G3 = G1,

where KTL = KT on the left hand side x = 0, KTR = KT on the right
hand side x = L.
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• As KT → 0, βL → 0, G2 = 1; G4
G2

= 1, G1
G2

= − cosβL+coshβL
− sinβL−sinhβL →

0
0 form!;

G3 = G1. For the classical FF beam, two waveform coefficients, i.e. G1

and G3, are undefined, and hence Eq. (2.6) is not applicable to define the
rigid-body modeshape. An alternative attempt to define the modeshape
has been made in Subsec. 2.2.1.
• As KT → ∞, G2 = 1, G4

G2
= sinβL

sinhβL , G1
G2

= 0, G3 = G1, since βL → nπ,

n = 1, 2, 3, . . ., G4
G2
→ 0. Thus, only the coefficient G2 dominates at this

classical end condition and a sinusoidal modeshape is obtained.

2.1.2. ST beam (beam with left side hinged and right side elastically sup-
ported). Now we consider a similar beam that is hinged on the left and trans-
lationally restrained at the right (Fig. 1b), which is again modelled as a trans-
lational spring. The beam is subject to the boundary conditions:

(2.7)
z(0, t) = 0, EI

∂2z(0, t)

∂x2
= 0,

EI
∂2z(L, t)

∂x2
= 0, EI

∂3z(L, t)

∂x3
= kT z(L, t).

i.e. the end bending moments are zero, the LHS deflection is zero, while the
shear force at the right end balances the spring force due to the end deflection.
Noting the two extreme cases:
• As KT → 0, the beam behaves like a Hinged-Free (SF) beam, i.e. the RHS

shear force vanishes.
• As KT →∞, the beam behaves as a simply supported (SS) beam, i.e. the

deflection is zero at the RHS.
The constants G1, G2, G3, G4 are evaluated from the boundary conditions

(Eqs. (2.7))as follows:

(2.8)


1 0 1 0
−1 0 1 0

0 − sinβL 0 sinβL

0 e∗ 0 f∗




G1

G2

G3

G4


=



0

0

0

0


,

where

e∗ =

{
k

EI
sinβL+ β3 cosβL

}
, f∗ =

{
k

EI
sinhβL− β3 coshβL

}
.

For a non-trivial solution, the determinant of the square matrix is zero. The
frequency expression becomes:

(2.9) f (βL) = 2(βL)3 (cosβL sinhβL− sinβL coshβL) + 4KT sinβL sinhβL.
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Thus, f(βL) = 0 gives the distinct frequency parameters βL for a given KT .
• As KT → 0, Eq. (2.9) becomes tanβL = tanhβL, which is the classical

frequency equation for a SF beam. Also, df(βL)d(βL) = 0, d
2f(βL)
d(βL)2 → 0, causing

the second frequency parameter to coincide with the first at βL = 0.
• As KT →∞, Eq. (2.9) becomes sinβL sinhβL = 0, the classical frequency

equation of a SS beam. Also, df(βL)d(βL) = 0, d
2f(βL)
d(βL)2 →∞, causing the second

frequency parameter to become βL = π.
From the system of equations in Eq. (2.8),

(2.10)

G1 = G3 = 0, G2 = 1,

G4

G2
=

KTR sinβL+ (βL)3 cosβL

−KTR sinhβL+ (βL)3 coshβL
,

where KTL = KT on left hand side, KTR = KT on right hand side. The mode-
shape switches from the rotational rigid-body mode to the first flexural mode
when the sinusoidal behaviour starts dominating at the higher wave number over
the hyperbolic sinusoidal behaviour, thereby causing a curvature to develop.
• As KTR → 0, G2 = 1, G4

G2
= cosβL

coshβL = 1, G1 = G3 = 0. Both the sine
and hyperbolic sine functions show a linear behaviour for a small wave
number, and hence contribute almost equally.
• As KTR → ∞, G2 = 1, G4

G2
→ − sinβL

sinhβL , G1 = G3 = 0. Since βL → nπ,

n = 1, 2, 3, . . ., G4
G2
→ 0. Thus, only the coefficient G2 dominates at this

classical end condition and a sinusoidal modeshape is obtained.

2.2. Generation of closed-form rigid-body modeshapes
with classical edge condition

The flexural modes of the Euler-Bernoulli beam form an orthogonal set of
functions. But for beam with trivial frequencies (rigid-body behaviour), it is
necessary to generate the rigid-body modeshapes which (i) satisfy the boundary
conditions, (ii) have zero curvature, and (iii) form an orthogonal set.

2.2.1. TT beam (beam with both ends translationally supported). Equation
(2.5) yields two rigid body modes: translation (T) and rotation (R). The re-
spective frequency parameters of the rigid-body modes are βTL, βRL, and the
associated modeshapes are φT (x), φR(x). From the general solution of the mode-
shape in Eq. (2.3), the rigid-body modeshapes are expressed as:

(2.11)
φT (x) = T1 cosβTx+ T2 sinβTx+ T3 coshβTx+ T4 sinhβTx,

φR(x) = R1 cosβRx+R2 sinβRx+R3 coshβRx+R4 sinhβRx,
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where the unknown waveform coefficients Ti, Ri, i = 1, 2, 3, 4; are calculated
from the boundary conditions. Assuming the translational modeshape to be
simply a transverse displacement, and the rotational modeshape to be about
the longitudinal midpoint x = L

2 of the beam (Fig. 1b), the modeshapes may be
expressed as:

(2.12)

φT (x) = 1 = x0 + 0.x1 + 0.x2 + 0.x3 + · · · ;

φR(x) = 1− 2x

L
= x0 −

(
2

L

)
x1 + 0.x2 + 0.x3 + · · ·

Equating the coefficients of the same power of Eq. (2.11)1 and Eq. (2.12)1:

(2.13) T1

(
1− (βTx)

2

2!
+

(βTx)
4

4!
− · · ·

)
+ T2

(
βTx−

(βTx)
3

3!
+

(βTx)
5

5!
− · · ·

)

+ T3

(
1 +

(βTx)
2

2!
+

(βTx)
4

4!
+ · · ·

)
+ T4

(
βTx+

(βTx)
3

3!
+

(βTx)
5

5!
+ · · ·

)
= 1.x0 + 0.x1 + 0.x2 + 0.x3 + · · ·

Therefore T1 + T3 = 1, T2 + T4 = 0, −T1 + T3 = 0, −T2 + T4 = 0⇒ T2 = 0,
T4 = 0, T1 = T3 = 0.5.

