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This paper concerns the eﬃciency study of the arc-length algorithm in the geometrically
non-linear analysis of thermally loaded multilayered shells. The thermal loading is considered
as the one-way thermo-mechanical coupling eﬀect. Two implementations of the arc-length
method are examined: the path-following technique available in NX-Nastran and the RiksWempner-Ramm algorithm adopted in the authors’ computer code SHLTH. It is shown that the
appropriate unloading condition in each step of the analysis plays the crucial role in obtaining
a proper solution. The algorithm oﬀered in NX-Nastran tends to fail, whereas the authors’
code enables to ﬁnd the solution in required temperature range.
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1. Introduction
The arc-length method is a very powerful tool in tracing the non-linear equilibrium paths of structures. Due to application of the mixed load-displacement
control parameter [1], this technique enables to pass the load limit and turning
points, and consequently to follow the post-critical equilibrium trajectories. For
that reason the arc-length method is very often used in the stability analysis.
However, the algorithm fails in the vicinity of bifurcation points [2, 3]. Although
the snap-through phenomenon, which is associated with the limit point, is one of
the common forms of instability, in the theoretical studies, in which ideal structures are considered, there still exists a need to deal with the buckling eﬀect [4].
Taking the foregoing into account, if the structure is sensitive to the buckling,
the use of arc-length strategy can be insuﬃcient and suitable improvements are
required [3].
In this work, the authors focus on the stability of multilayered shells subjected to the thermal loading, being understood as the one-way thermo-mecha-
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nical coupling eﬀect, i.e., the deformation does not inﬂuence the temperature
distribution in the body. It is assumed, that the material properties remain constant during the temperature increase, thus only geometrically non-linear eﬀects
are considered. The analysis is performed with the use of arc-length method. As
the thermally loaded shells tend to buckle and bifurcation points on the equilibrium path can be expected, the algorithm can suﬀer from convergence problems.
This was shown in [5] on the basis of a critical examination of the path-following
algorithm implemented in NX-Nastran (ver. 7.0). In the current study, the capability of the approach adopted in the authors’ ﬁnite element program SHLTH
is presented and the obtained results are compared with solutions coming from
NX-Nastran and those available in the literature.
2. Multilayered shell model
In both compared programs the multilayered shell is modelled in a very
similar manner. The basic concept involves the idea of a ‘smeared’ single layer
being statically equivalent to the multilayered cross-section. Such an approach
is called the equivalent single layer formulation (ESL) [6, 7]. It is commonly used
in analyses concerning the global behaviour of multilayered structures, because
in opposition to more sophisticated models like 3D or Layer-Wise approaches
[6, 7], the number of unknowns in any ESL model is independent of the number
of layers. The computational costs are then signiﬁcantly reduced, especially if
whole structures made of laminates with large number of layers are considered.
There are various types of ESL formulations diﬀering in the underlying kinematical assumptions. The simplest one is the classical lamination theory (CLT)
which is based on the Kirchhoﬀ-Love assumptions [8]. This model has rather
small application area in analysis of ﬁbre reinforced polymer composites due to
their considerable shear ﬂexibility. It works well only if the shell is very thin,
otherwise an application of such approach can lead to uncertain results. Notably more adequate theories take into account the transverse shear eﬀect. The
straightforward extending of CLT is the ﬁrst-order shear deformation theory
(FOSD) [9] in which the hypothesis of straight normal line remains in force but
the line is free to rotate with respect to the reference surface. Other approaches
belong to the group of higher-order shear deformation theories (HOSD) [9] in
which the through-the-thickness displacement proﬁle is described with higherorder polynomials [9, 10] or trigonometric functions [11]. Worth noticing are also
formulations with piecewise linear functions simulating the so-called zig-zag effect [10, 12].
In both, NX-Nastran and authors’ program SHLTH the ESL model with
FOSD theory is employed. Based on the authors’ knowledge and experience,
this approach, representing a compromise between the CLT and HOSD models,
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can be a very eﬀective tool in the analysis of global behaviour of multilayered
structures, with the restriction that appropriate shear correction factors are used
[13, 14]. They can be given a priori as constant local values for materials in each
layer or global value for the whole cross-section; however, more advanced models
utilize global factors determined numerically. In this case the factors very often
result from the assumption that during the presumed cylindrical bending of the
plate the transverse shear strain energy is equal to the work done by the total
transverse shear force on the averaged shear angle [15]. The values of the factors
in two transverse shear planes depend then on the lamination scheme of the
structure. Such kind of an approach is adopted in both compared programs.
3. Arc-length algorithm in the authors’ program SHLTH
The theoretical basis of the authors’ model used in the present study is
broadly described in [14, 16]. Moreover, the approach is an extension of the
model labelled as LRT5 presented in [6], where only mechanical loadings are
considered. Therefore, the detailed information about the kinematics and FEM
formulation are here omitted and only the aspects of path tracing algorithm are
outlined.
The arc-length parameter ds is a mixing value of the displacement increment
vector and the load parameter increment:

T 
 

(0) 2
n
n
(3.1)
∆q(0)
∆q(0) + n ∆λth
= n ds2 ,

where (n) stands for the increment number and the right superscript (i) = 0 is
the iteration number within the increment. The value of n ds2 is established once
at the beginning of each step but it can be scaled during the whole incremental
process according to the solution’s convergence. The solution pair consisting of
the displacement increment vector n ∆q(0) and the load parameter increment
n ∆λ(0) obtained at the prediction stage (i = 0) in each step composes a tangent
th
vector n t(0)
h
i
(0)
n (0)
(3.2)
t = n ∆q(0) , n ∆λth ,
which has to be corrected during the iteration process (i = 1, 2..iEND ). In the
present approach the solution searching direction is constituted by the condition,
that
(3.3)

n (i−1)

t

· n δ∆(i) = 0.

The components of the vector n δ∆(i) are the corrections of displacement
(i)
vector n δq(i) and the load parameter increment n δλth determined sequentially
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h
i
(i)
at the iteration stage, i.e., n δ∆(i) = n δq(i) , n δλth . The constraint Eq. (3.3)
provides that the solution is searched along the direction which is perpendicular
to the tangent vector obtained in the previous iteration (n t(i−1) ). It is worth
mentioning that the searching direction is updated at every iteration, what
is the essence of the Riks-Wempner-Ramm method. The method is therefore
called the arc-length control with updated hyper-planes. On the contrary, in the
classical Riks-Wempner algorithm the hyper-plane remains constant during the
iteration process [6].
Another essential problem is the sign of the load parameter increment
(0)
n
( ∆λth ) which has to be established at the prediction stage (i = 0). It determines whether the structure should be loaded or unloaded within the current
step of the analysis. There are several conditions enabling to set the sign of the
initial load increment [17]. Probably the most popular is the control of the sign
of the global stiﬀness matrix determinant:


(0)
(3.4)
sgn n ∆λth = sgn |K| .

Certainly the stiﬀness matrix becomes singular at limit points but this also
takes place at bifurcation points. The use of the above condition leads then to
undesirable oscillations of the solution. In the present approach two unloading
conditions are implemented: the ﬁrst one given by (3.4) and the second described
(0)
in [17, 18], according to which the sign of the initial load increment (n ∆λth )
should fulﬁl the following inequality:

T 

(n−1)
(3.5)
∆ · n t(0) > 0,
where
ment:
(3.6)

(n−1) ∆



is a vector with components determined in the previous incre(n−1)

∆=

h

(n−1)

i
∆q, (n−1) ∆λth .

The condition (3.5) prevents the previously mentioned oscillatory problems
from occuring and provides that the path tracing follows the direction obtained
in the previous increments.
4. Numerical examples
The eﬀectiveness of the proposed formulation implemented in SHLTH and
its comparison with the algorithm available in NX-Nastran are presented by
two numerical examples. As stated previously, the laminate modelling is very
similar in both environments, i.e., the ESL concept together with FOSD theory is
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employed. The discretization however is performed with diﬀerent ﬁnite elements:
in NX-Nastran a four-node ﬂat element (QUAD4) is used while in the authors’
program SHLTH the eight-node doubly curved element with uniformly reduced
integration technique (8URI) is applied.
4.1. Orthotropic cylindrical shell
Following the proposal from [19] we start with probably the most popular
example regarding the composite shells subjected to the uniform thermal loading. A one-layer cylindrical shell is considered. The geometrical data are given
as follows: A = B = Rφ, R/A = 5, A/H = 200, (Fig. 1).

Fig. 1. Geometry of cylindrical shell.

