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Caustics Formation by a Spherical Reflector — Geometric and Wave Field
Analysis with Applications in Room Acoustics and Radio Astronomy

Andrzej KULOWSKI
Faculty of Architecture, Gdarsk University of Technology,
Gdansk, Poland
e-mail: kulowski@pg.edu.pl
ORCID: 0000-0001-7003-9515

This paper was presented orally at the 95" Annual Meeting of the International Association of Applied
Mathematics and Mechanics GAMM2025, Poznan, April 7"-11t, 2025.

Based on the principles of geometrical optics, an analytical description of caustics generated in a
spherical mirror is presented. The formation of caustics in a wave field is studied using acoustic and
electromagnetic waves as an example. Symmetry of equations describing energy relations in
acoustics and electromagnetism is shown. The presence of caustics in natural phenomena is
demonstrated, as well as their manifestation in architectural acoustics and astronomy. It is explained
why in the sound field in existing halls, rather than the entire caustics, only their cusp is observed,
which is perceived as a blurred area with an increased sound level accompanied by unusual values of
acoustic room parameters. The influence of caustics on the efficiency of spherical and parabolic
antennas used in radio astronomy is discussed.

Keywords: heritage of science, Leonardo da Vinci, caustic, spherical reflector, parabolic reflector,
room acoustics, Arecibo, FAST.

1. INTRODUCTION

This article has been inspired by caustic sketches from Leonardo da Vinci's notebooks. In
these drawings he uses the law of reflection, published in its full form about 100 years later by the
Dutch astronomer and mathematician Willebrord Snell. Leonardo noticed that the rays reflected
from a spherical mirror overlap, eventually create a focus (Fig. 1a). However, the initial stage of rays'
concentration known today as caustics was not the subject of his interest. Leonardo's drawings
clearly present the mechanism of caustics, but he did not elaborate on this topic, apparently not
realizing the importance of his discovery.

Leonardo's drawings show that he was aware of the difference between spherical and
parabolic concave mirrors. With an infinitely distant source of rays a spherical mirror will always
create a focus accompanied by caustics, while a parabolic mirror creates a focus without caustics
(Fig. 1). Leonardo thus had a ready-made device that effectively fulfilled his postulate of
concentrating all the rays at one point, i.e., a parabolic mirror. However, he did not use it and
continued his research using a spherical mirror. He was interested in the utility of a mirror as a device
to heat or even boil water, which was an ambitious technical idea in his time (Fig. 2).

Concentration of light in the form of caustics is a common side effect of natural or artificial
lighting. It accompanies numerous situations in everyday life and is also an element of natural
phenomena. Two types of caustics can be distinguished here, namely catacaustics produced by
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reflection of light, and diacaustics, produced by refraction of light at the boundary of media, e.g., air
and water (Fig. 3, 4). This article examines the conditions under which catacaustics are formed.

The aim of this article is to examine the extent to which the caustics phenomenon
discovered by Leonardo is present in contemporary research and technology.
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Fig. 1. Leonardo da Vinci's studies on the reflection of light

by a spherical (a) and parabolic mirror (b) [1]
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Fig. 2. The most advanced drawing of a caustic from Leonardo's notes [2]. According to the
commentary written in his famous reverse handwriting, "In concave mirrors of the same diameter,
the one that has the shallower curvature will concentrate the greatest number of reflected rays at

the focal point, and consequently will kindle a fire with greater rapidity and force".



(a) Photo courtesy of J.L. Jankowski [13] (b)
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Fig. 3. Diacaustics (a) and cataustics (b) produced by refraction and reflection of sunlight. The course
of rays (c) leading to the formation of cataustics below and diacaustics above the water surface
(4], [9].

White light

The rainbow [5] The light split on a drop of water
into primary colors, creating a
rainbow phenomenon. Cata-
caustics inside and diacaustics
outside the drop are shown [6].

Fig. 4. The formation of a rainbow is accompanied by caustics twice: inside the water droplet the
catacaustic is formed, while outside the diacaustic is formed



2. SOURCE AT INFINITE DISTANCE FROM THE SPHERICAL MIRROR

2.1. ANALYTICAL DESCRIPTION OF THE CAUSTIC

The literature provides numerous examples of graphical constructions and computer
simulations of caustics formation in concave mirrors of various shapes [7], [8]. These works represent
a contemporary continuation of Leonardo's graphical approach to caustics. This chapter presents an
analytical description of the caustics generated by a spherical mirror when the source of rays is at an
infinite distance.