Thus, the final translational rigid-body modeshape becomes:

(2.14) φT (x) = 0.5 cosβTx+ 0.5 coshβTx.

For rigid-body translation, the frequency parameter is exactly zero, irrespec-
tive of the magnitude of KT , leading to φT (x) = 1, satisfying Eq. (2.12)1. This
modeshape must have zero curvature, since it is a rigid-body modeshape. It is
seen that d

2φT (x)
dx2 = β2T (−0.5 cosβTx+ 0.5 coshβTx) = 0 for all values of x,

i.e. at all location on the beam. Similarly, equating the coefficients of the same
power of Eq. (2.11)2 and Eq. (2.12)2:

(2.15) R1

(
1− (βRx)

2

2!
+

(βRx)
4

4!
− · · ·

)
+R2

(
βRx−

(βRx)
3

3!
+

(βRx)
5

5!
− · · ·

)

+R3

(
1 +

(βRx)
2

2!
+

(βRx)
4

4!
+ · · ·

)
+R4

(
βRx+

(βRx)
3

3!
+

(βRx)
5

5!
+ · · ·

)

= x0 −
(
2

L

)
x1 + 0.x2 + 0.x3 + · · ·
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Therefore, R1 + R3 = 1, R2 + R4 = − 2
βL , −R1 + R3 = 0, −R2 + R4 = 0⇒

R1 = R3 = 0.5, R2 = R4 = − 1
βL .

Thus, the final rotational rigid-body modeshape becomes:

(2.16) φR(x) = 0.5 cosβRx−
1

βRL
sinβRx+ 0.5 coshβRx−

1

βRL
sinhβRx.

For the rotational rigid-body modeshapes, the frequency parameter βRL 6= 0.
It is seen that φT (x) and φR(x) are orthogonal to each other. This modeshape
must have zero curvature, since it is a rigid-body modeshape.

It is seen that

d2φR(x)

dx2
= β2R

(
−0.5 cosβRx+

1

βRL
sinβRx+ 0.5 coshβRx−

1

βRL
sinhβRx

)
is negligibly small. Expanding the curvature expression as a Taylor’s series:

φ′′R(x)=β
2
R

−0.5
(
1− (βRx)

2

2! + (βRx)
4

4! − ...
)
+ 1
βRL

(
βRx− (βRx)

3

3! + (βRx)
5

5! − ...
)

+0.5
(
1+ (βRx)

2

2! + (βRx)
4

4! + ...
)
− 1
βRL

(
βRx+ (βRx)

3

3! + (βRx)
5

5! + ...
)


= O
(
(βRx)

4
)
+O

(
(βRx)

8
)
.

For a tolerance |φ′′R(x)| ≤ 10−8, the frequency parameter βRL ≤ 10−2, i.e.
this modeshape is valid for a very small frequency parameters, which does not
store potential energy but participates in the kinetic energy.

2.2.2. Hinged-Free (SF) beam. This beam has one rigid-body mode, i.e. the
rotational rigid-body mode. Assuming the rotation to be about the left end of
the beam, the linear modeshape may be expressed as:

(2.17) φR(x) =
x

L
= 0.x0 +

(
1

L

)
x1 + 0.x2 + 0.x3 + · · ·

Equating the coefficients of the same power of Eq. (2.11)2 and Eq. (2.17):

(2.18) R1

(
1− (βRx)

2

2!
+

(βRx)
4

4!
− · · ·

)
+R2

(
βRx−

(βRx)
3

3!
+

(βRx)
5

5!
− · · ·

)

+R3

(
1 +

(βRx)
2

2!
+

(βRx)
4

4!
+ · · ·

)
+R4

(
βRx+

(βRx)
3

3!
+

(βRx)
5

5!
+ · · ·

)

= 0.x0 +

(
1

L

)
x1 + 0.x2 + 0.x3 + . . . .
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Therefore, R1 + R3 = 0, R2 + R4 = 1
βL , −R1 + R3 = 0, −R2 + R4 = 0 ⇒

R1 = R3 = 0, R2 = R4 =
1

2βL .
Thus, the final rotational rigid-body modeshape becomes:

(2.19) φR(x) =
1

2βRL
sinβRx+

1

2βRL
sinhβRx.

For the rotational rigid-body modeshapes, the frequency parameter βRL 6= 0.
This modeshape must again have zero curvature. It is seen that its curvature,
which is the second derivative of Eq. (2.19), i.e.

d2φR(x)

dx2
= β2R

(
− 1

2βRL
sinβRx+

1

2βRL
sinhβRx

)
is negligibly small. Expanding its expression as a Taylor’s series:

φ′′R(x) =
β2R

2βRL

[
−

(
βRx−

(βRx)
3

3!
+

(βRx)
5

5!
− . . .

)

+

(
βRx+

(βRx)
3

3!
+

(βRx)
5

5!
+ . . .

)]
= O

(
(βRx)

4
)
+O

(
(βRx)

8
)
.

For a tolerance |φ′′R(x)| ≤ 10−8, the frequency parameter βRL ≤ 10−2 i.e.
this modeshape is valid for a very small frequency parameters, which does not
store potential energy but participates in the kinetic energy.

2.3. Kirchhoff’s plate vibration: elastically supported edges

Once the rigid-body modeshapes and the flexural modeshapes of the TT
and ST beams are available as explained in Subsec. 2.2, they can be used as
beam-wise admissible functions in the Rayleigh-Ritz method to analyse the vi-
bration of plates with several boundary conditions: TTTT, STTT, SSTT, STST,
and SSST plates. As KT → 0, we get plates like FFFF, SFFF, SSFF, SFSF,
and SSSF. As KT → ∞, we get the SSSS plate. The linear, second-order, ho-
mogeneous, governing differential equation (GDE) for the free vibration of an
isotropic Kirchhoff’s plate, ignoring gravity, is given below. The transverse out-
of-plane small-amplitude vibratory displacement Z(x, y, t) satisfies the partial
differential equation

(2.20) mpZ̈(x, y, t) +D∇4Z(x, y, t) = 0.