The shell is made of material with the following parameters: Ea = 138 GPa,
−6 1/◦ C,
Eb = 8.28 GPa, Gab = Gac = Gbc = 6.9 GPa, νab = 0.33, αth
aa = 0.18 · 10
−6
◦
th
αbb = 27 · 10 1/ C, where Ea and Eb are the Young’s modules along (a)
and perpendicular (b) to the ﬁbre direction, Gab , Gac and Gbc are the shear
modules in three orthogonal planes and νab is the Poisson’s ratio in the layer
th
plane, αth
aa and αbb are the thermal extension coeﬃcients in a and b directions.
The ﬁbres are arranged in the circumferential direction (α = 90◦ ). All edges
are simply supported, ﬁxed against the translations in three directions. In the
original paper [19] the symmetry conditions are utilized, whereas in the present
study the whole shell is modelled in order not to miss the possible unsymmetrical
forms of buckling deformations.
Figure 2 presents the obtained results compared with the reference solution
given in [19]. It is a normalized deﬂection of the central point referred to the
actual temperature value. The discretization used in the SHLTH model was
16×16 8URI elements. In NX-Nastran 20×20 QUAD4 elements were employed.
It can be observed, that the present model, with the condition (3.5) applied,
leads to the proper result in the required range of temperatures, as compared
with the reference solution [19]. On the other hand this solution cannot be
achieved if the classical condition (3.4) is adopted. This is due to the presence
of the bifurcation point, as discussed in details in [14, 16]. By contrast, one
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Fig. 2. Central deﬂection of the orthotropic shell.

cannot obtain the whole path with the use of NX-Nastran. In this case the user
has only the possibility to change the constraint equation (Riks, Crisﬁeld and
modiﬁed Riks) and to control the arc-length parameter. Several options were
chosen in the present study [5] and only the exemplary representative results
are depicted in Fig. 2. They were obtained with the use of Crisﬁeld condition
and initial load parameter value set to ∆λth,0 = dt = 0.02, while the scaling of
the arc-length was default (0.25/4) or user-deﬁned (0.25/1), whereas the values
in the parentheses stand for the scaling factors: the ﬁrst one represents the
shortening and the second the extending factor of the arc-length parameter.
4.2. Cross-ply laminate cylindrical shells
In the second example the cylindrical cross-ply laminate shells subjected to
uniform thermal load are studied. The example comes from [20]. The geometry
parameters of the panels are determined by A = B = Rφ, φ = 15◦ (Fig. 1).
Two kinds of ratio A/H are examined: A/H = 200 and A/H = 400. The shell
is simply supported with all edges constrained against the three translations.
Material data are the same as in the previous example; however, the shell is
made of four layers stacked in the sequence [0/90/90/0].
In the authors’ program the 10×10 8URI elements were used, whereas in
NX-Nastran 40×40 QUAD4 elements were used.
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Figure 3 depicts the comparison of the equilibrium paths of the normalized
central deﬂection of the shell with A/H = 200. Again, by adopting the condition (3.5) in the present model one is able to obtain the solution which is very
close to the reference one. The small discrepancies can be caused by the diﬀerent
laminate modelling used in both cases, i.e., in [20] a layer-wise description was
applied. The algorithm fails however if the global stiﬀness matrix determinant
establishes the load increment sign (condition (3.4)). It takes place at the bifurcation temperature level (compare [14]). Similarly as in the previous example
the insuﬃciency of NX-Nastran algorithm is demonstrated here – the solution
can be obtained only up to the vicinity of the bifurcation point. The presented
path was found with the use of Crisﬁeld condition with initial load increment
∆λth,0 = dt = 0.02 and user-deﬁned scaling of arc-length parameter (0.25/1).

Fig. 3. Central deﬂection of the cross-ply shell A/H = 200.

The equilibrium paths of the normalized central deﬂection obtained for the
thicker shell (A/H = 400) are illustrated in the Fig. 4. The same conclusions as
in the case of previously analysed shells can be drawn. Only the authors’ model,
with the condition (3.5) adopted, gives the solution in required range of temperatures; otherwise, oscillatory problems arise around 100◦ C temperature level.
Probably, this is again the result of the presence of the bifurcation point, whose
identiﬁcation is complicated owing to its close location to the load limit point.
In this case the results of NX-Nastran are shown for various constraint equations with no scaling of the arc-length parameter (1/1). Regardless the chosen
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Fig. 4. Central deﬂection of the cross-ply shell A/H = 400.

method convergence problems occur at about 85◦ C and further computations
are impossible.
5. Conclusions
The aim of the work is to present the eﬀectiveness study of the arc-length
method in the geometrically non-linear analysis of multilayered shells subjected
to the thermal loading. The algorithms in two programs have been compared: the
Riks-Wempner-Ramm algorithm in the authors’ own program SHLTH and the
path-following methods available in NX-Nastran (ver. 7.0). It has been shown
that the implementation of the arc-length technique in NX-Nastran is usually
unsuccessful if the thermal loads are applied. The authors stress however, that on
the other hand this method is very eﬀective when mechanical loadings are considered [21, 22]. On the basis of the own models it has been demonstrated, that
the unloading condition, determining whether the structure should be loaded or
unloaded, could play an essential role in such a kind of analysis.
Acknowledgment
This contribution has been partly supported by the Polish National Science
Centre under grant No. UMO–2011/03/B/ST8/06500.