C (x(6),y(6))
M (Rcos(8), Rsin(0))

li

Fig. 5. Reflection of the ray by a concave spherical or hemi-cylindrical mirror with an infinitely
distant source of rays. I, I,: the incident and reflected ray; M: the reflection point; C: the point on
the caustic; R: the radius of the sphere [9]

The derivation of the caustic equation involves (Fig. 5) [9]:
- creating Eq. (2.1) of a straight line |, showing the direction of the reflected ray. Line I, is an element
of caustics.

___ X . cos(0) 21
y(x,0) 220) + R[sm(@) + tg(26’)} (2.1)

- creating Eq. (2.2) showing infinitesimal small changes in the slope of the line I,
dy(x,6)/d0 = 0 (2.2)
- solving Eq. (2.2) and presenting the solution in the form (2.3)

x(0) = Reos* ()
0<6<n (2.3)

1(0) = %(2 sin®(0)-3 sin(a))



2.2. SURFACE DENSITY OF THE RAYS ENERGY ON THE CAUSTIC

x(8),y(6) *

Fig. 6. The caustic formed by rays incident on a hemispherical reflector. R: radius of the reflector, dS,
dSc: the ring on the reflector and on the caustic, x(60),y(6): Cartesian coordinates of the caustic
(Eq. (2.3)), dl.: the element of the section of the caustic [10], [12]

Consider two rings inside a bowl: dS on its surface and dS. on a caustic (Fig. 6). The rays reflected
from the ring dS are tangent to the ring dS.. This means that the energy on dS is the same as the energy
on dS.. Areas dS, dS. of the rings are [13]

dS = 2N R? cos(8) sin(0) dO (2.4)
dSc= 3MNR2 cos*(0) dO (2.5)

so the surface density of rays' energy on the caustics per unit time, i.e., the surface power density of
rays, is equal to the ratio of the areas of the rings.

c@y =35 __2sin0) s1n3(6’) (2.6)
dS. 3]|cos’(0)]
As for axial incidence of rays the area dS. tends to zero, Eq. (2.6) creates a singularity for 8=0,5 rad,
which corresponds to the caustic's cusp.
The total ray intensity over the caustic I rs(6) consists of the energy of incident rays I, and
the energy of the reflected rays concentrated on the caustic

2sin(@) 2sin(0) 2
I..(0)=1+1,(-a)————=I[1+(1-a)—/———| [W/m 2.7
eres (0) = 1, +1( a)3|cos3(6)| 0(+( a>3cos3(9)] [W/m?] (2.7)

The derivation of equations (2.4)-(2.7) is presented in the bibliography [10]. The ray intensity level on
the caustic, with |, as the reference intensity, is given by the equation (2.8) (see Fig. 7):



1., (0) 2sin(0)
0)=10log—=~~ =10log| 1 + (1 - ) ——— dB 2.8
Lees(60)=1010g— og[ +( a)3|cos3(0)| [dB] (2.8)

o

Leres(®) [dB]
80 t

70

Fig. 7. Rays intensity level L. res(6) [dB] on the caustic (graph of Eq. (2.8))
o: absorption coefficient of the reflector [10]

3. SOURCE AT FINITE DISTANCE FROM THE SPHERICAL MIRROR

If the source of rays S is located at a finite distance d from the mirror, the derivation of the

caustic equation is similar to that in Section 2.1, but using different relations [10]:

- Constructing the equation y(x,p-60) of the line ¢ (Fig. 8) and expressing it as a function of 6 (Eq.(3.1),

- Deriving the analytical form of dy(x,6)/d8, and then solving the equation
dy(x,0)/d0 =0 (Eq.(3.3)) and presenting the solution in the form y=f(x,0) (Eq.(3.4)-(3.6)):

y(x,0) = tg(p-0)(x-Rcos(d)) - Rsin(6) (3.1)
0(6)= arcsin( deos(9) ) (3.2)
/R + & + 2Rdsin(6) '

E_ cos’(¢p—0)