Here, mp is the mass per unit area of the plate and D = Eh3

12(1−ν2) is the flexural
rigidity of the isotropic plate. The plate in Fig. 1c is subject to the coupled
boundary conditions as shown in Warburton and Edney [25]:
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• The bending moments are zero at the ends, i.e.

∂2Z (0, y, t)

∂x2
+ ν

∂2Z (0, y, t)

∂y2
= 0,

∂2Z (L, y, t)

∂x2
+ ν

∂2Z (L, y, t)

∂y2
= 0,

∂2Z (x, 0, t)

∂y2
+ ν

∂2Z (x, 0, t)

∂x2
= 0,

∂2Z (x, L, t)

∂y2
+ ν

∂2Z (x, L, t)

∂x2
= 0.

• The shear force at the edges equals the spring force produced due to the
deflection of the modeshape, i.e.

EI
∂3Z (0, y, t)

∂x3
+ (2− ν) ∂

3Z (0, y, t)

∂x∂y2
= kt0xZ (0, y, t) ,

EI
∂3Z (L, y, t)

∂x3
+ (2− ν) ∂

3Z (L, y, t)

∂x∂y2
= kt1xZ (L, y, t) ,

EI
∂3Z (x, 0, t)

∂y3
+ (2− ν) ∂

3Z (x, 0, t)

∂y∂x2
= kt0yZ (x, 0, t) ,

EI
∂3Z (x, L, t)

∂y3
+ (2− ν) ∂

3Z (x, L, t)

∂y∂x2
= kt1yZ (x, L, t) .

Simplifying the relations to avoid the coupling, the BCs have been approxi-
mated as given by Zhou [27]

(2.21)

∂2Z (0, y, t)

∂x2
= 0,

∂2Z (L, y, t)

∂x2
= 0,

∂2Z (x, 0, t)

∂y2
= 0,

∂2Z (x, L, t)

∂y2
= 0,

(2.22)

EI
∂3Z (0, y, t)

∂x3
= kt0xZ (0, y, t) , EI

∂3Z (L, y, t)

∂x3
= kt1xZ (L, y, t) ,

EI
∂3Z(x, 0, t)

∂y3
= kt0yZ (x, 0, t) , EI

∂3Z (x, L, t)

∂y3
= kt1yZ (x, L, t) .

Assuming, Z (x, y, t) = W (x, y) eiωt, where W (x, y) is the spatial shape,
ξ = x

a , η = y
b , and λ = a

b = aspect ratio, the maximum strain energy stored in
a plate is
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(2.23) Umax(plate) =
D

2

b

a3

1ˆ

0

1ˆ

0

[(
∂2W

∂ξ2

)2

+
(a
b

)4(∂2W
∂η2

)2

+2ν
(a
b

)2 ∂2W
∂ξ2

∂2W

∂η2
+ 2 (1− ν)

(a
b

)2(∂2W
∂ξ∂η

)2
]

dξ dη.

The maximum strain energy stored in a translational spring

(2.24) Umax(spring) =
1

2
kt0xb

1ˆ

0

(
W 2
)
ξ=0

dη +
1

2
kt1xb

1ˆ

0

(
W 2
)
ξ=1

dη

+
1

2
kt0ya

1ˆ

0

(
W 2
)
η=0

dξ +
1

2
kt1ya

1ˆ

0

(
W 2
)
η=1

dξ.

The maximum kinetic energy of the plate

(2.25) Tmax(plate) =
1

2
ρhω2ab

1ˆ

0

1ˆ

0

W 2 dξ dη.

The energy-based Rayleigh-Ritz Method is used to minimize the difference
between potential energy and kinetic energy with respect to the unknown co-
efficient. Let W (x, y) be a weighted combination of the product of the beam
modeshapes in either direction as follows:

(2.26) W (ξ, η) =
∞∑
i=1

∞∑
j=1

Cijφi(ξ)φj(η).

Minimizing the plate natural frequency with respect to each of the unknown
coefficients

(2.27)
(

∂

∂Cij

)[
Umax(plate) + Umax(spring) − Tmax(plate)

]
= 0

leads to the eigen value problem

(2.28)
(
[K]−Ω2[M ]

)
{C} = 0

with Ω2 = ρhω2a4

D is the non-dimensional frequency and ω2 is the dimensional
frequency [rad/s]. Here,

Kijkp(plate) = A
(2,2)
ik B

(0,0)
jp +

(
A

(0,0)
ik B

(2,2)
jp

)
λ4 + ν

(
A

(0,2)
ik B

(2,0)
jp +A

(2,0)
ik B

(0,2)
jp

)
λ2

+ 2 (1− ν)A(1,1)
ik B

(1,1)
jp λ2,
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Kijkp(spring) = KT1φi (0)φk (0)B
(0,0)
jp +KT3φi(1)φk (1)B

(0,0)
jp

+ λ4KT4φj(0)φp (0)A
(0,0)
ik + λ4KT2φj(1)φp (1)A

(0,0)
ik ,

where

KT1 =
kt0xa

3

D
, KT3 =

kt1xa
3

D
, KT4 =

kt0yb
3

D
,

KT2 =
kt1yb

3

D
, Mijkp = A

(0,0)
ik B

(0,0)
jp ,

Am,ni,k =

1ˆ

0

dmφi (ξ)

dξm
dnφk (ξ)

dξn
dξ, Bm,n

j,p =

1ˆ

0

dmφj (η)

dηm
dnφp (η)

dηn
dη,

where m,n = 0, 1, 2, i, k, j, p = 1, 2, 3, . . ..
Analytical integration of Eqs. (2.23)–(2.25) has been done for higher ac-

curacy. Along with this, the availability of orthogonal beam modeshapes (in-
cluding rigid-body modes) causes the stiffness matrix to be more diagonally
dominant, leading to higher computational efficiency, since less number of terms
in Eq. (2.26) are required to converge to the plate natural frequency.

