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Solving a creep crack growth problem using the CAFE methodology encounters the prob-
lems typical of other local methods. This article presents a nonlocal grid method applied in
order to regularize these problems. The subject of the analysis is a rectangular plate with a cen-
tral hole and an internal crack. The results obtained for different mesh sizes have subsequently
been compared.
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1. Mesh-dependence of the local approach

The problem of crack growth in creep condition has been found to be a very
promising application in continuum damage mechanics (CDM). By introducing
a damage parameter as a new state variable, it is possible to define the damage
zone as a region with the damage parameter equal to its critical value. This
damage zone may, in some circumstances, be treated as a model of crack, and
its spreading as a crack growth. Using typical Kachanov-Rabotnov equations
for modeling damage development, a reasonable solution of complex problems
related to fracture initiation and propagation may be obtained (e.g., [1]).
However, such an approach known as local approach to fracture encounters

many problems. These problems are related to the Kachanov-Rabotnov equa-
tions themselves and the application of the finite element method (FEM) to
solve them. The Kachanov equation:

(1.1)
dω

dt
� C

σmp1� ωqm ,
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where ω – damage parameter, σ – stress, and C, m – material constants, in-
troduces the rate of damage tending to infinity for the damage parameter ap-
proaching its critical value of 1. Therefore, this makes the crack width to be
zero.
In the FEM solution, which is mesh dependent, the crack width is always of

the minimum element size, and unlimited stress redistribution leads to strong
strain localization (see also [2]). Not only size, but also type and shape of the
elements are essential, as the path of crack development depends on them (see
also [3]).
Additional consequence is related to the time-to-failure dependence. Several

stages may be distinguished in the creep damage process. The first stage ends
at time t1, which is defined as the time when the first macroscopic damage oc-
curs. In the creep crack growth problem, this time is identical to the time when
the crack starts. In numerical analysis, this time is approximated by the time
of achieving the critical value of the damage parameter at the first integration
point. The second stage ends at time t2, with the occurrence of the character-
istic cross-section failure. In the crack growth problem, this is equivalent to the
moment when the crack reaches its critical length.
The time-to-failure analysis is also affected by mesh dependence. According

toMurakami [4], time t1 changes with the element size due to stress singularity
at the crack tip, following the rule presented below:

(1.2) t19p∆eqm{pn�1q ,
where ∆e – element size, n – creep index, m – index in the damage development
equation (1.1). Due to stress redistribution, which occurs in the creep defor-
mation process and which reduces stress singularity at the crack tip, time t2 is
much less mesh dependent than t1.

2. Methods of regularization, nonlocal damage theory

There are several known methods of mesh-dependency regularization (see,
e.g., [4, 5]). One of the simplest methods is limiting the mesh size, where it is
treated as a material parameter. The development of this method has led to the
formulation of the nonlocal approach to fracture, in which the solution does not
depend exclusively on the values of state variables at the local point, but also
on its neighborhood. The grid method developed in, e.g., [6–8] is an example of
this approach.
The size of the grid is closely related to the material in question. Hall and

Hayhurst [6] suggested that the most important material parameter for brittle
fractures in polycrystalline metals is the grain size, and the size of the grid should
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be equal to six diameters of the grain. On the other hand, Bilby et al. [7] –
for ductile fractures – determined the grid size according to the spacing of the
most significant second phase particles, as these particles are responsible for
the initiation of ductile cracks. The variables responsible for damage growth
are averaged inside the cells of this grid and the nonlocal damage is calculated
on the basis of these averaged values. The damage parameter is subsequently
spread over the relevant integration points. Such a grid is called material grid
here, to distinguish it from the finite element (FE) and other grids.

3. Nonlocal approach to CAFE methodology

3.1. CAFE model of damage development

The cellular automata (CA) model developed by the author and presented
in [9] does not use the Kachanov equation (1.1) for damage growth. Instead,
it applies the discrete CA rule to it, modeling non-uniform, random material
behavior. The randomness of the model is related mainly to the grain structure
of the material simulated by a probabilistic CA rule. Two types of damage
development mechanisms are modeled: by deformation and by diffusion. The
first mechanism is responsible for the development of intragranular microvoids
and the other one for the development of intergranular microcracks.
Some of the problems related to infinite increase of damage rate are irrelevant