24 R cos(p) _ R(tg((p —0)sin(0) - cos(0) 1+w =0 (3.3)
d2 -R%sin’(p) d* —R?sin’(p)



R? +d? + 2Rdsin(6)

x(0) = R(-cos(8) +sin(0) x tg(F(H)))x cosz(F(H))x R? 124 + 3Rdsin0)

+Rcos(8) (3.4)

y(x,0) = (x(6) — Reos(0) Jtg(17(6)) - Rsin(6) (3.5)
where

dcos(6)
JR? +d> +2Rdsin(0)

F(e) = arcsin( )-6, 0<6<n. (3.6)

The detailed derivation Eq. (3.4)-(3.6) is presented in the bibliography [13]. The graph of the set of
equations (3.4) and (3.5) is shown in Fig. 9. For d—o these equations reduce to the form (2.3)
which corresponds to the case of an infinitely distant source of rays (see Appendix).
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b

Fig. 8. Reflection of the ray by a concave spherical or hemi-cylindrical mirror with a given
distance between the mirror and the source of rays. S: the source of rays, R: the mirror

radius, ¢: the straight line describing the reflected ray [10]
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Fig. 9. Graph of the set of Eq. (3.4) and (3.5) for the source of rays outside (d positive)
and inside the bow! (d negative) [10]



4. CAUSTICS IN A WAVE FIELD

As the incident wave propagates through the reflector dish, it interferes with the reflected
wave, producing a series of interference fringes that fill the dish itself and the space in front of it. The
wave nature of the field also causes deflection at the mirror's edge [10], [11]. This chapter describes
the effect occurring only on a caustic itself, i.e., the interference of incident and reflected waves on
the hypersurface forming the caustic; therefore the above-mentioned edge effects are omitted.
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Fig. 10. The scalar superposition of incident and reflected waves KN and LMN
on the caustic. R: radius of the reflector [10]

Assume that all incoming rays reach the plane y=0 at the same time. They can therefore be
treated as the front of a plane wave, e.g., an acoustic wave (Fig. 10). The sound pressure in the y=0
plane is then p.(t) = \/Io?sin at, where w=20f, f: frequency [Hz]. The sound pressure of the incident
and reflected waves at point N of the caustics are pkn(t) and puun(t) (Eq. (4.1), (4.2)). These are scalar

values, so their sum is pcres (t) (Eq. (4.3)):

Py (0 = 1, pe sina(t + Ar,) At :%(3sin(0) “asin(@))e (4.1)
1 9 At =53sin(0) (4.2)
P (®) =T, = S?;( |) ina@(t+At,) ) :
Peres 0= 10 [sin ot+At) + % sin @ (t + At )J [Pal (4.3)
0S

The sound pressure amplitude p..s(t) varies along the caustics. Fluctuations take the form
of amplitude modulation and the condition of reaching the extreme is — p_ _ (t} = 0. The solution of
dt "

this equation is pgresmax (6), which describes maxima and minima of the fluctuations along the
caustics [10], [13] (Eq. (4.4), Fig. 11):



3| cos’(0) | c

Peres mtax (0) = 1/ 21,;; {sin(arctg (4)+ Al-asin®) g, [arctg (q)+ wwﬂ [Pa] (4.4)

3| cos’(0)] © cos sznﬁ(e)
2(1-a)sin(0)

c
. [ Rsin’(0)
sm| @ ——
c
4 Pel@(Pa) a2 Pel®)[Pa]
0.020 | 0,020
0.016 | a=0_ 0.016 |
0.012 | a=0,9 "] 0.012
0.008 | 0.008 |
0.004 | 0.004
] o DR : 2T ol
2p, |0 DROCOIOO00O0OC = X 3 — 2 I 0
P R S - K
-0.004 | -0.004 |
0.008 | -0.008
-0.012 0.012
-0.016 | 0,016 |
-0.020 -0.020
0 0.10 0.20 0.30 0.40 0.50 0 0.10 0.20 0.30 0.40 0.50
a) b)
SPLe ) [dB) 4 5PL() [dB)
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. —— & ¥ /4R W ¥ S —

20 $PL= 4048 |

8rad]
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c) d)
F=1000 Hz F=2000 Hz

Fig. 11. Graph of Eq. (4.4). Black: instantenous state of fluctuation shown every 1/8 of period; blue,
red and green: extremes of the fluctuations with no absorption, 60% absorption, and 90% absorption
during reflection, respectively
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The conclusions from Eq. (4.4) are as follows:

- The fluctuation takes the form of local increases and decreases in the sound pressure amplitude
along the caustics. This may explain why caustics are difficult to observe under real indoor
conditions, especially in the presence of reflections and background noise.