3. Results

In this section, we first discuss the results of the beam frequency parameters
for changing translation edge restraints, and the corresponding beam mode-
shapes. The prominence of the rigid-body modeshapes is included. Then the
natural frequencies of non-classically supported plates are presented, for vari-
ous permutations and combinations of edge restraints. The convergence of the
frequencies of the classical conditions is shown versus the number of admissible
functions in the Rayleigh-Ritz method. The first few modeshapes of the FFFF
plate are also presented.

3.1. TT beam

Figure 2 shows the frequency expression of the above elastically end sup-
ported beam vs. the frequency parameter, for a large range of the translational
spring constant KT . The frequency expression characteristic starts from zero ir-
respective of the spring constant KT . The slope of the characteristics is also zero
for all KT at βL = 0. However, the curvature of the characteristics is positive
for all KT > 0 at βL = 0. The characteristic rises from βL = 0 and descends to
the X-axis to give the frequency parameter for the rotational rigid-body mode,
for KT < ∞. The next band-width of frequency parameters is 4.73 < βL < 2π
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Fig. 2. Frequency expression of a beam with translational edge support at both ends (TT
beam) vs. frequency parameter.

starting with the first flexural mode of the FF beam and approaching the second
flexural mode of the SS beam.

Figure 3 shows the frequency parameters of an Euler-Bernoulli beam with
both ends non-classically supported by equal translational restraints, vs. the

Fig. 3. TT Beam frequency parameter as a function of translational end spring constants.
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translational spring constant KT . The trivial solution βL = 0 is valid for all va-
lues of KT . There is a transition from the free-free beam to the simply-supported
beam behaviour at a particular zone of KT ; but the zone is different for different
modes. The transition zone shifts to a higher magnitude of KT for the higher-
order modes. When KT ≈ 0, there are two coincident rigid-body frequency
parameters βL = 0. As KT > 0, this characteristic bifurcates into two, one re-
maining at βL = 0, leading to the translational rigid-body mode, while the other
reaching βL ≤ π, switching from the rotational rigid-body mode to the first
flexural mode at βL = π.

The rigid-body frequency parameters precipitate from the frequency equa-
tion, but the prominence of the rigid-body modes depend on KT . The larger the
spring constant, the feebler is the rigid-body mode contribution to the vibration.
As KT → ∞, the rigid-body modeshapes vanish. As KT → 0, the rigid-body
modeshape become prominent. This prominence cannot be known from the fre-
quency equation alone. They must be known from the solution set of the four
boundary conditions, i.e. the coefficients of Eq. (2.3).

Table 1 shows the coefficients of the waveforms of the rigid-body modeshapes
of the TT beam. Since the frequency parameter of the translational modeshape
is zero, the values of T2 and T4 are irrelevant in the final modeshape, and the
values of T1 and T3 simply sum up to give the amplitude of the translational
mode. As the edge spring constant KT increases, the total amplitude of the

Table 1. Coefficients of waveforms of translational and rotational rigid-body modeshape
of TT beam.

log10 (KT ) T1 T2 T3 T4 T1+T3 R1 R2 R3 R4

−6 −1.0000 0.0000 0.0000 0.0000 1.0000 0.0175 −0.7067 0.0175 −0.7070

−5 −1.0000 0.0000 0.0000 0.0000 1.0000 0.0311 −0.7060 0.0311 −0.7069

−4 −1.0000 0.0000 0.0001 −0.0001 0.9999 0.0552 −0.7035 0.0552 −0.7064

−3 −1.0000 0.0000 0.0010 −0.0010 0.9990 0.0975 −0.6958 0.0975 −0.7049

−2 0.9999 0.0000 −0.0098 0.0098 0.9901 0.1698 −0.6723 0.1698 −0.7003

−1 0.9929 0.0000 −0.0838 0.0838 0.9091 0.2845 −0.6043 0.2845 −0.6877

0 0.8629 0.0000 −0.3574 0.3574 0.5054 0.4323 −0.4351 0.4323 −0.6610

1 0.6421 0.0000 −0.5421 0.5421 0.1000 0.5486 −0.1041 0.5486 −0.6222

transition

2 0.5849 0.0000 −0.5735 0.5735 0.0114 0.1300 0.9761 0.1300 −0.1161

3 0.5781 0.0000 −0.5770 0.5770 0.0012 0.0153 0.9997 0.0153 −0.0140

4 0.5774 0.0000 −0.5773 0.5773 0.0001 0.0015 1.0000 0.0015 −0.0014

5 0.5774 0.0000 −0.5773 0.5773 0.0000 0.0002 1.0000 0.0002 −0.0001

6 0.5774 0.0000 −0.5773 0.5773 0.0000 0.0000 1.0000 0.0000 0.0000
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modeshape T1 + T3 reduces to zero. This decreasing prominence of the rigid-
body mode again seen in the coefficients of the rotational rigid-body mode of
the TT beam. At very low edge spring constants, the modeshape will be anti-
symmetric about the midpoint of the beam (a node is present roughly at the
midpoint); and large deflection at the ends; while at very high spring constants,
the modeshape will be symmetric about the midpoint (approaching the first
flexural mode of the SS beam) with little or no deflection at the ends.