in this model, as the rate of damage does not tend to infinity for the damage
parameter close to its critical value. However, there are other problems resulting
from stress redistribution and damage localization, which are similar to those
characteristic of other local methods. Additionally, the randomness incorporated
in the CA model makes the solution ambiguous and this, in turn, affects the
analysis of the solution convergence, making it more difficult.
The CA methodology is strictly connected with the finite element grid, as

separate CA processes are run at every integration point. The output from CA is
the damage value parameter, which is used in a constitutive equation solved by
the FEM. The resulting strain, in turn, constitutes an input for the CA process.
Both CA and FE jointly contribute to the CAFE model (see also [10, 11]). The
size of finite element, related to the size of representative volume element (RVE),
is treated as a material characteristic.

3.2. Nonlocal approach

Following the nonlocal approach methodology, the present model separates
the finite element grid from the material grid, which is a new element in the
author’s research in comparison to his earlier works. The size of the material
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grid cell is still related to the size of RVE, but the FE grid can be refined for
better approximation of strain and stress fields.
The strain, which provides input for the CA process, is now calculated as an

average value over the volume of material grid cell, according to the following
equation (see also [8]):

(3.1) εkl � 1

Vcell

ņ

i�1

wi∆Viεkl,

where Vcell � n°
i�1

wi∆Vi, εkl – strain tensor elements, n – number of integra-

tion points within a material grid cell, i – index of such point, ∆Vi – volume
associated with integration point, and wi – weighting function. The strain af-
fects the CA model in two ways: first, by deformation of CA cells reflecting the
overall RVE deformation and, second, by controlling the void volume fraction
parameter (see also [13]):

(3.2) fv � fv0 � p1� fv0qHεγ ,

where fv – current void volume fraction, fv0 – initial void volume fraction, ε –
total linear strain in tension direction, and H, γ – material parameters. A more
detailed description of the CA model can be found in [9].
The damage value obtained in the CA process is then spread over the inte-

gration points of the finite element mesh connected with a given material grid
cell.
Subsequently, the boundary value problem is solved by the FEM. The model

by Chrzanowski [12] was used here with the purpose of accommodating pri-
mary, secondary and tertiary creep, since it couples the damage parameter with
the hardening theory:

(3.3) 9εcij � 3

2
Bc

σnc�1

effp1� ωqnpεc
eff
q2 sij,

where εcij – tensor of creep strain, ε
c
eff
– effective creep strain, σeff – Huber-von

Mises effective stress, sij – stress deviator, Bc, nc – material constants.

4. Simulations and results

The efficiency of the applied regularization method has been examined on
a rectangular copper plate with a circular hole in the center. As the model can
be applied both to undamaged and originally damaged structures, two samples
were considered: one with and one without the initial crack (see Fig. 1). The
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Fig. 1. Dimensions of the examined sample
(in mm) and the applied loading.

initial crack lengths were assumed to be 0.5 and 1.5 mm. The plate was subjected
to uniaxial tension of 50 MPa at temperature 723 K, equivalent to 0.54 Tm (Tm

– melting point).
The material parameters used in the simulation were as follows: elastic pa-

rameters – E � 82.7 GPa, ν � 0.33, creep deformation parameters (Eq. (3.3))
– Bc � 5.6E–22 (MPa)�ns�1, nc � 9.76, void volume development parameters
(Eq. (3.2)) – fv0 � 0.005, H � 0.782, and γ � 1.869. The CA damage model
parameters were calibrated by experimental results on copper with mean grain
size of 30 µm (see also [9]).
Due to the double symmetry of the plate, the simulations were performed

only in one of its quarters. Three different finite element meshes were examined.
They were characterized by the size of the element along the central line ∆e �
0.1, 0.25 or 0.5 mm (see Fig. 2).

Fig. 2. Fragment of the finite element mesh for minimum element size ∆e � 0.1 mm.
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The material grid was kept constant and its size was 1 mm. It is too large
in comparison with the mean grain size of the modeled material, but the main
goal of this study is to verify the correctness and efficiency of the proposed
method, rather than the accuracy of the solution. The weighting parameter wi

in Eq. (3.1) was equal to 1 for all integration points.
The dependencies of times t1 on the mesh size obtained in the simulations

were compared, and the results are shown in Fig. 3. For the local damage model,
Eq. (1.2) is valid. For the material data used in the simulation, the exponent
in this equation is about 0.6. In nonlocal simulations, as may be seen in Fig. 3,
this value is one order of magnitude smaller, which indicates that the solution
is much less mesh dependent.