- The fluctuations disappear as the caustics approach the focus. This is because the difference
between the paths of the incident and reflected waves then approaches zero. This means that
there are no fluctuations at the focus. Consequently, the focus is easier to detect then the caustics
themselves.

Despite the different nature of acoustic and electromagnetic waves, a pair of physical
quantities, which are the sound intensity /s and the surface power density of electromagnetic field /.,
are described by the same equation, but with different interpretations of individual components (Eq.

(4.5), (4.6)), [13]. The same applies to the sound pressure Pc(é’) and the electric field’s intensity
EC(H) condensed on the caustic (Eq. (4.7), (4.8)):

(4.5), (4,6)

Is=p*/(pcs) [W/m?] le= E*/(poci) [W/m?]
. v
b (0)= 1., O)c, =ylpc, ‘/% [Pa] o= Il—b _ (ppfbj (4.7)
. )
E(0)=lc.em (@)1t =flembtoc, % [V/m] R= [ é_eif' ] (4.8)

where

p: sound pressure [Pa],

E: intensity of the electric field [V/m],

¢, ci: speed of sound in the air and speed of light, ¢c; =331 m/s, ¢, = 3*108 [m/s],

p: density of the medium, in the air pcs = 415[kg/(m?s),

Uo: Vacuum permeability, po = 41107, [H/m],

l.s(8): sound intensity on the caustic, [W/m?],

lc.em(8): surface power density of the electromagnetic field on the caustic, [W/m?],
lo: intensity of the incident sound, [W/m?],

lem: surface power density of the electromagnetic field, of the incident wave, [W/m?].
a: sound absorption coefficient,

R : reflection coefficient of the electric component of the electromagnetic wave.

An electromagnetic wave is a vector wave, and the result of the superposition of the incident
and reflected waves is their vector sum (Fig. 12). Equation (4.4) relates to scalar field and has no
equivalent for the vector nature of the electromagnetic field. However, when an incoherent
electromagnetic wave is considered, e.g., the one that reaches the dish of the radio telescope from
deep space, the phenomenon in question is consistent with geometric optics. This allows for scalar
summation of the electric field intensities of the incident and reflected waves, analogous to the
scalar summation of acoustic pressures.

11



Direction of

reflected M (Rcos(8), -Rsin(8))

and incident

wave N (Rcos3(8), R(2sin3(8)-3sin(8)/2)

Fig. 12. Vector superposition of electric components E; and E,es of incident and reflected
electromagnetic waves KN and LMN on the caustic. It has been assumed that the waves are linearly
polarized and the plane of polarization lies in the plane of the drawing. R: radius of the reflector

5. CAUSTICS IN ROOM ACOUSTICS

The typical response of rooms to speech and music is a sequence of sound built-up and
decay. As a result, when a sound concentration effect in the form of caustics appears in a room, it is
less noticeable than when excited by a continuous sound signal. Moreover, the high dynamics and
wide spectrum of sound signals that constitute speech and music, combined with wave phenomena,
reverberation and background noise make it difficult to identify caustics aurally. The image of
caustics may also be blurry due to the sound pressure fluctuations on the caustics (Fig. 11).
Therefore, at high intensities of these masking agents, only the cusp of the caustics is audible,
manifesting as a point-like concentration of sound, while the rest of the caustics seems to be absent.

Furthermore, in a typical auditorium situation, listeners do not move and therefore do not
experience areas of higher and lower sound levels. It can therefore be expected that in halls with the
audience sitting in theatre seats, the auditory symptoms of acoustic foci are mainly distortions in the
perception of sound timbre, deformation of directional effects, reduced speech intelligibility, etc. [14].

An example of a room where caustics are formed is the Poznan University auditorium (Fig.
13). This hall is known for its good acoustics, and hosts International violin competitions, which have
a great reputation in the world of music. The concave ceiling of the hall creates a caustic, but the
sound focusing area is high above the audience and does not affect the acoustics of the hall.