1. At low KT , when the rigid-body rotational mode should be prominent,
the cosine and hyperbolic cosine shapes cancel out each other, and hence
their coefficients R1 and R3 are equal. The sine and hyperbolic sine shapes
reinforce each other, and hence their coefficients R2 and R4 are also equal,
leading to the straight line shape of the rigid-body mode. The node at
x = L

2 is assured by the non-zero sum of the cosine and hyperbolic cosine
shape, for KT ≤ 10−7. Increasing the KT (and hence the wave number)
leads to the node shifting away from x = L

2 for non-classical edges.
2. As KT increases, the wavelengths of the vibration modeshapes decrease

with increasing elastic support at the edges. The hyperbolic functions tend
to bring in more asymmetry in the modeshape, and hence to avoid that,
their coefficients R3 and R4 reduce to zero with increasing spring constant.
As KT → ∞, both the ends tend to get more and more fixed, which
is a shape satisfied only by the sine waveform function, and hence R2

remains, with the other coefficients going to zero.
The study of the waveform coefficients G1, G2, G3, G4 normalized by G2

(which is the coefficient of the sinusoidal waveform) from Eq. (2.6) gives the ex-
act frequency parameter and spring constant, at which one or more of the other
coefficients vanish(es), thereby demarcating the transition point. At log10(KT ) =
1.389 with βL = 2.75, where the two waveform coefficients G1, G3 are unde-
fined; the modeshape behaviour switches from the rigid-body mode to the flexu-
ral mode. The node at x = L/2 suddenly vanishes off, and an antinode appears
there. This sudden change requires a sudden “jump” in the anti-symmetric wave-
form coefficients, i.e. the cosine function. Figure 4 shows the TT beam mode-
shape associated with the first non-trivial frequency parameter, corresponding
to the dashed-line characteristic in Fig. 3.

3.2. ST beam

Figure 5 shows the frequency expression of the above elastically end sup-
ported beam vs. the frequency parameter, for a large range of the translational
spring constant KT . The frequency expression characteristic starts from zero ir-
respective of the spring constant KT The slope of the characteristics is also zero
for all KT at βL = 0. However, the curvature of the characteristics is positive
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Fig. 4. Modeshape associated with the 2nd frequency parameter of TT beam: transition from
rotational rigid-body modeshape of FF beam to first flexural modeshape SS beam.

Fig. 5. Frequency expression of a beam with translational edge support at one end (ST beam)
vs. frequency parameter.
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for all KT at βL = 0. The characteristic rises from βL = 0 and descends to
the X-axis to give the frequency parameter for the rotational rigid-body mode,
for KT < ∞. The next band-width of frequency parameters is 3.92 < βL < 2π
starting with the first flexural mode of the SF beam and approaching the second
flexural mode of the SS beam.

Figure 6 shows the frequency parameters of an Euler-Bernoulli beam with
one end non-classically supported by translational restraints and the other end
hinged; vs. the translational spring constant KT . The trivial solution βL = 0
is valid for all values of KT . The rigid body mode will exist for all KT < ∞.
There is a transition from the hinged-free beam to the simply-supported beam
behaviour at a particular zone of KT . The transition zone shifts to higher KT

for the higher-order modes. When KT ≈ 0, there is the rotational rigid-body
frequency parameter βL = 0. As KT > 0, this characteristic approaches the first
flexural mode of an SS beam, for βL ≤ π. Table 2 shows the coefficients of the
waveforms of the rigid-body modeshapes of the ST beam. Since the displacement
at the left end zero, and thus the cosine and hyperbolic cosine terms should not
contribute. Thus, their coefficients R1 and R3 are always zero.
• At low KT , when the rigid-body mode is prominent, the sine and the

hyperbolic sine functions contribute to the straight-line modeshape, with
a very small wave number and hence a very large wavelength.

Fig. 6. ST Beam frequency parameter as a function of translational end spring constants.
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• As KT increases, and the beam tend to behave like a simply-supported
beam, the shape approaches a sinusoidal form, thereby manifesting with
a large R2. The contribution of the hyperbolic sine, i.e., R4 steadily de-
creases, since the right end of the beam gets more and more constrained
against translation. As KT → ∞, both the ends tend to get more and
more fixed, which is a shape satisfied only by the sine waveform function,
and hence R2 remains, with the other coefficients going to zero.
• In the range 100 < KT < 101, the rigid-body mode switches gradually to

the flexural (sine) modeshape.

Table 2. Waveform coefficients of rigid-body mode (ST beam).

log10 (KT ) R1 R2 R3 R4

−6 0.00000 0.70731 0.00000 0.70690

−5 0.00000 0.99999 0.00000 0.00548

−4 0.00000 0.99985 0.00000 0.01732

−3 0.00000 0.99850 0.00000 0.05469

−2 0.00000 0.98535 0.00000 0.17054

−1 0.00000 0.87860 0.00000 0.47756

0 0.48687 0.69079 0.48687 0.22073

transition

1 −0.17236 −0.96464 −0.17236 0.10027

2 0.00000 −0.99988 0.00000 −0.01538

3 0.00000 −1.00000 0.00000 −0.00136

4 0.00000 −1.00000 0.00000 −0.00013

5 0.00000 −1.00000 0.00000 −0.00001

6 0.00000 −1.00000 0.00000 0.00000

The study of the waveform coefficients G1, G2, G3, G4 normalized by G2

(which is the coefficient of the sinusoidal waveform) from Eqs. (2.10) gives the
exact frequency parameter and spring constant. For the ST beam, at roughly
around log10(KT ) = 0.325 and correspondingly, βL = π

2 , the modeshape be-
haviour gradually transits from the rigid-body mode to the flexural mode. Since
there is nowhere that the waveform coefficients become undefined, there is
no “sudden” switch in the behaviour, unlike a TT beam. The competing be-
haviour of the sine and the hyperbolic sine functions at higher frequency pa-
rameters slowly brings in a non-negligible curvature in the modeshape. Figure 7
shows the ST beam modeshape associated with the first non-trivial frequency
parameter, corresponding to the rotational rigid-body mode characteristics in
Fig. 6.
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Fig. 7. Modeshape associated with the 1st frequency parameter of ST beam.