ARC-LENGTH ALGORITHM EFFICIENCY IN THE ANALYSIS. . .

155

References
1. Waszczyszyn Z., Numerical problems of stability analysis of elastic structures, Computers
& Structures, 17, 1, 13–24, 1983.
2. Huang B., Atluri S., A simple method to follow post-buckling paths in ﬁnite element
analysis, Computeres & Structures, 57, 3, 477–489, 1995.
3. Wagner W., Nonlinear stability analysis of shells with the ﬁnite element method, [in:]
CISM Courses and Lectures, Rammerstorfer F. [Ed.], 91–130, Springer, Wien, 1992.
4. Walukiewicz H., Chróścielewski J., On stability of discretized nonlinear models of
shells, 4th International Conference: Modern building materials, structures and techniques, Vilnius, Lithuania, 1995.
5. Sabik A., Kreja I., Femap&NX-Nastran package (ver. 7.0) eﬀectiveness in the non-linear
analysis of shells subjected to thermal loading [in Polish: Efektywność pakietu Femap&NXNastran (ver. 7.0) w nieliniowej analizie powłok obciążonych temperaturą], 12th ScientiﬁcTechnical Conference Computational Techniques in Engineering, Słok, Poland, 2011.
6. Kreja I., Geometrically non-linear analysis of layered composite plates and shells, Monograph Series, 83, Wydawnictwo Politechniki Gdańskiej, Gdańsk, 2007.
7. Kreja I., A literature review on computational models for laminated composite and sandwich panels, Central European Journal of Engineering, 1, 59–80, 2011.
8. Jones R., Mechanics of composite materials, 2nd ed., Taylor&Francis, London, 1999.
9. Reddy J., Mechanics of laminated composite plates and shells. Theory and analysis, 2nd
ed, CRC Press, Philadelphia, 2004.
10. Carrera E., Ciuffreda A., A uniﬁed formulation to assess theories of multilayered
plates for various bending problems, Composite Structures, 69, 271–293, 2005.
11. Rohwer K., Friedrichs F., Wehmeyer C., Analyzing laminated structures from ﬁbrereinforced material – an assessment, Technische Mechanik, 25, 59–79, 2005.
12. Sabik A., Kreja I., Linear analysis of laminated multilayered plates with the application
of zig-zag function, Archives of Civil and Mechanical Engineering, 8, 61–72, 2008.
13. Sabik A., Kreja I., The analysis of laminated plates with the use of equivalent single
layer models [in Polish: Analiza płyt laminowanych z zastosowaniem zastępczych modeli
jednowarstwowych], Acta Mechanica et Automatica, 2, 63–68, 2008.
14. Sabik A., The stability study of thermally loaded multilayered shells [in Polish: Analiza stateczności powłok warstwowych obciążonych termicznie], Monograph Series, 126,
Wydawnictwo Politechniki Gdańskiej, Gdańsk 2012.
15. Vlachoutsis S., Shear correction factors for plates and shells, International Journal for
Numerical Methods in Engineering, 33, 1537–1552, 1992.
16. Sabik A., Kreja I., Large thermo-elastic displacement and stability FEM analysis of
multilayered plates and shells, Thin-Walled Structures, 71, 119–133, 2013.
17. Feng Y.T., Perić D., Owen D.R.J., A new criterion for determination of initial loading
parameter in arc-length methods, Computers and Structures, 58, 479–485, 1996.
18. Parente E., Holanda A., Afonso da Silva S., Tracing nonlinear equilibrium paths of
structures subjected to thermal loading, Computational Mechanics, 38, 505–520, 2006.

156

A. SABIK, I. KREJA

19. Huang N., Tauchert T., Large deﬂections of laminated cylindrical and doubly-curved
panels under thermal loading, Computers and Structures, 41, 303–312, 1991.
20. Oh I., Lee I., Thermal snapping and vibration characteristics of cylindrical composite
panels using layerwise theory, Composite Structures, 51, 49–61, 2001.
21. Sabik A., Kreja I., Imperfection sensitivity of multilayered composite shells, [in:] Shell
Structures: Theory and Applications, W. Pietraszkiewicz, I. Kreja [Eds.], Vol. 2, 137–140,
CRC Press/Balkema, London, 2010.
22. Sabik A., Kreja I., Stability analysis of multilayered composite shells with cut-outs,
Archives of Civil and Mechanical Engineering, 11, 195–207, 2011.

Received July 2, 2014; accepted November 14, 2014.