In the Lviv Opera Hall, caustics are present in the audience area. At the sound source on the
stage, the sound concentration covers the niche created by the balcony in the rear part of the
audience. To prevent possible adverse effects, the rear wall was covered with diffusers that disperse
the sound reflected off the rear wall (Fig. 14). Acoustic measurements have shown that the sound
concentration effect occurs in the audience, but is barely perceptible to hearing (Fig. 15).

In large public spaces with geometry that promotes the formation of caustics, the
phenomenon of sound concentration along with the above-mentioned accompanying effects may be
completely unnoticeable due to the afore-said disturbances, high level of background noise, as well
as the presence of numerous sound sources, typical in such places (Fig. 16, 17).

12



Fig. 13. a) Poznan University auditorium with an arched vault typical of auditoriums of that period.
This Neo-Renaissance building was erected according to the design of Edward Fiirstenau in 1905-
1910. Photo courtesy of Poznari Film Commission [15]. b) The caustic formed by the concave ceiling
of the hall [10]

Nl

= N R T

Fig. 14. Neo-Renaissance hall of the Lviv Opera designed by Zygmunt Gorgolewski (1897-1900) (a)
with a back wall on a circular plan (b). To prevent adverse phenomena created by caustics in the rear

part of the audience area, the rear wall was covered with diffusers (c) [16]

13



0.40 5

a) b)

Fig. 15. Measurement results of caustics created in the audience in Lviv Opera Hall. Black circle: the cusp
of caustics. a) Distribution of the measured parameter in the audience: top - Interaural Cross Correlation
IACCs00-1000 , bottom: Speech Transmission Index STI. b) Sound Strength Gaooo 1, before (top) and after
(bottom) the sound diffusers were installed. The use of diffusers limited the value of Gaooor, by 2 dB. In
all the cases the sound concentration effect in a form of caustic is measurable but barely perceptible to
hearing [17]

Fig. 16. The market hall in Gdynia with a parabolic
roof, built in 1938 in the constructivist style.
Photo by A. Kulowski

14



Fig. 17. Market Hall in Rotterdam, Netherlands, under 40-metre-tall arch, built in 2014.
Photo by A. Kulowski

When the acoustic mirror operates outdoors, the structure of the sound field is close to a free
field. The effect of sound concentration is then much more pronounced than in the room and can be
used for practical purposes, for example for demonstration or for listening to distant noise sources
(Fig. 18). The resulting acoustic effect shows how much the acoustic disturbances in a room change
the nature of the same phenomena observed in their interference-free form.

a) b)

Fig. 18. a) Grottoes of Whispers in Oliwa Park in Gdarisk (2nd half of the 18th century).
Each cave is 1/4 of a sphere with a radius of 1,50 m [9], [18]. b) Outdoor installation for
demonstration of transmission of sound over a distance [19]

7. CAUSTICS IN ASTRONOMY

The radio telescope in Arecibo, Puerto Rico, was built in a natural karst crater in 1963. Its
antenna is a spherical dish with a diameter of 305 m and depth of 48.3 m, the movable main
platform weighs 900 tons (Fig. 19a). Initially the aperture of the reflector was small, but it was
significantly upgraded in 1997 by the use of the Gregorian subreflector system, which concentrates
the energy of the caustic sections adjacent to the cusp into a single focal point (Fig. 19b, 20).

15



Compared to the reflector analyzed by Leonardo da Vinci with an aperture contained in an opening
angle of ca. 10°, after this upgrade the relative aperture of the Arecibo radio telescope reflector is ca.
17 times larger, i.e., by an order of magnitude [13].

On December 1, 2020, the Arecibo radio telescope was destroyed by a 900-ton main
platform falling onto the radio telescope’s canopy.

a) b)

Fig. 19. (a) The spherical antenna of the radio telescope in Arecibo, Puerto Rico [20]
(b) Reflectors of the Arecibo Gregorian Optics [21]

secondary geodetic
reflector dome

receiver

tertiary reflector e
consisting of twa | %
elliptic reflectors

of caustics

rays reflected
from the main
reflector

Fig. 20. Ray tracing of the secondary and tertiary reflectors of the Arecibo Gregorian Optics [13]. In
addition to the energy focused on the caustic cusp, the Gregorian subreflector system also uses the
energy concentrated on the part of the caustic marked red.