3.3. Kirchhoff’s plate vibration

Figure 8 shows the first four (4) frequency parameters of a square plate
with all four edges constrained against translation, vs. the translational spring
constant. As the spring constant increases, the characteristics asymptote to the

Fig. 8. Square TTTT Plate: frequency parameter as a function of translational end spring
constants.
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corresponding frequencies of a SSSS plate. Figure 9 shows the first four (4)
frequency parameters of a square plate with three edges constrained against
translation and one edge simply-supported (SFFF), vs. the translational spring
constant. As the spring constant increases, the characteristics asymptote to the
corresponding frequencies of a SSSS plate. The trivial frequency corresponds to
the domination of the translational rigid-body mode of the FF beam and the
rotational rigid-body mode from the SF beam. The second frequency (6.648)
corresponds to the translational rigid-body mode of the FF beam and the first
flexural mode from the SF beam. The third frequency (15.023) corresponds to
the rotational rigid-body mode of the FF beam and the rotational rigid-body
mode from the SF beam. The fourth frequency (25.492) corresponds to the
rotational rigid-body mode of the FF beam and the first flexural mode from the
SF beam. All the three non-trivial frequencies at KT = 10−7 have been verified
with Leissa [12].

Fig. 9. Square STTT Plate: frequency parameter as a function of translational end spring
constants.

It is interesting to note that the FF beam and a CC beam have the same
flexural frequency parameters. Thus a CCCC plate and a FFFF plate must
also have the same non-D frequencies, starting with 35.99 [12]. However, the
presence of the beam-wise rigid-body modes from either direction causes the
manifestation of the lower frequencies of the FFFF plate, as seen in Table 3,
verified with Leissa [12], who had reported only the first six (6) frequencies.

Here we report a few more higher-frequencies. The rigid-body modes have no
strain potential energy since there is no curvature. The TTTT plate has three (3)
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trivial frequencies, associated with its rigid-body modes, i.e. translation and
rotation about its two planar axes. Theoretically, these frequencies should be
zero as KT = 0; however, since we use KT = 10−7, we get a slight non-zero value
of the trivial frequency due to the potential energy stored in the spring. The
value 0.0002 corresponds to the dominance of the translational rigid-body beam
modeshape from either side. The value 0.00028 corresponds to the domination
of the product of the translational rigid-body beam modeshape from one side
and the rotational rigid-body beam modeshape from the other side. As the
spring constant is increased, the trivial frequency characteristic of a TTTT plate
bifurcates to the first natural frequency of the SSSS plate, i.e. 19.74, and the
second/third natural frequency, i.e. 49.35, which is repeated frequency. From
the 4th frequency onwards, there is a flexural beam-mode contribution from at
least one side of the plate. Here, the Rayleigh-Ritz method uses 6×6 beam modes
from either side as admissible functions, and the output frequencies converge to
those given by Leissa [12]. The transition from the FFFF behaviour to the SSSS
plate frequencies occurs at 101 < KT < 102, similar to the TT beam frequency
characteristics in Fig. 3.

Table 4 shows the frequency convergence study of the SFFF plate, which
has one rigid-body mode (rotational about the S-edge), with a trivial frequency.
Here again, the Rayleigh-Ritz method uses 6× 6 beam modes from either side
as admissible functions, and the output frequencies converge to those given by
Leissa [12]. Table 5 shows the frequency convergence of a SSFF plate, which
does not have any trivial frequency. The first frequency is due to a combination of
the rotational rigid-body SF beam modes from either direction. The second and
the third frequencies are also nominal in magnitude, since there is a rotational-
rigid-body SF beam mode contribution from one side. From the fourth frequency
onwards, there are flexural contributions from either side dominating, causing
the plate frequency to increase. They compare well with Leissa [12], and Dick-
inson, Blasio [7].

Table 6 shows the frequency convergence of the other boundary conditions
possible through the elastically supported edges, i.e. SFSF, SSSF, and SSSS.
For the SFSF plate, the first frequency has the product of the first SS beam
flexural mode and the FF beam translational rigid-body mode dominating. The
second frequency has the first SS beam flexural mode combined with the FF
beam rotational rigid-body mode dominating. Thus, these two frequencies are
again nominal in magnitude. Then onwards, the flexural modes from either
direction start gaining prominence, and hence, the plate frequency increases.
For the SSSF plate, the first frequency has the product of the first SS beam
flexural mode and the SF beam rotational rigid-body mode dominating. From
then onwards, there is flexure dominating from either side, leading to higher
frequencies. They compare well with Leissa [12] and Mizusawa [16].
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Table 7 shows the contours of the modeshapes of a square FFFF plate,
generated from the eigen vector. The first three modeshapes show no flexure
in their contours, suggesting zero natural frequencies. The mode 1 shows the
strong participation of rotational rigid-body modes from either direction. The
mode 2, mode 3, mode 4, mode 5, mode 7, mode 8, mode 9, mode 10, mode 11,
mode 13, mode 17, mode 22, mode 23 and mode 24 show the participation of
rigid-body mode from one direction. The mode 6, mode 14, mode 15, mode 20,
mode 21, mode 25, mode 26 and mode 27 show the flexural modes from either
direction. The modeshapes obtained from present rigid-body modes and coupled
with beam functions in the Rayleigh-Ritz method. The results obtained are well
matched with experimental work by Ma and Huang [15] and Chen et al. [5].
These modeshapes need the rigid-body beam-wise modal participation in order
to manifest. Physically mode 12, mode 16 and mode 19 appear on the plate
experimentally. However, mathematically eigenvector is insufficient to replicate

Table 8. Study of FFFF plate modeshapes through eigen vector.

34.995 61.420
Eigen vector Eigen vector

0 0 0 0.01 0 0 0 0 0 0.08 0 0

0 0 −0.80 0 0.02 0 0 0 1 0 −0.5 0

0 1 0 0.001 0 0 0 −0.70 0 0 0 0

0 0 −0.01 0 0 0 −0.125 0 0 0 0 0

0 −0.025 0 0 0 0 0 0.357 0 0.002 0 0

0 0 0 0 0 0 0 0 0 0 0 0

305.178
Eigen vector

0 0 0 0 0 0
0 −1 0 0.098 0 −0.47
0 0 0 0 0 0
0 0.098 0 −0.018 0 0.08
0 0 0 0 0 0
0 −0.47 0 0.083 0 0.029



52 Y. VERMA, N. DATTA

Fig. 10. TTTT square plate modeshapes for different values of KT .
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these modeshapes. The participation of these rigid-body modes in FFFF plate
is crucial in determining the plate modeshapes and the plate natural frequency
correctly.