Fig. 3. Time to the occurrence of the first damage t1, dependent on the minimum
element size.

Moreover, analysis of the crack initiation locus and the directions of its de-
velopment show that the nonlocal method regularizes the solution, and the use
of a more dense mesh enhances its accuracy.

5. Conclusions

The presented results show that the nonlocal approach may be successfully
applied not only to the standard FEM, but also to a nonstandard one. The
separation of the finite element mesh from the material grid enables improv-
ing the CAFE method. The size of the finite element cell is determined by the
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required model accuracy, and the size of the material cell may be treated as
a material property. This enables description of the processes of crack initia-
tion and propagation, taking into account the polycrystalline material struc-
ture.
One of the aims of the CA model of damage development was to introduce

the material inhomogeneity into the examined specimen. In such situation, the
ambiguity of the model response may be seen as having two different sources:
the first related to the intended model randomness and the second – resulting
from the mesh and finite element dependency. The nonlocal approach enables
elimination of spurious solutions and examination of the influence of the initial
material inhomogeneity on the process of creep crack growth.

References

1. Bodnar A., Chrzanowski M., Nowak K., Brittle failure lines in creeping plates,
International Journal of Pressure Vessels and Piping, 66(1–3): 253–261, 1996, doi:
10.1016/0308-0161(95)00100-X.

2. Murakami S., Liu Y., Mesh-dependence in local approach to creep fracture, International
Journal of Damage Mechanics, 4(3): 230–250, 1995, doi: 10.1177/105678959500400303.

3. Hayhurst D.R., Brown P.R., Morrison C.J., The role of continuum damage in creep
crack growth, Philosophical Transactions of the Royal Society of London. Series A: Math-
ematical and Physical, 311(1516): 131–158, 1984, doi: 10.1098/rsta.1984.0022.

4. Murakami S., Continuum damage mechanics: a continuum mechanics approach to the
analysis of damage and fracture, Springer, Dordrecht –Heidelberg – London –New York,
2012.

5. Besson J., Continuum models of ductile fracture: a review, International Journal of Dam-
age Mechanics, 19(1): 3–52, 2010, doi: 10.1177/1056789509103482.

6. Hall F.R., Hayhurst D.R., Modelling of grain size effects in creep crack growth
using a non-local continuum damage approach, Proceedings of the Royal Society
A: Mathematical, Physical & Engineering Sciences, 433(1888): 405–421, 1991, doi:
10.1098/rspa.1991.0055.

7. Bilby B.A., Howard I.C., Li Z.H.,Mesh independent cell models for continuum damage
theory, Fatigue and Fracture of Engineering Materials and Structures, 17(1888): 1221–
1233, 1994, doi: 10.1111/j.1460-2695.1994.tb01411.x.

8. de Vree J.H.P., Brekelmans W.A.M., van Gils M.A.J., Comparison of nonlocal
approaches in continuum damage mechanics, Computers & Structures, 55(4): 581–588,
1995, doi: 10.1016/0045-7949(94)00501-S.

9. Nowak K., Cellular automata multiscale model of creep deformation and damage, [in:]
Deterioration and failure of structural materials, J. German [Ed.], CUT Press, Kraków,
65–84, 2014.

10. Shterenlikht A., Howard I.C., The CAFE model of fracture – application to a TMCR
steel, Fatigue and Fracture of Engineering Materials and Structures, 29: 770–787, 2006,
doi: 10.1111/j.1460-2695.2006.01031.x.



524 K. NOWAK

11. Madej Ł., Hodgson P.D., Pietrzyk M., The validation of a multiscale rheological model
of discontinuous phenomena during metal rolling, Computational Materials Science, 41(2):
236–241, 2007, doi: 10.1016/j.commatsci.2007.04.002.

12. Chrzanowski M., On the possibility of describing the complete process of metallic creep,
Bull. Ac. Pol. Sc. Ser. Sc. Techn., XX: 75–81, 1972.

13. Belloni G., Bernasconi G., Piatti G., Creep damage and rupture in AISI 310
austenitic steel, Meccanica, 12(2): 84–96, 1977, doi: 10.1007/BF02215879.

Received October 18, 2016; accepted version November 5, 2016.