16



In 2016, 53 years after the Arecibo radio telescope was launched, another large radio
telescope with a spherical antenna was built in China, also in a natural karst crater (FAST: Five-
hundred-meter Aperture Spherical radio Telescope, Fig. 21a). Its dish diameter is 520 meters, which
allows it to work with sphere segments with a radius of 300 meters, the same as the entire Arecibo
antenna.

As in any spherical mirror, caustics are also created here, containing part of the energy
reflected from the bowl. The task of recovering part of this energy was solved differently than in
Arecibo. The antenna of the Chinese radio telescope consists of movable elements, the position of
which can be corrected in such a way that the spherical segment of the reflector is transformed into
a segment of a paraboloid (Fig. 21 b). After this upgrade, the relative aperture of the FAST reflector
increased to a similar extent to that of the Arecibo radio telescope after the implementation of the
Gregorian subreflector system [13].

The FAST radio telescope shows a different direction of upgrading Leonardo da Vinci's
concept of ray focusing than in the Arecibo telescope. It consists of manipulating the curvature of the
reflector, while in Arecibo the useful range of the caustics was manipulated.

&

Rrast=300m1

capstanil

spherical
antennatl

b)

Fig. 21. (a) Antenna of the FAST telescope (Five-hundred-meter Aperture Spherical radio
Telescope) in Dawodang, China [22].
(b) Diagram of the FAST telescope. The receiver weight: 3 tons [13]

NASA (National Aeronautics and Space Administration) is considering a concept to build a
1,000-meter radio telescope in an impact crater on the far side of the Moon [23]. This is facilitated by
the synchronization of the rotation of the Earth and the Moon, so that the far side of the Moon always
faces away from the Earth's electromagnetic smog and the satellites orbiting the Earth. The number of
craters of suitable size is 82,000, of which 50 candidates shown in Fig. 23 a) are marked with blue dots,
while the crater selected for the NASA's concept is marked red [24]. The Internet even reports a
concept of a radio telescope with a 25-kilometer spherical antenna [25]. However, this is a task for an
army of autonomous robots, which might be implemented in the indefinite future [24]. In the longer
term, consideration is being given to combining multiple radio telescopes into an interferometer with
observational capabilities exceeding those of similar installations on the Earth.

The NASA concept assumes the use of a parabolic wire-mesh antenna with a fixed receiver at
the focus of the parabola. Simple calculations show that due to the rotation of the Moon (with one
rotation taking 27.3 days), an object contained in an angle of £1° around the axis of the parabola can
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be observed for 3h 36 min. When this object is seen from the Earth, the observation time is 9 minutes.
Extending the observation angle to 2x21°=42°, as in the Arecibo spherical antenna with movable
receiver (see Fig. 19 b, 20), increases this time to 76h 26 min or 2h 48 min for an observer on the far

side of the Moon and on the Earth, respectively (Fig. 22).

Observed Observed
object object

Initial

and fipal and fipal
direction direction
of antenna ; of antenna
axis I/ axis
Moon *~.42
42°:7é‘h 26min 48min
| Earth ;"
Moon orbit, Earth,
1 rotation (360°) = 27,3 x 24h 1 rotation (360°) =24 h
a) b)

Fig. 22. Estimation of the observation time using a spherical antenna with movable receiver. An
observer on the far side of the Moon (a) and on the Earth (b). Not to scale.

a) b)

Fig. 23. a) There are over 82,000 craters on the far side of the Moon, ranging in size from 3 to 5 km
in diameter. The 50 candidates suitable for a 1,000 m diameter antenna are marked in blue, while
the crater selected for NASA concept is marked in red [19]. b) NASA concept to place a 1,000-meter
radio telescope on the far side of the Moon [23], [24]
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Caustics formed by gravitational lenses are an important element in deep space research. Two
forms of such caustics can be distinguished. The first is the case when a distant object, a massive
structure obscuring it and creating a gravitational lens, and the observer are located on one line. This
gives the chance to assess the distance to the object by spectral analysis of the light condensed on a
caustic (Fig. 24a).