Table 8 demonstrates the important of rigid-body modes in FFFF plate. The
study is done through eigen vector analysis, the frequency parameters of mode 4,
mode 9 and mode 24 are found to be 34.995, 61.420 and 305.178. However, there
eigen vector is tabulated in Table 8. in all three modeshapes there is a strong
participation of rotational rigid-body mode from one side which is clearly seen
in eigen vector table. In FFFF plate the rigid-body modes play an important
role in determining the exact shape of the plate at particular frequency.

Figure 10 shows the modeshapes for different value of KT by simultaneously
varying all the four edges of TTTT square plate. For a lower value of KT (e.g.,
KT = 2). The results obtained is verified with Saha et al. [21] for lower value
of KT (e.g., KT = 2). The first six modes show the participation of rigid- body
modes. However, the first row shows the participation of rigid body modes from
both the directions (e.g., (1, 1), (1, 2), (2, 1)). The second row shows the partic-
ipation of rigid mode from one direction and flexural mode from other direction
(e.g., (3, 1), (1, 3)). The second row also shows the strong participation of rota-
tional mode from both directions (e.g., (2, 2)). Moreover, some of the transition
modes are also shown in row three and row four for higher translational spring
constants (KT = 1e2, 1e3). For a relatively higher value of (KT = 1e4), the plate
behaves like simply supported which is clearly seen in row five.

3.4. Comparison of present rigid body modes with Monterrubio,
Ilanko [17] and Li [13, 14]: in the Rayleigh-Ritz method

3.4.1. Set of a complete admissible functions. The following sets of complete
admissible functions are used in present paper:
• translational mode:

(3.1)1 φ1(x) = 0.5 cosβTx+ 0.5 coshβTx,

• rotational mode

(3.1)2 φ2(x) = 0.5 cosβRx−
1

βRL
sinβRx+ 0.5 coshβRx−

1

βRL
sinhβRx.

The value for βT = 0, βR = 0.01 (any value less than or equal to βR ≤ 10−2).
• lowest order polynomial:

(3.1)3 φ3(x) =
(x
L

)2
,
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• same cosine function used by Monterrubio, Ilanko [17] and Li [13, 14]:

(3.1)4 φi = cos

(
i− 3

L

)
πx, (i = 4, 5, 6, 7, . . . , n) .

Figure 11 shows the first five mode shapes of present set. The first and second
functions are exact modes of the free-free beam. However, these functions satisfy
the natural boundary condition of the zero bending moment and shear force.
Moreover, these mode shapes have zero curvature which is illustrated above
clearly. The third function is a simple polynomial

(
x
L

)2 of degree 2 which rep-
resent the constant curvature. From, the fourth function onwards, it is a cosine
series, which is an exact mode of a GG (sliding-sliding/guided-guided) beam.
The proof of convergence of this cosine function is demonstrated by Monter-
rubio and Ilanko [17]. Furthermore, the effects of these trial functions on the
geometric boundary conditions of the beam are as follows:

(i) φi(0) 6= 0 This action is satisfied by Eqs. (3.1)1, (3.1)2 and (3.1)4.
(ii) φi(L) 6= 0 This action is satisfied by all the functions (3.1)1–(3.1)4.

(iii) ∂φi
∂x

⌋
x=0
6= 0 This action is satisfied by Eqs. (3.1)2.

(iv) ∂φi
∂x

⌋
x=L
6= 0 This action is satisfied by Eqs. (3.1)2 and (3.1)3.

Fig. 11. First five modeshapes of present admissible functions.

The above action shows that a suggested trial function is a complete set,
with non-zero slope and displacement. Therefore, these sets are able to form the
deflection of the FF beam. The combination of these functions models the com-
plete set of admissible functions for unconstrained structure (free-free beam).
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Budiansky and Hu [4] stated that, it is sufficient to satisfy the geometric
boundary conditions as a whole set of admissible functions rather than to sa-
tisfy geometric boundary conditions individually for each function. Moreover,
for other constrained structure geometric boundary conditions are imposed by
rotational and translational restrained at both ends of the beam.

3.4.2. Difference between Monterrubio, Ilanko [17] and this paper. The
main difference between approach of Monterrubio and Ilanko [17] and this
paper are as follows:

a) The present approach has been used the exact translational and rota-
tional modeshapes derived mathematically from the Taylors series expan-
sion. Additionally, these modeshapes are orthogonal with respect to other
functions. By the relationship mentioned by Szilard [18].

beam spanˆ

0

cos
iπx

L
cos

jπx

L
dx =


0 for i 6= j

beam span
2

for i = j

.
b) Mukhopadhyay [18] stated that the importance of orthogonality in choos-

ing the admissible functions is that the magnitude of non-diagonal terms
in the stiffness and mass matrices should be small.

c) Tables 9 and 10 present the comparison of mass and stiffness matrices
for unconstrained structure. Therefore, the first three set of admissible
functions are considered in the RRM and compared with Monterrubio,
Ilanko [17]. However, the matrices from present set of admissible func-
tions are more sparse than presented by Monterrubio and Ilanko [17],
this is highlighted in Tables 9 and 10. This is because; the first two admis-
sible functions of present set are exact translational and rotational beam
modeshapes which is derived from the Taylors series expansion. Further-
more, some of the functions are orthogonal with respect to other function
(i.e. cosine function), which leads to the more zeros in the off-diagonal
positions and strong diagonally dominant matrices.

d) The main advantage of the orthogonal functions is that the fewer num-
ber of functions is sufficient for fast convergence in the RRM, without
producing any round-off error in the solution.

e) The third admissible function onwards, the simple polynomial and cosine
function are considered in order to complete the set of admissible functions;
as considered by Monterrubio and Ilanko [17]. The cosine function is
also orthogonal by the relationship mentioned by Szilard [23].

Table 11 shows the first six frequency parameters for FFFF plate. However,
the RRM is utilised to calculate the frequency parameters with present set of ad-
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missible functions. The results obtained are well matched with Monterrubio,
Illanko [17]. Only 25 functions in both directions are sufficient for the conver-
gence. The results are accurate up to four places of decimal without producing
any numerical instability.

Table 9. Comparison of mass matrix for unconstrained structure.

Monterrubio and Ilanko [17]

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 4 0 0 2 1.2 0.6 1.7

0 0 0 0 0 0 0 0 0

0 0 0 0 1.4 1.4 0 1.4 1.4

0 0 2 0 1.4 3.2 0.6 1.7 3.0

0 0 1.2 0 0 0.6 4 2 1.7

0 0 0.6 0 1.4 1.7 2 3.2 3.0

0 0 1.7 0 1.4 3.0 1.7 3.0 4.3

Present method

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 4 0 0 0 1.2 0 1.7

0 0 0 0 0 0 0 0 0

0 0 0 0 22.4 −11.2 0 −11.2 5.6

0 0 0 0 −11.2 8.8 0 5.6 −4.4

0 0 1.2 0 0 0 4 0 1.7

0 0 0 0 −11.2 5.6 0 8.8 −4.4

0 0 1.7 0 5.6 −4.4 1.7 −4.4 4.3

Table 10. Comparison of stiffness matrix for unconstrained structure.

Monterrubio and Ilanko [17]

1 0.5 0.33 0.5 0.25 0.166 0.33 0.166 0.11

0.5 0.33 0.25 0.25 0.166 0.125 0.166 0.11 0.083

0.33 0.25 0.2 0.166 0.125 0.1 0.11 0.083 0.066

0.5 0.25 0.16 0.33 0.166 0.11 0.25 0.125 0.083

0.25 0.166 0.12 0.166 0.11 0.083 0.12 0.083 0.062

0.16 0.125 0.1 0.11 0.083 0.066 0.083 0.062 0.05

0.33 0.166 0.11 0.25 0.125 0.083 0.2 0.1 0.066

0.16 0.11 0.083 0.125 0.083 0.0625 0.1 0.066 0.05

0.11 0.083 0.066 0.083 0.062 0.05 0.066 0.05 0.04
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Table 10. [Cont.].

Present method

1 0 0.33 0 0 0 0.33 0 0.11

0 0.33 −0.166 0 0 0 0 0.11 −0.055

0.33 −0.166 0.2 0 0 0 0.11 −0.055 0.066

0 0 0 0.33 0 0.11 −0.166 0 −0.055

0 0 0 0 0.11 −0.055 0 −0.055 0.027

0 0 0 0.11 −0.055 0.066 −0.055 0.027 −0.033

0.33 0 0.11 −0.166 0 −0.055 0.2 0 0.066

0 0.11 −0.055 0 −0.055 0.0277 0 0.066 −0.033

0.11 0.055 0.066 −0.055 0.027 −0.033 0.066 −0.033 0.04

Table 11. Convergence studies of
(
Ω2 = ρhω2a4

D

)
, for completely unconstrained (FFFF) plate.

# of terms 1 2 3 4 5 6

15× 15 13.469 19.596 24.2705 34.805 34.805 61.095

20× 20 13.468 19.596 34.270 34.802 34.802 61.094

25× 25 13.468 19.596 24.270 34.801 34.801 61.093

(40× 40)c (13.468)b (19.596)b (24.270)b (34.801)b (34.801)b (61.093)b

c Refers to the results taken from Monterrubio and Ilanko [17].

4. Conclusions

The study of free vibration of plates with free edges has been presented, us-
ing closed-form expression of the beam-wise orthogonal rigid-body modeshapes,
which participate in the plate vibration. The presence and prominence of the
rigid-body modes, over a wide range of translational edge spring stiffness, is
difficult to comprehend. This has indirectly been done in this work by modeling
the beam with translational edge restraints, and establishing the corresponding
frequency parameters, wave numbers, and waveform coefficients. Extreme values
of the spring constant lead to the classical edges.

Mathematically generated closed-form modeshapes for translational and ro-
tational rigid body modes of the corresponding classical beams, i.e. FF and SF
beams, are presented and compared with translationally restrained beam mode-
shapes. The rigid-body beam modes have a non-negligible contribution into the
plate frequency, though they themselves have zero frequency. The presence of
rigid-body beam modeshapes causes a few trivial plate natural frequencies to
exist, and along with a few of nominal magnitudes. Their accuracy in terms
of zero curvature, orthogonality and boundary conditions cannot be compro-
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mised on. This necessitates a mathematical attempt to establish the classical
free-free and hinged-free rigid-body modeshapes. The frequency equation of the
beam precipitates the trivial and non-trivial frequency parameters, leading to
the corresponding waveform coefficients and thus, modeshapes. For the beam
with both ends translationally supported (TT beam), the rotational rigid-body
mode jumps to the flexural mode with increasing spring constant. This tells
the unpredictable nature of FF beam/FFFF plate frequencies, especially in the
range of non-D edge spring constant 101 < KT < 102. However, a smooth
transition is noticed for the ST beam.

Closed-form modes are seen to give accurate results of the plate natural
frequencies when used in the Rayleigh-Ritz method. The accuracy is consistently
maintained for plates with all possible combinations/permutations of free and
simply-supported edges. The mathematical modeshapes of the classical FF and
SF beams participate in the Rayleigh-Ritz method to generate the same plate
natural frequency when we use the rigid-body modeshapes generated through
the non-classical edges and then the spring constant is assumed to be very small
KT < 10−7. This self-verification proves the efficacy of the closed-form classical
rigid-body beam modeshapes suggested uniquely in this work. The methodology
of generating closed-form classical rigid-body modes can be made applicable
in more complex structures with one or more free edges, e.g. structures with
taper, intermediate supports, axial loads, etc. The frequencies of non-classically
supported plates can be known directly from these results.

We have proposed to use the closed-form expression of beam-wise orthogonal
rigid-body mode shapes that can account for the translational vibration charac-
teristics of the plate with free edges. Comprehensive numerical examples have
been given to demonstrate the effectiveness of the proposed method by compar-
ing numerical results to those in literature. The current method may provide
a new alternative to treat Kirchhoff plates with free edges, which are known for
their notoriety in vibration analysis, both numerically and experimentally.
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