In the second case, these objects are not located axially and a caustic has a complex form or
consists of many elements. Then, the possibility arises that individual elements of the caustics guide
light that has traveled a different distance. This provides information about a distant object at
different stages of its evolution (Fig. 24b).

a)

Fig. 24.The gravity of the bright massive object in the foreground bends the light of an unseen
distant galaxy. A light oval is a cross-section of the caustics seen from the front. a) A distant invisible
object, a structure forming a gravitational lens and an observer are in a straight line [26]. b) These
objects are not located axially and a caustic has a complex form or consist of many elements [27].

8. CONCLUDING REMARKS

In many leading fields of science, it can be pointed out that the solutions used today were
known much earlier, often being used in very distant applications. The article shows how the concept
of focusing light by a concave mirror, discovered by Leonardo da Vinci about 500 years ago, is
developing in contemporary fields of science and technology.

Leonardo showed that only about 0.4% of the surface of a hemispherical mirror is needed to
concentrate the energy of solar rays, while the rest of the bowl remains useless [13]. This
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observation is entirely valid. Developments in this field of observation show that the diameter of the
mirrors of both historical and modern optical telescopes, as well as radio telescopes, constitutes only
a small fraction of the hemisphere. As a result of the development of receiving techniques, the
mirror aperture used to create the focusing effect has increased significantly. The implementation of
this progress are the radio telescopes in Arecibo (Puerto Rico) and Dawodang (China) with a bowl
diameter of 300 m and 500 m, respectively. The presence of Leonardo's concepts in such distant
areas as the reception of light or radio waves coming from deep space and studies on future
deployment large-scale observation devices on the Moon is also spectacular [24, 28].

During the research on the formation of the mirror focus, Leonardo showed that there was
an area around the focus where reflected rays also concentrate. This effect is known today as
caustics and its presence is used in many fields of technology and science. The caustics he graphically
constructed also arise in the acoustic field in rooms. However, the response of a room to broadband
sound stimulation, i.e., music or speech, makes it difficult to identify caustics audibly. As a result, the
effect of sound concentration by arched vaults and concave walls of rooms takes the form of a
blurred area with an increased sound level and unusual values of acoustic parameters. For this
reason, the concept of caustics is almost absent in the field of architectural acoustics. The literature
on the subject clearly indicates that large, concave interior surfaces in rooms are acoustically
unfavorable, even though they are commonly employed in architectural design. As the article notes,
in many practical circumstances, this unfavorable effect partially or completely disappears and
becomes less harmful.

This paper presents an analytical description of caustics for an infinitely distant ray source
and a source located at a given distance from the mirror. Interference occurring on a caustic when
light rays incident on the mirror are treated as waves are also investigated. This phenomenon is
discussed for acoustic and electromagnetic waves. In addition to the applications presented, caustics
are found in numerous fields of technology and science, e.g., in laser technology, underwater
exploration, crystallography, metallurgy, and many other fields.
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APPENDIX

Reduction of Eq. (3.4), (3.5) to the form (2.3) when d—w

_ R’ +d’ + 2Rdsin(@
X(0) = R(-cos(9) +sin(0) x tg(1(0)))x cos* (I(0))H = :Zdzi 3Rdsslinn((0)) +Rcos(6) (3.4)
y(x,0) = (x(6) — Reos(®) Jtg(17(0)) - Rsin(®) (3.5)
where F(@) = arcsin( deos(9) ) -0, 0<6<N

JR? +d? + 2Rdsin( 0)

For d—oo the terms containing d (see boxes) tend to cos(d) and 1/2:

Jim( dcos(6) ) = lim( dcos(6) \, cos(6) _ cos(d)
= JR?+d’ +2Rdsin@) " . [R? d>  2Rdsin@) ~ VO+1+0
A5+ 5+—5 =
d> d d
, R* d* 2Rdsin(#)
R’ +d> + 2Rdsin(6) et g | o+1+0 1
limu( = lim| > = =
&> R? +2d? +3Rdsin(9)” | , R* 2d° 3Rdsin(@), | 0+2+0 2
ete e )

After substituting these values into Eq. (3.4), (3.5), they take the form (2.3) [10].

x(0) = Reos® (0)
0<6<n (2.3)
»(0) = % (2 sin® (0) -3 sin(e))
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